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Abstract

This report deals with a fundamental problem of feedforward active noise con-
trol systems in ducts, the acoustic feedback from the canceling actuator to the
reference detector. A natural solution to this problem is to use a unidirectional
actuator. The starting point of this study is the JMC source that is an ideal unidi-
rectional actuator but is difficult to realize. Potential unidirectional three-
element actuator systems are surveyed systematically by modifying and ap-
proximating the JMC source in various ways. As a result, one realizable ideal
unidirectional three-element source configuration and four nearly unidirectional
approximations of it are discovered. Also two-element unidirectional JMC ac-
tuators are handled, in which the elements act as a dipole with the monopole
effect included in the same elements. As a result, one ideal unidirectional two-
element solution and six approximations of it are found. The inter-channel delay
in the control structure of the two-element actuators is optimized so that the
residual sound pressure downstream or upstream from the unidirectional source
will be minimized, or the delay is omitted altogether. The two-element ideal
solution and its approximations are derived for each three ways of handling the
delay. The output volume velocities of all the three variations of two-element
Ideal Source are mutually identical and independent of the inter-channel delay
optimization, and are also identical with those of Swinbanks’ two-element ac-
tuator, although the procedure of attaining them is quite different. Especially the
delayless version of two-element Ideal Source has the advantage of no separate
phase shift between the volume velocities of the elements, which turns out to be
advantageous in the practical implementation of digital control systems. Using
the unidirectional solutions with no inter-channel delays makes is possible to
achieve simplified control algorithms and reduce the computing time or improve
the performance. Digital control of some of the structures and their practical
limitations are considered. Examples of realizable digital control systems are
given.
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List of symbols

A amplitude factor in Swinbanks’ two-element actuator with a separate
integrator

a dipole weighting

aI coefficient in I(z)

BI(z) transfer function of the FIR compensator in I(z)

b monopole weighting

c ratio of upstream to downstream sound pressures

c0 speed of sound of a fluid at rest

c1 limiting ratio of incoming to upstream sound pressures

c2 limiting ratio of incoming to downstream sound pressures

D scaled delay τ/T

d distance between outermost actuator elements

Fd frequency response of an allpass fractional filter for a delay of τ

fs sampling frequency

hb(i) coefficients for  a FIR filter approximation of b, i = 0, 1, 2,…

I(z) transfer function of a scaled digital integrator according to equation
(22)

j imaginary unit
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k wave number (ω/c0)

L distance between the detector and the middle of the actuator unit

LFIR length of FIR filter

n integer number

pi incoming sound pressure at the middle of the actuator unit

pL incoming sound pressure at the detector

p+ sound pressure radiated by the actuator unit downstream

p– sound pressure radiated by the actuator unit upstream

qi volume velocity related to pi according to equation (1)

qL volume velocity related to pL similarly as defined for qi

q0 volume velocity of the actuator element in the middle (in three-
actuator systems)

q1 volume velocity of the first actuator element

q1 volume velocity of the last actuator element

r order of the feedback part

S cross-sectional area of the duct

T sampling interval

W WLS weighting function

x Cartesian co-ordinate
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z complex variable used in Z-transforms

λ wavelength of sound

ρ0 density of fluid at rest

τ propagation acoustic delay between the outermost actuator elements

τL propagation acoustic delay between the detector and the middle of the
actuator unit

ω angular frequency 2πf, where f is frequency

Re{⋅} real part

Im{ ⋅} imaginary part

�a frequency response of the digital filter approximation of a, same nota-
tion used also for b and I
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1. Introduction

1.1 General

Active noise control (ANC) in ducts is an important field of research. One rea-
son for the great interest in the active control of sound in ducts is that the sound
field is one-dimensional at low frequencies, that is, sound propagates in two
directions only and the problem is thus relatively easy. Another reason is that
this particular area of ANC has a large range of commercial applications, such
as attenuation of noise in air-conditioning systems and in exhaust pipes of en-
gines. Doak [1, 2] has described the practical and theoretical background to, and
principal features of, the theory of acoustic fields caused by source distributions
in ducts of finite length.

Control for the actuator, used as an anti-noise source (secondary source), can be
obtained from either the original or silenced noise. In the first case one talks
about feedforward control, in the second about feedback control, see, e.g., [3].
Feedback control can in some circumstances become unstable, and in principle
the realization of feedforward control is easier. In duct applications, the refer-
ence detector in feedforward control is normally mounted before the actuator
with respect to the direction of sound propagation; in feedback control the refer-
ence detector is normally mounted adjacent to or after the actuator.

For true feedforward control to work, it is required that the actuator in the duct
radiates only in the direction of sound propagation, i.e., downstream [4]. Nor-
mally an actuator radiates also in the opposite direction (upstream) causing an
acoustic feedback from the secondary source to the reference detector. The
acoustic feedback may interfere with the operation of the control system and
even render it unstable. It also causes an increase in the noise level upstream of
the canceling source. It is thus a principal problem in feedforward active noise
control in ducts.

The effect of the acoustic feedback can be minimized by several alternative
methods. Of course, the easiest way of eliminating it totally is to use a non-
acoustic reference signal, obtained, e.g., with a tachometer installed on the noise
source. This is not always possible, e.g., in cases when the noise source has a
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wideband spectrum. One possibility of minimizing the acoustic feedback is to
use adaptive filters [5, 6], especially adaptive IIR filters [7]. This presumes a
more complicated control system. The minimization can be realized by using
electronic feedback to compensate the acoustic feedback with, e.g., Chelsea
monopole or the tight-coupled monopole [8, 9] or other constructions [10]. This
method presumes exact phase responses of the system, probably varying with
the thermodynamic circumstances. The feedback can also be suppressed by in-
stalling the detector microphone between two monopole-type actuator elements
radiating in antiphase causing the effect of the actuator to be eliminated from
the reference signal, the construction being called Chelsea dipole [11]. Moreo-
ver, a dual sensing microphone [12] can be used. In this solution the reference
and error microphones are at an equal distance on opposite sides from the
(monopole) actuator. The error microphone signal is subtracted from the refer-
ence signal, the effect of the actuator thus being eliminated from the reference
signal. The last three methods are sensitive to errors in the placement of the
microphones. Also, if the attenuation is not complete (which is the case in prac-
tice), there is always error in the manipulated reference signal in the last
method.

All the mentioned feedback minimization methods have the property that they
do not eliminate the upstream radiation of the actuator but only suppress its
effects on the control system. Geometrical arrangement of the secondary source
configuration, e.g., a tree-shaped configuration [13], can be used to minimize
the radiation of the secondary sound wave upstream. This method does not lead
to an ideally unidirectional system, however.

The most natural technique to suppress the acoustic feedback and upstream ra-
diation is the use of unidirectional actuators, unidirectional detectors, or both
simultaneously. With a unidirectional actuator or detector the control system
can be kept relatively simple [14]. Unidirectional systems are constructed of
several actuator or detector elements. This may be seen to be a drawback, but
also in other cases, e.g., when higher order modes are taken into account, sev-
eral elements are needed. The distance of the actuator or detector elements de-
termines an upper frequency limit to the functioning of the system. Thus the
systems have limited frequency ranges, which fortunately can be selected by a
proper choice of the distance. On the other hand, all other solutions have also
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limited frequency ranges, e.g., all digital systems are functioning only at fre-
quencies below their Nyquist frequencies.

1.2 Two-element unidirectional actuators

Swinbanks [15] has described an ideal two-element unidirectional solution
where the upstream radiation is eliminated by introducing a delay for the first
actuator, corresponding to the acoustic propagation delay between the two ac-
tuators, and feeding the actuators in opposite phases. The first actuator is situ-
ated upstream from the second one. The improper frequency response is com-
pensated by inverse filtering. Poole and Leventhall [16] have verified Swin-
banks’ work by experiment.

Based on Swinbanks’ work, Berengier and Roure [17] have proposed a positive
feedback loop with a delay to the input of the actuators, thus avoiding extra
frequency response equalization. From the three-element solution of Swinbanks,
the same feedback loop for the two-element solution can also be deduced. Win-
kler and Elliott [14] use the acoustic propagation delay between the two actua-
tors but applied to the second actuator, and feed the actuators otherwise in the
same phase. This solution is called the "maximally efficient source". It refers to
a source eliminating the total sound pressure downstream with least "effort" [3].
The least effort signifies minimizing the square of the absolute values of the
volume velocities of the source complex. The maximally efficient solution is not
unidirectional at low frequencies.

