
!~l ""' . 

VALTlON TEKNILLINEN TUTKIMUSLAITOS 
THE STATE INSTITUTE FOR TECHNICAL RESEARCH, FINLAND 

TIEDOTUS. SARJA III - RAKENNUS. 87 

NUMERICAL SOLUTION OF DIFFUSION EQUATION 

WITH DIFFUSIVITY CONCENTRATION DEPENDENT 

Nomograms for the drying of slabs with moisture 

conductivity l inearly moisture dependent, 

and surface at eonstant moisture 

S. E. PIHLAJAVAARA 

M. VÄISÄNEN 

HELSIN Kl 1965 

' . .-­~~· ~ -



~ 
l 

VALTlON TEKNILLINEN TUTKIMUSLAITOS 

STATENS TEKNISKA FORSKNINGSANSTALT 

(Lönnrotsgatan 37, Helsingfors. Puh. 11 151) 

Anstalten är underställd handels- och industriministeriet . Det konstituerades 16. 1.1942 (författningssamling n: o 44). 

På Statens tekniska forskningsanstalt ankommer att bedriva teknisk forskningsverksamhet i vetenskapligt och 
allmännyttigt syfte mm. på byggnadstekniska området, att utföra materialprovningsuppdrag jämte andra forsk­
ningsuppdrag samt att bistå tekniska högskolan i undervisnings- och forskningsarbete. 

Publikationerna erhålles genom Akademiska Bokhandeln, Centralgatan 2, Helsingfors. 

STATENS BYGGEFORSKNINGSINSTITUT 

(Borgergade 20, K~benhavn K. Tlf. Minerva 56 30) 

SBl er en selvstaendig institution, der ledes af en bestyrelse udpeget af bol_igministeren. 

SBl er oprettet ved l ov nr. 123 af 19. marts 1947. 

SBl ' har til opgave 11- at f~lge, fremme og samordne teknisk, ,Skonomisk og anden unders,Sgelses- og fors~gs­
virksomhed, som kan b idrage til en forbedring og billiggfSrelse af byggeriet, samt at ud,Sve oplysningsvirksomhed 
angående byggefors~ningens !esultater". 

Publikationerna erhålles genom bokhandeln eller Teknisk For lag, Vester Farimagsgade 31, KPbenhavn V. 

NORGES BYGGFORSKNINGSINSTITUTT 

(Forskningsveien l, Oslo 3. Tlf. 69 58 80) 

NBI er et selvstendig institut under Norges Teknisk-Naturvitenskaplige Forskningsråd, som oppnevner styret. 
NBl blev oprettet 1953 og avlöste det midlertidige Kontoret for byggforskning fra 1949. 

NBl skal fremme byggforskningen ved å kl argjöre oppgavene og få dem löst, ved å virke for frivillig koordinering 
av tiltak og sörge for att försöksresultater blir gjort kjent. 

NBI skal samarbeide med myndigheter, organisasjoner o. a . og bistå offentlige og private oppdragsgivere. 

Publikationerna erhålles hos Norges Byggforskningsinstitutt, Forskningsvelen l, Blindern, Oslo. 

STATENS RÅD FÖR BYGGNADSFORSKNING 

(Linn~gatan 64, Stockholm ö . Tel. 08/63 56 20) 

BFR - Byggforskningsrådet sorterar under Socialdepartementet. 

BFR skall främja forskning och rationalisering inom byggnadsfacket och verka för att verksamheten inriktas på 
särskilt viktiga uppgifter, lämna medelsbidrag för forsknings- och försöksverksamhet inom byggnadsområdet samt 
draga försorg om att resultaten av denna verksamhet blir på lämpligt sätt offentliggjorda. 

BFR sprider under samlingsnamnet Byggforskningen forsknings- och försöksresultat i form av handböcker, hand­
lingar, rapporter, småskrifter, särtryck av tidskriftsartiklar m. m. 

