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1. Introduction

This document gives basic formulas for weight and balance calibration. Formulas are
expressed both in terms of the true mass and in terms of the conventional mass. The
purpose of this document is to clarify the difference of these quantities. More detailed
formulas have been given in elsewhere /1-5/.

2. Weight calibration

2.1 Conventional mass

The conventional mass of a body /1/ is equal to the mass, mc of a standard that
balances this body at conventionally chosen conditions:

- temperature t20 = 20°C
- air density ρ0 = 1.2 kg/m3 (at 20 °C)
- density of the standard ρref = 8000 kg/m3 .

The unit of the conventional mass is the kilogram.

According to this definition the relation between the true mass m of the body and its
conventional mass mc is the following:
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Where:
V(t20) = volume of the weight at reference temperature t20 = 20 °C.
ρ20 = m/V(t20 ) is the density of the weight at the reference temperature.

The formulas are given both in terms of volume and in terms of density. The equations
in (1) and (2) do not contain any approximations.
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2.2 True mass difference

Two weights, the test weight mX and reference weight mR  are compared with an ideal
mass comparator. The mass difference between the weights is a sum of the air
buoyancy difference and the indication difference (see 3.1):

( )
( )

   

  

))()((

I
Vmf

IIftVtVmm

sass

RXRXaRX

∆
−

=

−+−=−
ρ
ρ

(3)

Where
mX = true mass of test weight
mR = true mass of reference weight
ρa = density of air during comparison
VR(t) = volume of reference weight at temperature t
VX (t)= volume of test weight at temperature t
f = scale factor
IX = indication of balance with the test weight
IR = indication of balance with the reference weight
ms = mass of sensitivity weight
Vs = volume of sensitivity weight
ρs = ms / Vs  = density of the sensitivity weight
ρas = air density during sensitivity measurement
∆I = indication difference due to sensitivity weight

In formula (3) it is assumed that the air density is constant during the comparison and
that the centre of gravity for both weights is equal. Other contributions such as
convection forces, electrostatic forces and magnetic forces has been neglected.

The definition of the scale factor f is not unambiguous. Here It is determined by
placing the sensitivity weight ms on the weighing pan and reading the corresponding
indication difference ∆I. In principle no adjustment is needed. If the indication
difference is adjusted equal to the mass of the sensitivity weight ∆ I= ms then

  /1 sasf ρρ−= .
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2.3 Conventional mass difference:

The conventional mass difference of the two weights derived from (3) is the
following:
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Where
mX,c = conventional mass of test weight
mR,c = conventional mass of reference weight
ρa = density of air during comparison
γR= volume expansion coefficient of the reference weight
γX= volume expansion coefficient of the test weight
fC = scale factor
ms,c = conventional mass of sensitivity weight

The scale factor fc is the coefficient between conventional mass and the corresponding
indication. Its value is different from the scale factor for the true mass. If the
indication difference ∆I is adjusted equal to ms,c then fc ≈ 1 – (ρas - ρ0 )/ρs .

2.4 True mass and its uncertainty

From (3) the following equation for mX can be derived. If the mass of the reference
weight has been determined in a comparison with a higher order mass standard mST
then an analogous formula for mR can be derived:
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Where:
mST = mass of the higher order mass standard
VST = volume of the higher order mass standard
ρar  = density of air when mR was calibrated

The covariance between the true mass and the volume of the reference weight
u(mR,VR) has the following form:
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From (5) the square of the standard uncertainty u(mX) of mX is:
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Where u(xi) is the standard uncertainty of the quantity xi.

∑ ∂

∂

∂
∂

=
k

k
k

j

k

i
ji xu

x
X

x
Xxxu )(),( 2 is the covariance between xi and xj.

The correlation coefficient of xi  and xj is r(xi,xj) = u(xi,xj)/(u(xi )u(xj)).
The correlation coefficient between mX and VX is
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It is assumed that there is no other correlation.

2.5 The conventional mass and its uncertainty

In the following the same formulas as in the previous section are given in terms of the
conventional mass. The conventional mass of the reference weight mR,C has been
determined with a higher order mass standard (ms,C,Vs) at air density ρa. The
conventional masses can be obtained from the following equations derived from (4):

( )

( )RXC

ref

RXa
CRCX

SRCr

ref

SRar
CSTCR

IIfVVmm

IIfVVmm

−+
−

−−
+≈

−+
−

−−
+≈

ρ
ρ

ρρ

ρ
ρ

ρρ

0

0
,,

0

0
,,

1

))((

1

))((

(9)

The conventional mass mR,C and the volume VR are correlated their covariance
u(mR,C,VR) is:
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The standard uncertainty u(mX,c) can be obtained from the formula:

[ ]

))()()((),(2

)())((

)()(
)1(

)(
)(

)1(

)(
)()(

222
,

,

,

,

2222

22

20

2
02

20

2

,
2

,
2

RXaRcR
R

cX

cR

CX

RXCRXC

RX

ref

a
RX

ref

a
cRcX

VuVuuVmu
V

m
m
m

IIufIIfu

VuVuVV
u

mumu

++
∂

∂

∂

∂
+

−+−+

+
−

−
+−

−
+=

ρ

ρ
ρ
ρρ

ρ
ρ
ρ

(11)

Both the covariance term (second term on last line) and a second order term (last
term) have been included. The second order term is significant only if Vx ≈ VR and ρa

≈ ρ0 .