1.3 Three-element unidirectional actuators that are not
based on the JMC method

In principle, two actuator elements are enough for a unidirectional acoustic
source in a duct. That is why many three-element solutions are based on extra
requirements on the system (in addition to unidirectionality and total sound
elimination downstream). Swinbanks [15] uses different distances between the
actuators, and optimizes by trial the distances (and corresponding delays) and
the magnitudes of the elements to obtain as large a useful frequency range as
possible. The output of the first actuator element is the combination of two
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components: the first component is the delayed negative version of the output of
the second actuator element and the second component is the delayed negative
version of that of the third actuator element, the delays corresponding to the
acoustic propagation delays between the corresponding actuator elements. The
outputs of the second and third actuator element are the same, the latter being
delayed by the acoustic propagation delay between those elements. The pre-
sented properties of the system make it unidirectional. The improper frequency
response is compensated by a suitable equalization.

Swinbanks also explains how the frequency response equalization can be re-
placed by two positive feedback loops with delays. Based on Swinbanks’ work,
Berengier and Roure [17] use inter-channel delays and the frequency response
equalization is replaced by positive and negative feedback loops with delays.
The first two actuator elements are delayed with respect to the third actuator
element, corresponding the acoustic propagation delays between them. Other-
wise the system parameters are made unequivocal by an extra requirement of
stationarity of the upstream field with respect to variations of flow and sound
velocities. Since the extra requirement of Berengier and Roure is different from
that of Swinbanks, the feedback loops for the frequency response equalization
are not similar. La Fontaine and Shepherd [18] use in their experimental work
the same inter-channel delays as Berengier and Roure with equally spaced ele-
ments and the frequency response equalization is realized by a transversal filter.
The tap weights of the filter are determined by minimizing the sum of the
squares of the proportional errors, where the error designates the difference
between the desired frequency response and the actual frequency response real-
ized by a filter with a stepwise continuous impulse response, at predestined fre-
quencies.

1.4 Actuators with more than three elements

The purpose of using more actuators is to obtain better properties of the actuator
system, e.g., wider frequency range, better low-frequency radiation properties
etc. The three-element solutions of Swinbanks [15] and Berengier and Roure
[17] can be readily generalized to multi-element versions. Kazakia [19] suggests
using four elements in the actuator, in order to obtain a more efficient radiator at
low frequencies. Otherwise his principle of selecting the system parameters is
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the same as with Swinbanks’ three-element system. Eghtesadi and Leventhall
[20] also use the same inter-channel delays as the multi-element generalization
of Swinbanks’ solution, with equally spaced elements. The first n – 1 elements
have the same magnitudes, their sum being the same as the magnitude of the last
element. Despite the inter-channel delays, the first n – 1 elements are in anti-
phase with the first one. Guicking and Freienstein [21] have found that similar
results as with an array of n equidistant sources can be obtained with a thinned
array where certain sources are omitted.

1.5 Actuators based on the JMC method

The JMC method is suitable for formulating the problem of active noise control
with the general system theory, although the method can be applied more gener-
ally to reshaping of acoustic fields [22, 23, 24, 25, 26, 27]. Its name originates
from the first three pioneers of the method: Jessel, Mangiante, and Canévet [24].
A generalized JMC method has been proposed by Mangiante [28]. Furthermore,
a modified JMC method has been introduced by Uosukainen [29]. Generally,
three types of secondary sources are needed in the method—namely monopole,
dipole and quadripole source distributions. In the case of duct applications (with
a plane wave mode), the quadripole distributions vanish. In addition, magni-
tudes of partial sound fields in the main lobe, caused by monopole and dipole
distributions, are equal, so the radiation pattern of an actuator element is a car-
dioid. An ideal actuator combination in the JMC method radiates only in one
direction in the duct, so no radiation upstream exists. An ideal actuator also
totally eliminates the original sound field downstream. This ideal actuator thus
consists of an ideal monopole and an ideal dipole.

Jessel, Mangiante, and Canévet [30, 31, 32, 28] use a combination of a mo-
nopole and dipole radiator, having coincident acoustic centers with respect to
the direction of sound propagation, to obtain a three-element unidirectional
source according to the JMC method. In the realizations of the systems, the di-
pole radiator is approximated by two closely situated monopoles. The propaga-
tion delay from the detector to the actuator and the improper frequency response
are compensated by delays and equalization, tuned experimentally. La Fontaine
and Shepherd [18] state that this system has disadvantages compared to Swin-
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banks’ arrangements, due to the need of a balanced three-loudspeaker system
and a phase shift of 90° in the system.

Formerly, there have not appeared presentations of two-element unidirectional
actuators that are based on the JMC method in literature.

1.6 Purpose of this report

All the unidirectional actuator systems presented above, except for the solutions
based on the JMC method, need inter-channel delays in their control systems. In
digital control systems, the accurate realization of short delays requires much
signal processing power. This fact supports the use of the JMC method, to
achieve simplified control algorithms, reduce the computing time, and improve
the performance [28]. In addition, the JMC method is purely an exact field-
theoretical approach to the problem of field reshaping, so it always yields the
optimum solution to any field reshaping problem. From this point of view it is a
very natural starting point. That is why the JMC method has been adopted by
the authors.

There is no systematic presentation of the realization of JMC actuators. Espe-
cially the two-element versions do not appear in literature. This speaks in favour
of a thorough presentation to be delivered. The starting point of this study is the
JMC source that is an ideal unidirectional actuator but is difficult to realize.
Potential unidirectional actuator systems are surveyed systematically by modi-
fying and approximating the JMC source in various ways. This report deals with
unidirectional three- and two-element JMC actuators and their approximations.
As new three-element solutions, one ideal source and four approximations are
presented. As new two-element solutions, one ideal source and six approxima-
tions are presented with three different inter-channel delays (one solution with
one inter-channel delay corresponds the maximally efficient source of Winkler
and Elliott [14]).

In order not to cause hindrance to possible flow in the duct, the actuator ele-
ments are best mounted at the walls of the duct. This prevents the use of pure
dipole actuator elements, so the dipoles must be realized by two monopoles near
each other. Of course the use of monopole elements only makes the system an
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approximation, but fortunately the nonidealities can be corrected by proper fre-
quency-dependent magnitude weightings of the elements.

The JMC element can be realized also by two monopole-type actuator elements
only. The two-element actuators are fed so that they produce both the monopole
and dipole parts of radiation, approximately or exactly, in order to produce
similar sound fields as the JMC source. Similar approach has been used by
Boone and Ouweltjes [33] to obtain a loudspeaker system with a cardioidlike
radiation pattern in a three-dimensional space. Elliott [34] has used two closely
spaced microphones in a tube to measure the incident and reflected travelling
wave components to evaluate the absorption coefficient of a sample placed at
the end of the tube. His construction leads to similar control systems as with one
of our two-element solutions but without any weighting functions.

The monopole part of the two-element actuators is phased so that the monopole
radiation is correct (1) downstream or (2) upstream, or (3) with no inter-channel
delay at all. The choice of best delay optimization is not obvious because opti-
mal functioning in one direction may lead to unsatisfying performance in the
other direction. The delay optimization also affects the weighting filters of the
actuators and different choices thus bring about changes in the computational
complexity of a digital control structure of the unidirectional sources.

With two-element JMC actuators, there is a need to have a frequency-response
equalization as with Swinbanks’ source. An integrator in the control system is
introduced by the authors to the equalization. With the integrator, there is no
need to a separate phase shift of 90° in any system considered. Therefore also
the disadvantages stated by La Fontaine and Shepherd [18] are eliminated.

Evidently the frequency responses of the actuator elements, both magnitude and
phase, have to be equalized, in order to obtain tolerably similar frequency re-
sponses from the elements. This is necessary for the system to be able to work
unidirectionally. This equalization may be realized adaptively or with fixed
filters that will be adjusted according to measurements. These aspects are be-
yond the scope of this report and may be handled in forthcoming papers.

In this report several assumptions have been made: the frequency is assumed to
be low enough so that only plane wave mode is present; the duct is assumed to
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be infinitely long, and hence no reflections from either ends of the duct exist;
the duct is assumed to be infinitely hard-walled and therefore the impedance of
the duct wall is not taken into account; the medium in the duct is assumed to be
homogenous and flowless, implying that the sound speed is constant everywhere
in the duct and independent of the propagation direction of the sound; the me-
dium is assumed to be ideal fluid, so no viscous or thermal losses are present.
The effects of higher order modes, end reflections, duct wall impedance, inho-
mogenities and losses of the fluid, and flow may be treated in future papers.