STATENS INSTITUT FöR BYGGNADSFORSKNING 

(Linn~gatan 64, Stockholm ö. Tel. 08/63 56 20) 

sorterar under Socialdepartmentet, 

bedriver sådan forsknings - och försöksverksamhet, som är ägnad att främja -en rationell utveckling_ av planering, 
produktion och förvaltning inom byggnadsområdet (företrädesvis problem, som ej är föremål för uppmärksamhet 
från andra forskningsinstitutioners eller enskilda forskares sida). 

Publikationerna erhålles genom AB Svensk Byggtjänst, Kungsgatan 32, Stockholm C. Postgiro 540 33. Tfn. 08/24 28 60. 



UDC 532. 72: 666. 97 . 015. 22 

VALTlON TEKNILLINEN TUTKIMUSLAITOS 
THE STATE INSTITUTE FOR TECHNICAL RESEARCH, FINLAND 

TIEDOTUS. SARJA III - RAKENNUS. 87 

NUMERICAL SOLUTION OF DIFFUSION EQUATION 

WITH DIFFUSIVITY CONCENTRATION DEPENDENT 

Nomograms for the drying of slabs with moisture 

conductivity l inearly moisture dependent, 

and surface at eonstant moisture 

S. E. PIHLAJAVAARA -M. VÄISÄNEN 

HElSIN Kl 19Pi'_..,.. _________ _ 

'' Bir. ' ---~K~~ r~ y• L - -· 1 ~ l .-~ L..: u '-
SEKTIC . J l-Ö il V t\ G U. \ 
LUNOS ·, ·= -~~~ISKA t-:ö2.~. 'G 

Be:~ ·,·t O, 221 00 LUN..) 



,-

V-BIBLIOTEKET BYGG 
Lunds Tekniska Högskola 
Box 118, 221 00 LUND 

Pla.c~ Y 2 _f_ 
c (? { 

VTT ROTAPRINT PAINO 1965 

312/3 



FOREWORD 

Since 1961, one of the present authors, s. E. Pihlajavaara, has 

been engaged in a research project termed the "Drying of Concrete" 
(1). The diffusion theory has formed the mathematical basis for the 
theoretical treatment of the drying of concrete. The diffusion-type 
equation with diffusivity concentration dependent has been of special 
interest, and this report presents the numerical solutions of the dif­
fusion equation with diffusivity linearly concentration dependent. 

The main aim was to find nomograms for the drying of a concrete 
slab with the moisture conductivity (diffusivity) linearly moisture 
dependent, and a surface at eonstant moisture. The task of finding the 

required solutions was entrusted to the other author Mr. M. Väisänen, 
M. Sc., who calculated the numerical examples with the aid of an 
electronic computer, Elliot 803, using the difference method. 

The final linquistic revision was made by Mrs. Lorna Sundström, 
M. Sc. Nomograms were drawn by Irja Tennberg. 

lt is a pleasure to make acknowledgement to Prof. Arvo Nykänen, 
Director of this laboratory, whose ,support made this report possible. 

ST A TE INSTITUTE FOR TECHNICAL RESEARCH 

Laboratory of Concrete Technology 
Physics Section 

s. E. Pihlajavaara 
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l PHYSICS AND MATHEMATICAL FORMULATlON 

It is a widely accepted fact that fields invalving molecular trans­
fer of heat and mass can be analytically described with the aid of 
the so-called diffusion equation 

ou/ oh = di v (k grad u) 

where u is concentration, h time and k diffusivity. In the mathe­
matical treannent of the drying of a porous solid the diffusion 
equation has successfully been the governing equation, a lthough the 

drying of a porous solid also invalves molar or macroscopic fluid 
transfer. However, these macroscopic fluid movements are of ran­
dom character, thus being phenomenologically similar to the dif­
fusion process, which term in physical science, strictly speaking, is 
usually applied to random molecular motion. 