If we assume that the constant 1-ρ0 /ρref  ≈ 1 then
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Also mX,C and VX are correlated the correlation coefficient is
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2.6 Mass expressed in terms of density

From (5) the true mass mx expressed in terms of density is
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From (9) The corresponding formula for the conventional mass is
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The covariance between mass and density is approximately:
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The covariance between conventional mass and density is approximately:
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3. Mass comparators

3.1 Model for a mass comparator

Gravitational force F due to a weight mt is:

F
g

mt
a

t
= −( )1

ρ
ρ

(14)

mt = mass of weighted object
ρt = density of weighted object
ρa = air density during weighing
F = vertical force to the weighing pan
g = acceleration of free fall

The indication I of an ideal balance when loaded with mass mt is directly proportional
to the gravitational force:

I m
F
g

mt t a t( ) ( / )= ⋅ = ⋅ −α α ρ ρ1 (15)

Where:
I = indication of the balance
α = calibration constant

The calibration constant α is determined by weighing the adjustment weight mcs and
by setting the display equal to mcs.
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Where:
ρas = air density during adjustment
ms = mass of the adjustment weight
mcs = conventional mass of adjustment weight
ρs = density of adjustment weight

By substituting α to (15) and solving mt we have
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In (18) mt is can be expressed in terms of conventional mass mct.
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When mct is solved we get
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Corrections to the approximations (18’) and (20’) are of the order of (ρa/ρt)2·I(mt). In
practice they can be neglected. If the balance is adjusted before the measurement then
ρas ≈ ρa and the last terms on the right hand side of (18’) and (20’) can be neglected.

When calibrating the balance the following models are possible:

a) The error of indication of the balance without air buoyancy correction E is
determined:

E = I(mtc) - mtc + δI(mtc) + δmtc (21)

where δI(mt) is a correction due to nonidealities of the balance ( eccentricity, magnetic
effects etc.) at load mt  and δmtc is zero correction due to air buoyancy. It is included
to be taken into account in uncertainty calculations.

b) The error of air buoyancy corrected indication is determined:
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In practice the formula (23) is preferred because the density and the (true) mass of the
weight are strongly correlated.
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3.2 Uncertainty of the error of indication

For uncertainty calculations In (22) and (23) it can be assumed that the density of the
sensitivity weight is equal to the reference density: ρs = ρref . In addition the following
approximations will be made:

)()//)(()( ttrefastatt mImmImIE δρρρρ +−−+≈ (24)

and

)()/)(/))((()( 00 tctctarefastctc mImmImIE δρρρρρρ +−−+−+≈ (25)

The uncertainty of E  from (24) is calculated assuming that ρas is constants and I(mt) ≈
mt ≈ mt,c. The air density at the time when the weights were calibrated is ρat .
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Here the covariance term with (8’)
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has been included.

For conventional mass from (25):
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Also here the covariance term with (10’):
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has been included.

Formulas (26) and (28) give practically identical values for the uncertainty of the error
E .
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3.3 Modified scale factor

Usually the mass of the weighed object is of primary interest. In addition to the mass
the balance indication also depends on air density and on the density of the weighed
object. In principle the density dependence can be corrected. Because a balance is not
an ideal instrument some additional corrections are needed. One possibility is to
divide the scale factor into two components. From (22) if we assume that ρs = ρref   we
have

IIffIEIm xta
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where the density dependent scale factor f(ρa,ρt ) is
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and the instrumental scale factor fx is

IIEIf x /)(1)( −≈ (32)

The instrumental scale factor will be determined in calibration. It contains e.g. non-
linearity of the indication, eccentric loading, temperature dependence of indication.
Its value is not however constant with time.
It is important to note that a balance (or a mass comparator) measures force to the
weighing pan. It can not directly take into account changes in air density, in the
density of the measured object or changes in gravitational acceleration.  Changes in
air density or in gravitation can be taken into account by adjusting the reading of the
balance with an external or internal sensitivity weight. In some balances this is done
automatically.

The balance indication is closer to the conventional mass than to the true mass. In
many cases the indication can directly used as the conventional mass. This is normally
not valid for true mass.
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