This report is organized as follows. In Section 2 the basic three- and two-
element unidirectional actuator constructions are presented. Section 3 discusses
well-known solutions based on the basic constructions. In Section 4 new solu-
tions based on the basic construction and the JMC method are introduced. With
two-element constructions, structures with down- or upstream inter-channel
delay optimization or no delay are introduced. In Section 5 these solutions are
compared in terms of the obtainable residual sound pressure (both down- and
upstream), the magnitude weightings needed in the constructions, and the width
of the available frequency range. Implementation of digital control structures for
the two-element unidirectional sources is discussed in Section 6. Conclusions
are drawn and perspectives for further research in the field are given in Section
7.
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2. Basic physical constructions

2.1 Basic three-element construction

An ideal dipole radiator, having its main lobes in the upstream and downstream
directions in the duct, is difficult to realize without causing hindrance to possi-
ble flow in the duct. That is why it is expedient to approximate the dipole with
two monopoles in opposite phases. Our basic three-element construction to be
examined here consists of three actuator elements of monopole type located at x
= 0 and ± d/2 having thus a mutual distance of d/2 as depicted in Figure 1. The
outermost monopoles at x = ± d/2 with the mutual distance of d form the dipole
approximation and the element in the middle at x = 0 acts as the actual mo-
nopole element. The corresponding field and source quantities are presented in
Figure 2. The dipole elements produce volume velocities q1 and q2 while the
monopole element produces volume velocity q0.

x
0

d

monopole

element 1
of the dipole

element 2
of the dipole

downstreamupstream

+d/2-d/2

detector

L

original
sound source

-L

actuator

Figure 1. Schematic presentation of the geometry of the three-element actuator
construction in a duct.
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Figure 2. Schematic presentation of the field and source quantities in the three-
element actuator construction in a duct.

The quantity qi in Figure 2 is related to the original sound pressure pi at x = 0 by

q
p S

ci
i=

ρ0 0

 , (1)

where S is the cross-sectional area of the duct, ρ0 is the density of the fluid at
rest and c0 is the speed of sound in the fluid. The sound is detected at x = – L.
The relations between the original field quantities at the detector point
(subscript L) and the origin (middle of the actuator) are

p p

q q

i L
kL

i L
kL

=

=

−

−

e

e

j

j   ,
(2)

where j is the imaginary unit, k is the wavenumber, and the quantity qL is related
to sound pressure pL as in equation (1) with subscript "i" replaced by "L". The
quantity p+ in Figure 2 denotes the total sound pressure downstream, and the
quantity p– the sound pressure upstream, caused by the actuator elements.

Two delays are further introduced. The delay τL is the time the sound needs to
propagate from the detector position to the middle of the actuator system

τ L

L

c
=

0

 . (3)

The delay τ corresponds to the acoustic delay between the outermost monopoles
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τ =
d

c0

 . (4)

2.2 Basic two-element construction

The basic two-element construction to be examined here consists of two actua-
tor elements of monopole type located at x = ± d/2 thus having a mutual distance
of d as depicted in Figure 3. The corresponding field and source quantities are
presented in Figure 4. The actuator elements produce volume velocities q1 and
q2.

x
0

d

downstreamupstream

+d/2-d/2

detector

L

original
sound source

-L

element 1 element 2

actuator

Figure 3. Schematic presentation of the geometry of the two-element actuator
construction in a duct.
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Figure 4. Schematic presentation of the field and source quantities in the two-
element actuator construction in a duct.
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3. Well-known unidirectional solutions

This section describes the unidirectional actuator systems that have been intro-
duced in literature previously and that are somehow related to the JMC method.
The three-element solutions of Swinbanks [15], Berengier and Roure [17], and
La Fontaine and Shepherd [18] are based on quite a different principle than the
JMC method. Also, they cannot be taken as any special solutions of the JMC
element, so they are not presented here.

3.1 Three-element solution according to the JMC method

The control system feeding the actuators forming the monopole and dipole is
illustrated in Figure 5. In the works of Jessel, Mangiante, and Canévet [30, 32]
the dipole weighting a and monopole weighting b are realized by phase shifts
and magnitude equalization, tuned experimentally. No pertinent mathematical
expressions for them are given. The case in which a = b = 1 corresponds the
basic solution without modifications.

b

a
-1

q0

q1

q2

qiτL
qL

Figure 5. Control system of a modified three-element JMC actuator.

3.2 Two-element solutions

Swinbanks’ solution and the two-element maximally efficient source of Winkler
and Elliott are presented. The former is an ideal unidirectional solution, giving
the same volume velocities as the new ideal sources of this report, but having a
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different way of realization. The latter is a suboptimal solution that can be de-
fined also by the general presentation of the new source types of this report.

3.2.1 Swinbanks’ solution

A two-element actuator works ideally unidirectionally, if the phases of the up-
stream radiation components of the actuator elements are opposite and the mag-
nitudes are equal. The actuator system, developed by Swinbanks [15, 16], real-
izes this idea by delaying the output q1 in respect to the output q2 by the acoustic
propagation delay τ between the actuators, and by having opposite phases with
the volume velocities q1 and q2. The procedure of achieving the unidirectionality
leads to the need of magnitude equalization, in order to obtain ideal sound can-
cellation downstream.

Swinbanks’ source has the volume velocities (with delay and equalization taken
into account)
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(5)

The amplitudes in proportion to qi in equation (5) can be expressed as

1

2

1

2
0

jsin( )

/

j sin( )kd

c d kd

kd
=

ω
 , (6)

where ω is the angular frequency. According to equations (5) and (6) the control
system of Swinbanks’ source can be presented as in Figure 6.

The amplitude factor A in the control system is according to equation (6)

A
kd

kd
=

sin( )
 . (7)
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q1

q2

1/2 Ac0 /d ∫dt

τ

-1

τL - τ/2qL

Figure 6. Control system for Swinbanks’ two-element actuator with an integra-
tor.

The delay τ/2 has been subtracted from the propagating delay τL, to avoid nega-
tive delays in the control system.

Swinbanks does not separate the integrator and amplitude factor A, but rather
uses them together, as in equation (6). The separation is done here to compare in
an easier way the solution with the new ones, presented in this report with a
separate integrator.

The weighting (amplitude factor A in decibels) is presented in Figure 7. The
symbol λ denotes the wavelength of sound. The weighting is singular at fre-
quencies corresponding to the distance d being a multiple of half the wave-
length. Without the separate integrator the weighting would be singular also at
zero frequency.

The term 1/2jsin(kd) (or the integrator and the amplitude factor A with the con-
stant ½) can be expressed as

1

2 1 2jsin( )

e

e

j

jkd

kd

kd=
−

−

−  . (8)

As shown by Berengier and Roure [17], this suggests that that term can be real-
ized with a positive feedback loop with a delay. This realization is presented in
Figure 8.

The Swinbanks’ source is ideal, i.e., in theory, the sound cancellation down-
stream is complete and there is no sound radiation upstream.
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Figure 7. Weighting of Swinbanks’ two-element source with a separate inte-
grator.

Σ
+

+
τ

2τ

Figure 8. Realization of the integrator and amplitude factor A for Swinbanks’
two-element actuator with a feedback loop with a delay.

3.2.2 Maximally efficient source

Winkler and Elliott [14] use the acoustic propagation delay between the two
actuators applied to the second actuator, and feed the actuators otherwise in the
same phase. This solution is called the "maximally efficient source". It refers to
a source eliminating the total sound pressure downstream with least "effort" [3].
The least effort signifies minimizing the square of the absolute values of the
volume velocities of the source complex.
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The volume velocities of the two-element maximally efficient source of Winkler
and Elliott has the volume velocities
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(9)

The control system of the maximally efficient source can be presented as in
Figure 9.

q1

q2

-1/2τL - τ/2qL

τ

Figure 9. Control system of the maximally efficient source of Winkler and El-
liott.

The sound cancellation downstream is complete for the maximally efficient
source. However, the actuator is not unidirectional at low frequencies and at
frequencies where d is a multiple of half of the wavelength (λ/2). The residual
sound pressure upstream is presented in Figure 10.
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Figure 10. Residual sound pressure upstream of the maximally efficient source
of Winkler and Elliott.
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4. New solutions based on the JMC method

In the following, new JMC-based unidirectional structures constructed of three
or two actuator elements are derived.