Most earlier works on the drying of concrete, which is a very 
fine-porous material, have shown that the diffusion type equation 
"sufficiently" depicts the phenomenon. Although there is no reason 
to believe that the moisture conductivity or diffusivity k is constant, 
even the usage of a eonstant moisture conductivity, reasonably eho­
sen and used, has given "sufficient" solutions when applied. However, 
experimental studies on concrete clearly indicate that the assumption 
of a eonstant k may lead to completely erroneous results. The im­
provement in the adoption of the diffusion theory seems to be the 
assumption that k is linearly dependent on the moisture content u. 

In spite of the fact that the problem is very old and has been 
treated in C r a n k ' s well- known book [ 2], there seemed to be not 
enough solutions for our simple case: 

The problem consists of finding, during drying, moisture contents 
u in a wide slab or wall, and average moisture contents ii of a wide 
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F i g u r e l. Show in g the meaning of the symbols and giving 

examples of distribution of moisture content u and corresponding 

average moisture content ii in an infinite slab or wall with 

finite thickness (2 l or 1), at a fixed time or Fourier number 

Fo = keh/12 • 

(infinite) slab or wall, whose two surfaces (or one surface) are kept 

at eonstant moisture (or the other surface is impermeable), and 

whose initial moisture content in the interior is uniform and unity; 

the moisture conductivity k depends linearly on moisture content u; 

gravity is neglected. (Fig. 1). 

Mathematically, the problem consists first of finding solutions of 

the dimensionless partial differential equation 

ou/&Fo = ((J/ oz)[(l + bu}(•u/ 2z] (l) 

under boundary conditions 

u = O, for z = l, Fo > O 
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ou/oz=O, forz=O, Fo>O 

and with the initial condition 

u = l, for Fo = O, O :;:;; z < l 

w hen 

In the above equations (see Fig. l) 

c-c 
u = variable relative moisture content = 0 

C D- ce 

z = x/l 

Fo = ke h/12 (Fourier number) 

b = parameter 

C = variable moisture content (kg/m3) 

C0 = initial moisture content (kg/m3) 

Ce = equilibrium moisture content (kg/m3) 

The b-range selected was O ... 100 • . 

When the solutions u have been found, the problem then consists 
of calculating the integral 

The basis of the drying problem presented in this report is more 
deeply treated, as regards concrete, in the Monograph (1). Further, 
the problem is also examined from a practical point of vie w, espe­
cially concerning the estimation of C 0 and Ce values, in paper (3). 
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2 NOMOGRAMS 

The solutions of Equations (l) and (2) with the specified boundary 

and initial conditions were calculated by the method of finite dif­
ferences (4) using an electronic computer. The task led to a special 
method which will be published at a future date. The numerical 
accuracy of the curves in the figures or nomograms l ... 11 are suf­
ficient enough for practical work, and the accuracy of u and ii in 
the numerical tables, on the basis of which the nomograms have 
been drawn, is correct to at least three decimal places. 
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u=f(x/I,Fo,b) 

F O = ke h J 12 ; k = ke ( 1 +b U ) 

0.8 

u 

0.4 

o 
1 0 .8 0.6 0.4 0.2 o 

x/ l 
Nomogram l. 
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l b= 2.ool u= f( x/ l, F o, b) 
~\(l, 

F O= k e h J 12 ; k= ke ( 1 +b U) 

u 

x/l 

Nomogram 2. 

12 



u=f(x/l,Fo,b) 

F O = k e h l 12 ; k = k e ( 1 + b U ) 
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Nomogram 3. 
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l b= 1 o.ol U=f(x/l,Fo,b) 

F o= ke h l 12 ; k= ke ( 1 +b u) 
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x! l 

Nomogram 4. 
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U=f(x/I,Fo,b) 

F o= ke h l 12 ; k= ke ( 1 +b u) 
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Nomogram 5. 
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Nomogram 6. 
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u 

l b =80.ol u= f( x/ l, Fo, b) 
F O = k e h l 12 ; k = k e ( 1 + b U ) 
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U=f(Fo,b); k=ke(1+bu) 
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