4.1 New three-element solutions

4.1.1 Basic solution

The volume velocity produced by the monopole is

q
qi

0 2
= −  , (10)

and those produced by the elements of the dipole are
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(11)

At low frequencies (λ >> d, where λ is the wavelength) the total sound pressure
vanishes downstream and the actuator does not radiate any sound upstream, see
Appendix A. At higher frequencies the actuator configuration does not work
ideally, due to the approximated realization of the dipole part.

4.1.2 Modified solution

Both the monopole and dipole can be modified by weighting (as a function of
frequency), in order to compensate the approximate character of the actuator.
Let us denote the weighting of the dipole by a and that of the monopole by b.
The volume velocity, produced by the monopole, is in this case

q
bqi

0 2
= −  , (12)
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and the volume velocities of the monopoles, forming the dipole approximation,
are

q
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= + = −

= − = +

j
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 ,     .
(13)

The term 1/jkd in the control system can be realized by an integrator. In that
case the control system is as in Figure 11. The separate phase shift of 90° is not
needed.

1/2

-1 b

a
-1

c0 /d ∫dt

q0

q1

q2

qiτL
qL

Figure 11. Control system of a modified three-element JMC actuator with an
integrator in the dipole control.

The idea of the new solutions is to find optimal and suboptimal mathematical
formulae for the weightings a and b, the criteria being unidirectionality and
sound canceling ability.

4.1.3 Ideal Source and four approximations

The new three-element solutions according to equations (12) and (13) have been
given identifications Ideal Source and Approximations 1 – 4. The explanations
for the different solutions are given in Table 1.

The basic solution (a = b = 1) is called here Approximation 1. The only new
idea in Approximation 1 is the use of the integrator in the control system, to
avoid the separate 90° phase shift in the dipole control. Of course, the integrator
is present also in the other solutions.
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Table 1. Different solutions for the three-element actuators.

Solution Illustration of solution

Ideal Source New ideal source, monopole part not modified

Appr. 1 Basic 3-element actuator, neither a nor b optimized

Appr. 2 Maximally efficient source, total sound downstream van-
ishes

Appr. 3 Dipole part not modified, no upstream radiation

Appr. 4 Dipole part not modified, total sound downstream vanishes

The idea for Approximation 2 is to be a three-element version of the two-
element maximally efficient source defined by Winkler and Elliott [14]. Winkler
and Elliott have presented only one type of two-element maximally efficient
source, so this three-element version is a new one. This solution is not unidirec-
tional at low frequencies, but it has been taken here for the sake of comparison.

Approximations 3 and 4 are solutions where the dipole part is not modified (a =
1) and the monopole part is modified by eliminating totally either the upstream
or the downstream sound.

Because the basic approximation in the basic solution lies in the dipole part,
proper modification of only the dipole part (in which case b = 1) leads to the
ideal solution.

4.1.4 Weighting functions

The values of the weighting functions can be derived as presented in Appendix
A. Also in Appendix A are presented the general relationships for the weighting
functions for three special cases: the radiation upstream will not exceed a limit-
ing value, the total sound downstream will not exceed a limiting value, and the
case where there is a requirement for the ratio of the upstream and downstream
sound pressures.
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Table 2 contains the values of a and b in different solutions. It should be noted
that without the integrator in the control system, the dipole weighting of three-
element Ideal Source would be singular at zero frequency.

Table 2. Weighting functions for the three-element solutions.

Solution a b

Ideal
kd

kd

/
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2

2
1

Appr. 1 1 1

Appr. 2
2 2

1 2 22
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4.1.5 Delay realization of the weightings

As with Swinbanks’ source [15] and with the solutions of Berengier and Roure
[17], the weightings can be realized with delays and constant magnitude
weightings. As an example, consider the dipole weighting of the three-element
Ideal Source. It can be easily observed that
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e

e
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kd
0

22

2 1j

/

sin( / )

j /

jω
=

−

−

−  . (14)

Thus the integrator and dipole weighting a for three-element Ideal Source can be
realized as depicted in Figure 12.
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τ

Figure 12. Realization of the integrator and dipole weighting by delays for
three-element Ideal Source.

The weightings for Approximations 1 – 4 can be realized similarly with delays
and constant weightings. However, the short delays require a large amount of
digital signal processing power. Moreover, the delay realizations in the ap-
proximations are quite complicated. For these reasons they are not handled in
this report.

4.1.6 Residual sound pressures

In Table 3 the residual sound pressures for the different solutions are presented.

4.2 New two-element solutions

In the three-element approximation of the JMC element the ideal dipole part of
the actuator is approximated by two monopoles in opposite phases, and the mo-
nopole part is realized by one monopole between the dipole components. In this
section we show how this three-element JMC element can be realized by two
elements only.

In two-element approximations of the JMC element a phase shift of 180° be-
tween the volume velocities of the elements ensures that the two elements radi-
ate approximately the dipole part of the ideal JMC source. Besides that, also the
volume velocity produced by the ideal monopole is approximately included in
the elements. Consequently, the total volume velocities q1 and q2 of the ele-
ments, see Figure 4, are combinations of the volume velocities of the approxi-
mated monopole and dipole parts of radiation. The approximations of the sys-
tem can be compensated by proper weightings as a function of frequency.
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Table 3. Residual sound pressures down- and upstream for the three-element
solutions.

Solution
p
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4.2.1 Basic solution

The inter-channel delay, corresponding to the acoustic propagation delay be-
tween the actuator elements, can be selected in the monopole part of the volume
velocity q1 in respect to that of the volume velocity q2 to ensure that the mo-
nopole part of the radiation is correct downstream. This ensures that the residual
sound pressure downstream is minimized. This kind of selection of the delay
leads to a solution where the residual sound pressure downstream is smaller and
upstream higher. In that case the volume velocities are
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In the expressions for the volume velocities of the radiators, the first parts are
related to the dipole radiation and the second parts to the monopole radiation.

The inter-channel delay can be selected also to ensure that the monopole part of
the radiation is correct upstream. This kind of selection of the delay leads to a
solution where the residual sound pressure upstream is smaller and downstream
higher. In that case the volume velocities are
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(16)

One more selection is the one where there are no delays in the monopole parts (τ
= 0). This kind of selection leads to a solution where the error is distributed to
the residual sound pressure up- and downstream. The volume velocities are in
this case
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With all the selected delays, at low frequencies the total sound pressure down-
stream vanishes and the actuator does not radiate sound upstream, see Appendix
B. However, at higher frequencies the actuator configuration does not work
ideally, due to the approximated realizations of the monopole and dipole.

4.2.2 Modified solution with three choices of inter-channel delay
optimization

As with the three-element solutions, also in the approximation combined of two
elements both the monopole and dipole parts can be modified by a weighting (as
a function of frequency), in order to compensate the approximate character of
the monopole and dipole radiation. Let us denote the dipole weighting as a and
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the monopole weighting as b, as with the three-element solutions. If the inter-
channel delay is optimized downstream, the volume velocities are
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The control system, feeding the actuators, is as shown in Figure 13. The case in
which a = b =1 corresponds the basic solution without any modifications.
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Figure 13. Control system of a two-element actuator with the inter-channel
delay optimized downstream.

If the inter-channel delay is optimized upstream, the volume velocities are
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In this case the control system, feeding the actuators, is shown in Figure 14.
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Figure 14. Control system of a two-element actuator with the inter-channel
delay optimized upstream.

If there is no inter-channel delay, the volume velocities are
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In this case the control system feeding the actuators is presented in Figure 15.
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Figure 15. Control system of a two-element actuator with no inter-channel de-
lay.

4.2.3 Ideal Source and six approximations

The two-element solutions according to equations (18), (19), and (20) have been
given identifications Ideal Source and Approximations 5 – 10. The explanations
for the different solutions are given in Table 4. All of the solutions in Table 1
can be realized with any of the three possibilities of the inter-channel delay.
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Table 4. Different solutions for the two-element actuators.

Solution Illustration of solution

Ideal
Source

Monopole and dipole parts modified, no upstream radiation,
total sound downstream vanishes

Appr. 5 Basic two-element solution, neither a nor b optimized

Appr. 6 Maximally efficient source, total sound downstream van-
ishes

Appr. 7 Monopole part not modified, no upstream radiation

Appr. 8 Monopole part not modified, total sound downstream van-
ishes

Appr. 9 Dipole part not modified, no upstream radiation

Appr. 10 Dipole part not modified, total sound downstream vanishes

Approximation 6 with the inter-channel delay optimized downstream is the
same as the maximally efficient source of Winkler and Elliott [14] of equation
(9), so it is not a new solution. However, Approximation 6 with the inter-
channel delay optimized upstream and with no inter-channel delay are new so-
lutions. They are also called maximally efficient sources (but not devoted to
Winkler and Elliott) because the logic for selecting their weightings is the same
as that of the maximally efficient source of Winkler and Elliott, see Appendix
B.

4.2.4 Weighting functions

The values of the weighting functions can be derived as shown in Appendix B.
Also in Appendix B are presented the general relationships for the weighting
functions for three special cases: the radiation upstream will not exceed a limit-
ing value, the total sound downstream will not exceed a limiting value, and the
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case where there is a requirement for the ratio of the upstream and downstream
sound pressures.

Table 5, Table 6, and Table 7 contain the values of a and b in different solutions
for the different inter-channel delays.

Table 5. Weighting functions for the two-element solutions with the inter-
channel delay optimized downstream.
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4.2.5 Delay realization of the weightings

As with Swinbanks’ source [15] and with the solutions of Berengier and Roure
[17], the weightings can be realized by delays and constant magnitude weight-
ings. As an example, consider dipole weighting of two-element Ideal Source
with no inter-channel delay. It can be easily observed that
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Table 6. Weighting functions for the two-element solutions with the inter-
channel delay optimized upstream.
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So the integrator and dipole weighting a for two-element Ideal Source without
inter-channel delay can be realized as presented in Figure 16. This is just the
same as with three-element Ideal Source (see Figure 12).
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Table 7. Weighting functions for the two-element solutions with no inter-
channel delay.
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Ideal
kd

kd

/

sin( / )

2

2

1

2cos( / )kd

Appr. 5 1 1

Appr. 6 kd kdsin( / )2 2 2cos( / )kd

Appr. 7 cos( / )
/

sin( / )
kd

kd

kd
2

2

2
1

Appr. 8 ( )2 2
2

2
− cos( / )

/

sin( / )
kd

kd

kd
1

Appr. 9 1
1

2

2

2cos( / )

sin( / )

/kd

kd

kd

Appr. 10 1 1

2
2

2

2cos( / )

sin( / )

/kd

kd

kd
−





Σ
+

+
τ/2

τ

Figure 16. Realization of the integrator and dipole weighting by delays for two-
element Ideal Source with no inter-channel delay.
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Also the monopole weighting b (with the constant ½) for two-element Ideal
Source without inter-channel delay can be realized using a delay loop as de-
picted in Figure 17.

Σ
+

-
τ/2

τ

Figure 17. Realization of monopole weighting by delays for two-element Ideal
Source with no inter-channel delay.

The weightings for two-element Ideal Source with other inter-channel delays,
and also the weightings for Approximations 5–10 can be realized similarly with
delays and constant weightings. However, the short delays require a lot of signal
processing power, so these solutions are not very attractive. Moreover, the other
delay realizations are much more complicated than presented here. For these
reasons they are not handled in this report. Also concerning the Ideal Sources,
the outputs of all of them are equal despite the choice of the inter-channel delay.
It is not worthwhile to present the delay realizations for other Ideal Sources
giving the same output as presented here, but with much more complicated sys-
tems.

4.2.6 Residual sound pressures

In Table 8, Table 9, and Table 10 the residual sound pressures for the different
solutions for the different inter-channel delays are presented.
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Table 8. Residual sound pressures down- and upstream for the two-element
solutions with the inter-channel delay optimized downstream.
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Table 9. Residual sound pressures down- and upstream for the two-element
solutions with the inter-channel delay optimized upstream.
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Table 10. Residual sound pressures down- and upstream for the two-element
solutions with no inter-channel delay.
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5. Comparison of the new unidirectional
solutions

In this section the three- and two-element unidirectional solutions are compared.
Their weighting functions and obtainable attenuation both down- and upstream
are considered.

5.1 Three-element solutions

5.1.1 Weighting functions

Figure 18 and Figure 19 display the weighting of the three-element solutions in
graphical forms.
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Figure 18. Applied monopole weighting for the three-element solutions.

The continuous available frequency band, due to weighting, is the frequency
band from zero frequency to the first frequency where the weighting tends to
infinite. In practice, the useful frequency band is narrower than this definition
suggests.
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Figure 19. Applied dipole weighting for the three-element solutions.

With three-element Ideal Source the dipole weighting approaches infinity when
d is a multiple of the wavelength, restricting the available frequency band. Ap-
proximations 1 – 4 do not have clear restrictions for the available continuous
frequency band, due to weightings. Without the integrator in the control system,
the weighting of three-element Ideal Source would be singular at zero fre-
quency.

5.1.2 Residual sound pressures

Figure 20 and Figure 21 present the residual sound pressure downstream and the
sound pressure radiated upstream in proportion to the original sound pressure
for the three-element approximations.

Three-element Ideal Source causes the total sound pressure downstream to van-
ish and does not radiate any sound upstream. Approximations 2 and 4 cause the
total sound pressure downstream to vanish, but they generate sound radiation
upstream. Approximation 3 does not radiate any sound upstream, but does not
totally eliminate the sound downstream. Approximation 1 does not totally
eliminate the sound downstream, and generates sound radiation upstream.
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Figure 20. Residual sound pressures of the three-element approximations down-
stream.
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Figure 21. Residual sound pressures of the three-element approximations up-
stream.
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At low frequencies and at frequencies where d is a multiple of wavelength (λ),
Approximation 2 (maximally efficient source) reflects the sound totally up-
stream. It is thus not a unidirectional source.

The continuous available frequency band, due to residual sound pressures, is the
frequency band from zero frequency to the first frequency above which the
magnitude of the residual sound pressure up- or downstream is higher than that
of the incoming sound pressure. In practice, the useful frequency band is nar-
rower than this definition suggests.

Three-element Ideal Source is ideal in respect that there are no residual sound
pressures up- or downstream. For Approximation 4 the continuous available
frequency band is limited by the upstream residual sound pressure, and for Ap-
proximation 3 by the downstream residual sound pressure, with an upper fre-
quency limit corresponding a wavelength obeying d = λ. For Approximations 1
and 2 there is no limit for the continuous available frequency band due to resid-
ual sound pressures. With Approximation 1 the residual sound pressures ap-
proach the defined limit when the frequency approaches infinite.

5.2 Two-element solutions

Two-element Ideal Sources cause the total sound pressure downstream to vanish
and do not radiate any sound upstream. Approximations 6, 8, and 10 cause the
total sound pressure downstream to vanish, but generate sound radiation up-
stream. Approximations 7 and 9 do not radiate any sound upstream, but do not
totally eliminate the sound downstream. Approximation 5 does not totally
eliminate the sound downstream, and generates sound radiation upstream. At
low frequencies, Approximation 6 (maximally efficient source) reflects the
sound totally upstream. Strictly speaking, it is thus not a unidirectional source.

The output volume velocities of all the three variations of two-element Ideal
Source are identical with those of Swinbanks’ two-element actuator [15], al-
though the procedure of attaining them is quite different. The control system of
the Swinbanks’ two-element actuator may seem simple in relation to those of
two-element Ideal Source. However, the delayless version of two-element Ideal
Source has the advantage of no separate phase shift between the volume veloci-
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ties of the elements, which turns out to be advantageous in the practical imple-
mentation of digital control systems.

5.2.1 Weighting functions

The weightings of Approximation 5 are unity in all cases. The weighting func-
tions and the corresponding frequency limits of other structures are discussed in
the following sections.

5.2.1.1 Two-element Ideal Source

The weighting function of the dipole part for two-element Ideal Source is pre-
sented in Figure 22, and that of the monopole part in Figure 23, for different
inter-channel delays. It can be seen that the delay optimization downstream re-
quires the dipole weighting to be zero (– ∞ in dB) at d = λ/4 and 3λ/4. The delay
optimization up- or downstream requires the dipole weighting to be infinite at d
= λ/2. In the delayless case there is no such requirement. However, whatever the
delay is, the monopole weighting tends to infinite at d = λ/2. Thus, the available
continuous frequency band is limited due to weighting to an upper frequency
limit corresponding to d = λ/2, independently of the inter-channel delay optimi-
zation.

5.2.1.2 Approximation 6

Approximation 6 is the two-element maximally efficient source. The dipole
weighting of Approximation 6 for different inter-channel delays is presented in
Figure 24 and the monopole weighting of the same approximation in Figure 25.
There is no dipole part of radiation (weighting is – ∞ in dB) for the downstream
optimized delay. In Figure 24 it can be seen that for other cases there is a non-
vanishing dipole part of radiation, except at frequencies corresponding to d be-
ing a multiple of the wavelength. In Figure 25 it can be observed that the delay
optimization both up- or downstream leads to a constant monopole weighting.
The delayless case leads to a monopole weighting which is a function of fre-
quency having a zero (– ∞ dB) at a frequency corresponding to d being half of
the wavelength (or an odd multiple of it). There are no frequencies with infinite
weighting values, so the weightings themselves do not cause any limitations to
the continuous available frequency band.
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Figure 22. Dipole weighting of two-element Ideal Source for different inter-
channel delays.
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Figure 23. Monopole weighting of two-element Ideal Source for different inter-
channel delays.
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Figure 24. Dipole weighting of Approximation 6 for different inter-channel
delays.
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Figure 25. Monopole weighting of Approximation 6 for different inter-channel
delays.
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5.2.1.3 Approximations 7 and 8

The monopole weightings of Approximations 7 and 8 are unity for all cases of
delay optimization. The dipole weighting of Approximation 7 for different inter-
channel delays is presented in Figure 26. From that figure one can see that the
delay optimization downstream for Approximation 7 leads to zeros (– ∞ dB) in
the dipole weighting values at the same frequencies as for two-element Ideal
Source. In the delayless case, the dipole weighting value is zero (– ∞ dB) at the
frequency corresponding to d being half of the wavelength. Whatever the delay
is with Approximation 7, the dipole weighting does not tend to infinite at d be-
ing half of the wavelength, as was the case with two-element Ideal Source for
up- and downstream optimized delay. The dipole weighting approaches infinite
when d approaches the wavelength, similarly as with two-element Ideal Source.
So the available continuous frequency band, due to weighting, is twice that of
two-element Ideal Source, limited to an upper frequency limit corresponding to
d = λ, independently of the inter-channel delay optimization.
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Figure 26. Dipole weighting of Approximation 7 for different inter-channel
delays.

The monopole weighting of Approximation 8 is unity in all cases, and the dipole
weighting for different inter-channel delays is presented in Figure 27. From that
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figure one can see that the dipole weighting for Approximation 8 is quite a
smooth function of frequency, except at d being a multiply of the wavelength
where the weighting tends to infinite. The available continuous frequency band,
due to weighting, is the same as with Approximation 7, being twice that of two-
element Ideal Source.

0

10

20

30

40

50

60

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

d /λ

Le
ve

l (
dB

)

downstream

upstream

no delay

Delay optimized:

Figure 27. Dipole weighting of Approximation 8 for different inter-channel
delays.

5.2.1.4 Approximations 9 and 10

The monopole weighting of Approximation 9 for different inter-channel delays
is presented in Figure 28 and that of Approximation 10 in Figure 29. From
Figure 28 it can be seen that at d being a multiple of wavelength, the monopole
weighting is zero (– ∞ dB). From the figures it can be seen that the weighting of
Approximation 9 for delay optimization downstream and that of Approximation
10 for delay optimization upstream are infinite at d = λ/4 and 3λ/4. Since the
continuous available frequency band due to weighting for those cases is very
narrow (half that of two-element Ideal Source), these Approximations are not
suitable to be used with those delay optimizations. With the delayless cases the
weightings are infinite for both Approximations at d being half of the wave-
length; thus the continuous available frequency band, due to weighting, is the
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same as with two-element Ideal Source. The weighting causes no limitations on
the frequency band for Approximation 9 with delay optimized upstream and for
Approximation 10 with delay optimized downstream.
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Figure 28. Monopole weighting of Approximation 9 for different inter-channel
delays.

5.2.2 Residual sound pressures

Two-element Ideal Source is ideal in respect that there are no residual sound
pressures up- or downstream, independently of the inter-channel delay optimi-
zation. This fact is due to two-element Ideal Source producing the same volume
velocity, independently of the inter-channel delay optimization. Approximation
6 (the two-element maximally efficient source) causes no residual sound down-
stream. Its residual sound pressure upstream is the same, independently of the
inter-channel delay optimization, so it is the same as presented in Figure 10.
This fact is similarly due to the maximally efficient source producing the same
volume velocity, independently of the inter-channel delay optimization. The
residual sound pressure never grows higher than the incoming sound pressure.
There are no limitations on the continuous available frequency band for two-
element Ideal Source and maximally efficient source.
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Figure 29. Monopole weighting of Approximation 10 for different inter-channel
delays.

5.2.2.1 Approximation 5

Approximation 5 denotes the approximation where both of the weighting func-
tions a and b are equal to 1, that is, there is no weighting in this basic solution.
In Figure 30 the residual sound pressure upstream of Approximation 5 is pre-
sented for different inter-channel delays. In Figure 31 the residual sound pres-
sure downstream is presented similarly. It can be seen that below a frequency,
corresponding to the wavelength where d ≈ 0.65 λ, the delay optimization
downstream decreases the residual sound pressure downstream and increases it
upstream. If the delay is optimized upstream, the situation is vice versa. Also it
can be seen that the sound pressure downstream will be amplified above that
frequency if there is no delay optimization. This leads to a continuous available
frequency band, due to residual sound pressure, with an upper frequency limit
corresponding a wavelength obeying d = 0.65 λ. With the delay optimization
upstream, the sound pressure is amplified at lower frequencies leading to a con-
tinuous available frequency band, due to residual sound pressure, with an upper
frequency limit corresponding a wavelength obeying d = 0.39 λ. This is a very
narrow band, so this solution is not recommended.
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Figure 30. Residual sound pressure upstream of Approximation 5 for different
inter-channel delays.
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Figure 31. Residual sound pressure downstream of Approximation 5 for differ-
ent inter-channel delays.
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5.2.2.2 Approximations 7 and 8

The residual sound pressure downstream of Approximation 7 with and without
the inter-channel delay optimization is presented in Figure 32. It can be seen
that the capability of the system is independent on the direction of the delay
optimization. Also it can be seen that above a frequency, at which d = λ/2, the
sound downstream is amplified if no delay optimization is used. So there is a
continuous available frequency band, due to residual sound pressure, having the
frequency as the upper frequency limit. Below that frequency the residual sound
pressure downstream is lower for no delay optimization.
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Figure 32. Residual sound pressure downstream of Approximation 7 with and
without inter-channel delay optimization.

The residual sound pressure upstream of Approximation 8 is similar to the re-
sidual sound pressure downstream of Approximation 7. So the conclusions
above can be directly applied to the upstream radiation of Approximation 8.

5.2.2.3 Approximations 9 and 10

The residual sound pressure downstream of Approximation 9 for different inter-
channel delays is presented in Figure 33. The residual sound pressure upstream
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of Approximation 10 is similarly presented in Figure 34. It can be seen that for
these approximations there is no reason for using any inter-channel delay opti-
mization. The systems are working better without any inter-channel delays. Es-
pecially, the downstream optimization for Approximation 9 and the upstream
optimization for Approximation 10 amplify the sound at a very broad frequency
band, making those optimizations useless. The continuous available frequency
bands, due to residual sound pressure, for those solutions have upper frequency
limits corresponding to d = 0.2 λ and 0.19 λ respectively. In the case of no inter-
channel delays, the residual sound pressure downstream of Approximation 9 is
quite the same as the residual sound pressure upstream of Approximation 10. In
these cases the continuous available frequency band, due to residual sound pres-
sure, is limited by d = λ.
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Figure 33. Residual sound pressure downstream of Approximation 9 for differ-
ent inter-channel delays.
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Figure 34. Residual sound pressure upstream of Approximation 10 for different
inter-channel delays.

5.3 Concluding remarks on the continuous available
frequency bands

The limits for continuous available frequency bands due to weightings and due
to residual sound pressures are gathered in Table 11 for three-element solutions.
The dash (–) indicates that there is no upper limit. The basic solution
(Approximation 1) has no frequency limits, although a practical limit would be
near d = λ. Approximation 2 has no frequency limits, although at frequencies
where d = nλ (n = 0, 1, 2,…) the residual sound pressures are equal to the lim-
iting pressure. All other solutions are identical concerning the upper frequency
limit corresponding a wavelength obeying d = λ.

The limits for continuous available frequency bands due to residual sound pres-
sure and due to weighting are gathered in Table 12 for two-element solutions.
The best solutions in this sense are Approximation 6, Approximation 9 opti-
mized upstream, and Approximation 10 optimized downstream. Approximations
7 and 8 with optimized delays are also good solutions in the sense that their
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upper frequency limit is 1, that is, the frequency corresponding to the wave-
length between the actuator elements.

Table 11. Upper frequency limits of continuous available frequency bands of
different three-element solutions in terms of d/λ, where λ corresponds the
wavelength of the frequency limit.

Solution
Highest available

frequency d/λ

Ideal 1

Appr. 1 –

Appr. 2 1

Appr. 3 1

Appr. 4 1
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Table 12. Upper frequency limits of continuous available frequency bands of
different two-element solutions for different inter-channel delays.

Solution
Highest available frequency d/λ when

inter-channel delay optimized
downstream upstream no delay

Ideal 0.5 0.5 0.5

Appr. 5 – 0.39*) 0.65

Appr. 6 – – –

Appr. 7 1 1 0.5

Appr. 8 1 1 0.5

Appr. 9 0.2*) – 0.5

Appr. 10 – 0.19*) 0.5

*) Not useful solutions
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6. Digital control of unidirectional actuator
systems

Active noise control systems are typically implemented using a digital signal
processor [3, 35]. We now investigate the realization of the proposed unidirec-
tional actuator systems where the frequency-dependent weightings and other
control functions, such as the integrator and the delay elements, are approxi-
mated using linear digital filters. We present a number of design examples of
digital control systems for unidirectional actuators. In these examples we as-
sume that the diameter of the duct is 40 cm, and the lowest and highest frequen-
cies of interest are 50 Hz and 900 Hz, respectively. The sampling frequency of
the ANC system considered here is chosen to be 2.5 kHz. The highest frequency
of operation (the Nyquist frequency) is thus 1.25 kHz. The distance between the
two elements of the dipole source is assumed to be d = 0.3 m in three-element
systems and d = 0.15 m in two-element systems.

6.1 Digital filter approximation of frequency-dependent
weightings

The frequency-dependent weightings a and b needed for the monopole and di-
pole sources in many of the unidirectional actuator structures are zero-phase
functions, i.e., real-valued functions of frequency. In other words, it is assumed
that they do not bring about any extra delay to the acoustic signal. In practice, a
digital filter always causes some delay that consists of a processing delay of one
sampling interval plus a phase delay determined by the phase response of the
filter. In addition it is necessary to take into account the delay caused by the AD
and DA converters, anti-aliasing and reconstruction filters, and the loudspeak-
ers. This total delay may be compensated by exploiting the initial propagation
delay, τL (see Figure 11, Figure 13, Figure 14, and Figure 15). In order to pre-
serve causality, delay τL must originally be large enough so that it is possible to
extract the total processing delay from it. The practical implication is that the
actuator must be sufficiently far away from the reference detector.

Since it is not desirable to cause any phase error in the filter approximations, we
have chosen to use FIR (finite-length impulse response) filters as practical
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weightings for the monopole and the dipole sources. It is well known that an
FIR filter can be designed to have an exactly linear phase by forcing its impulse
response to be symmetric [36], and furthermore, the delay caused by the filter
can be forced to be an integral number of sampling intervals by choosing the
length of the impulse response to be odd.

The linear-phase FIR filters bring about a delay of (LFIR – 1)/2 samples where
LFIR is the filter length. We must be careful not to use filters that are too long
since this will risk the causality of the feedforward ANC systems. The propaga-
tion delay from the reference detector to the actuator must be larger than the
processing delay of the digital control system — otherwise the system becomes
non-causal and it cannot be used for broadband noise cancellation.

We use a weighted least-squares (WLS) method to design the coefficients of the
FIR filter approximations (see, e.g., [36]). This method minimizes the squared
weighted frequency response error. The WLS weighting function W (not to be
confused with the monopole and dipole weighting functions a and b) must have
non-negative real values only. The value of W at each frequency determines the
importance of the frequency response: if the weight is zero at any frequency, the
ideal frequency response will not be approximated at all at that frequency. We
use a small weight value (or zero) to neglect the specifications at very small
frequencies (below 50 Hz) and at frequencies near the Nyquist frequency (above
900 Hz). In the frequency range of interest the weighting function may be unity
or it may vary according to the ideal magnitude response specification.

The aim is to obtain digital filter approximations that do not restrict attenuation
of the ANC system, i.e., the frequency response error of the FIR filters must be
smaller than the typical attenuation obtainable with ANC systems (about 20 or
30 dB). Here we are mainly interested in the obtainable residual sound pressure
downstream and the radiated sound pressure upstream. For Ideal Sources these
figures should be much smaller than – 20 dB. We have chosen to aim at at-
tenuation of at least 40 dB in the frequency band of interest (between 50 and
900 Hz).
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6.1.1 Design example: weighting filter b for Approximations
3 and 4

Figure 35 shows an example where the monopole weighting b for the unidirec-
tional actuator Approximation 3 has been approximated using the WLS tech-
nique. The ideal magnitude response (solid curve in the upper part of the figure)
has been computed according to Table 2, and coefficients for the linear-phase
FIR filter of length 3 have been computed using a weighting function equal to 1
between 50 and 1000 Hz and zero elsewhere. The filter coefficients are hb(0) =
0.2300, hb(1) = 0.5576, and hb(2) = 0.2300.

The magnitude response of the FIR filter is plotted with a dashed line in the
figure. The lower part of the figure illustrates the approximation error. The fre-
quency response error has been computed as the absolute value of the difference
of the ideal and approximate frequency responses. The largest frequency re-
sponse error in the frequency band of interest (50 Hz ... 900 Hz) is in this case
about – 35 dB.

The filter designed above may be used with the unidirectional actuator Ap-
proximation 4 as well, since there is only a minor difference between its mag-
nitude response and that of Approximation 3. The sign of all the coefficients
must be inverted and a constant 2 added to the middle coefficient (hb(0) = –
0.2300, hb(1) = 2 – 0.5576 = 1.4424, and hb(2) = – 0.2300). The frequency re-
sponse error is still the same as that illustrated in the lower part of Figure 35.

Note that it is practical to use short FIR filters to approximate the monopole and
dipole weightings since long filters would bring about long delays as well as a
large computational burden. The delay introduced by a linear-phase FIR filter is
equal to the number of sampling intervals between the first and middle coeffi-
cient of the filter's impulse response. In the example of a 3-coefficient filter, the
delay is 1 sample. At the sampling rate of fs = 2.5 kHz this corresponds to a dis-
tance of c0/fs = 0.137 m (when c0 = 343 m/s). The causality constraint then re-
quires that the distance from the reference microphone to the center point of the
actuator is at least this much. Actually the distance must be larger due to the
additional delay caused by processing, AD and DA converters, and the other
system components.
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Figure 35. (Top) Magnitude response of the WLS FIR approximation (dashed
line) of monopole weighting b (solid line) for Approximation 3. (Bottom) Fre-
quency response error.

6.2 Digital integrator

6.2.1 Recursive feedback loop and FIR compensator

An integrator — scaled by a constant c0/d — is needed in all the actuator sys-
tems described in this report (see Figure 11, Figure 13, Figure 14, and Figure
15) except for Approximation 6 optimized downstream. A good discrete-time
approximation for an integrator is obtained by combining a feedback loop and
an FIR compensator as discussed, e.g., in [37] and [38]. The transfer function of
a scaled digital integrator needed in the unidirectional systems is
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where c0 is the speed of sound in the fluid, d is the distance between the actuator
elements, fs is the sampling frequency, z is the complex variable used in Z-
transforms, BI(z) is the transfer function of the FIR compensator, aI is a real-
valued coefficient that must be slightly smaller than 1 to ensure stability, and r
is the order of the feedback part (typical choices being r = 1 or r = 2). Choice r
= 2 yields a better approximation in the frequency band of interest, but the
drawback is that then the filter has a pole at the Nyquist frequency with a very
large Q value, which brings about a large gain at high frequencies.

Let us design a digital integrator consisting of a recursive feedback loop and an
FIR compensator of length 5. We choose aI = 1 – 2–10 = 0.9990 and r = 1. We set
the WLS weighting function W to be equal to 1 between 0 and 900 Hz, and 0
above that. The magnitude and error responses are shown in Figure 36. The
maximum error in the approximation band is about – 26 dB.

Approximations 3 and 4 have the integrator in their dipole control part and the
monopole weighting may be realized using an FIR filter as discussed in the pre-
vious section. The sound pressure radiating downstream (p+) and upstream (p–)
from a three-element actuator system may be evaluated using the following
equations:
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which can be expressed also as
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Figure 36. (Top) Magnitude response of the ideal integrator (solid line) and an
example of its approximation using a digital filter (dashed line) and (Bottom)
the corresponding frequency response error.

where �a , �b , and �I  are the frequency responses of the digital filter approxima-
tions of the dipole weighting a, monopole weighting b, and the integrator scaled
by c0/d, respectively.

An integrator with a length-7 FIR part, first-order feedback loop, and a length-5
monopole weighting FIR filter was designed for Approximation 3. The maxi-
mum sound pressure upstream with these digital filters is about than – 43 dB
(assuming that the 3 actuator elements are perfect and there are no other faults
in the system either) and the residual sound pressure downstream is similar (in
the frequency range of interest) to the theoretic case shown in Figure 20 and
Figure 21. For Approximation 4, the largest residual sound pressure downstream
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is also less than – 43 dB and the maximum sound pressure upstream is nearly
the same as the theoretic curve depicted in Figure 20 and Figure 21.

6.2.2 Combined approximation of the integrator and the dipole
weighting

In some unidirectional actuator systems discussed in this report, a frequency-
dependent dipole weighting function a together with the integrator is required in
the dipole control path (see Figure 11, Figure 13, Figure 14, and Figure 15).
This is the case for Ideal Sources and Approximations 2, 7, and 8. In these
cases, we suggest combining the FIR compensator and the FIR approximation of
a. This approach follows the general principle that it is better to perform all the
approximations in one step rather than many approximations in series.

6.2.3 Design example: three-element Ideal Source

Let us approximate the combination of an integrator and the dipole weighting a
for the unidirectional three-element Ideal Source (see Figure 11). We use a first-
order feedback loop (r = 1, aI = 0.9990) and an FIR filter with 13 coefficients.
The delay caused by the filter is now about 6 samples, which corresponds to a
propagation distance of about 0.8 meters. However, the delay is not exactly this,
since now the impulse response of the FIR filter is not symmetric since it must
correct both the magnitude and the phase response for the digital control of the
dipole sources.

Figure 37 illustrates the magnitude responses (upper part of the figure) of the
ideal transfer function and its approximation as well as the frequency response
error (lower part of the figure). This result was obtained using a weighting
function W in the WLS design that is 0 below 30 Hz, 1 between 10 and 600 Hz,
2 between 600 and 910 Hz and 0 above that. This weighting function was cho-
sen because it was noticed that the errors near the upper edge of the frequency
band of interest contributed strongly to the sound pressure radiated from three-
element Ideal Source. The maximum frequency response error in the frequency
band of interest is now about – 26 dB and we should again look at the obtain-
able attenuation downstream and radiation upstream.
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Figure 37. (Top) Magnitude response of the combination of an integrator and
dipole weighting a for three-element Ideal Source (solid line) and its WLS FIR
approximation (dashed line). (Bottom) Frequency response error. The distance
between the dipole elements is d = 0.3 m.

We evaluate the sound radiation upstream and downstream for three-element
Ideal Source according to equation (23) to get a realistic estimate of how the
approximation error due to digital filters affects the performance of the pro-
posed ANC system. Note that when b = 1, the upstream and downstream radia-
tion characteristics are equivalent (but in opposite phase). They are thus illus-
trated with a single curve in Figure 38. The maximum sound pressure in the
specified frequency band is about – 42 dB. This is considered sufficient since it
is more than what is usually obtained with practical active attenuation systems.
Remember, however, that for Ideal Sources, the attenuation both up- and down-
stream is in theory infinite in dB.
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Figure 38. Sound radiation upstream and downstream from three-element Ideal
Source when the integrator and dipole weighting have been approximated using
a feedback loop and a single FIR filter with 13 coefficients.

6.3 Digital implementation of time delays

Three different propagation delays need to be realized in the proposed unidirec-
tional actuator systems: the delay from the reference detector to the center point
of the actuator (in all the systems of this report) and the delay τ between the
elements of the actuator and the delay τ/2 (in some two-element systems).

6.3.1 Propagation delay

The propagation delay could be implemented as a fixed delay filter, but it is
more common to use an adaptive filter that also takes into account losses or
other filtering effects, such as dispersion, that may occur when sound pressure
propagates in the duct. Another important reason for using an adaptive filter is



71

that the ANC system is then capable of tracking changes in the transfer function
of cancellation path. The adaptive filter is often implemented using the well-
known LMS algorithm (see, e.g., [35]). Winkler and Elliott describe the use of
an adaptive FIR filter for modeling the propagation delay in cases of Swin-
banks’ source and maximal efficient two-element source [14]. Since this part of
ANC systems is well understood and the use of a unidirectional actuator does
not bring any considerable changes to it (apart from decreased acoustic feed-
back), this issue is not discussed further here.

6.3.2 Delay between actuator elements in two-element systems

The loudspeakers of the two-element actuator systems are located near each
other (at distance d) and in some structures the small delay τ between them must
be implemented as a delay filter (see Figure 6, Figure 13, and Figure 14). The
complexity of implementing a delay filter depends essentially on the ratio of the
delay time to the sampling interval T = 1/fs where fs is the sampling frequency
used. If D = τ/T is an integer, the delay can be implemented as a digital delay
line of length D, that is, by simply delaying the digital signal by D sampling
intervals. More generally, D = τ/T is a real number with an integer and a real
part. In the example case the distance between the centers of the two actuator
elements is d = 0.15 m and the desired delay in samples is D = 0.15 m × 2500
Hz / 343 m/s = 1.0933. The delay must now be modeled using a fractional delay
digital filter. A review of such filter approximations has been carried out by
Laakso et al. [39]. Fractional delay filters are implemented using discrete-time
interpolation techniques.

In the context of Swinbanks’ source and two-element maximal efficient source,
Winkler and Elliott [14] discuss the influence of rounding the delay D to an
integer value to be able to implement it as a digital delay line. They demonstrate
that the downstream cancellation properties of the system are not seriously af-
fected but that the sound radiation upstream then increases with frequency.
Since we desire to develop an active noise control system that truly behaves
unidirectionally, we study the use of fractional delay filters for maintaining also
the downstream radiation near the theoretic minimum.

Let us consider how to realize the delay τ needed in the control path of the mo-
nopole source (see Figure 13). The danger in using an FIR approximation for the
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fractional delay is that the filter may have to be quite long. The causality of the
system must be guaranteed by placing the reference detector still further away
from the actuator system. Note that this is an additional constraint because the
FIR filter approximation of weighting b also demands that the distance between
the detector and actuator be sufficiently large. In order to achieve an adequately
accurate delay filter with a small extra delay, we suggest the use of a digital
allpass filter to approximate the fractional delay. It has been formerly noticed
that the frequency response error achieved with allpass fractional delay filters is
smaller than with FIR fractional delay filters when similar design criteria are
used and the number of coefficients is the same (e.g., an allpass filter of order 5
is better than an FIR filter of length 10 when a similar design approach is used)
[40].

We suggest using an allpass fractional delay filter that is an equiripple approxi-
mation of the ideal phase response. This design gives the best approximation in
terms of maximum frequency response error in the approximation band. A very
nearly equiripple approximation can be obtained with an iterative technique
described by Laakso et al. [39]. Figure  shows the phase delay and the frequency
response error of a fifth-order equiripple allpass filter that approximates a delay
of 5.0933 samples. The integer part of the delay is chosen to be 5 since it must
be at least the allpass filter order minus one — otherwise the allpass filter be-
comes unstable. This filter causes an extra delay of 4 samples that corresponds
to a propagation distance of 0.55 meters. The frequency response error shown in
the lower part of the figure is the absolute difference of the frequency responses
of the ideal delay of 5.0933 samples and the allpass filter. The maximum fre-
quency response error in the approximation band (between 50 and 900 Hz) is
about – 56 dB. This allpass filter is used in the next section for the two-element
Swinbanks’ source.

6.3.3 Delay τ/2 in the control of the dipole control path in two-
element systems

The delay of τ/2 needed in the control path of dipole elements (illustrated in
Figure 13 and Figure 14) may be combined with the digital filter approximating
the integrator and the weighting a, following the principle of a single-stage ap-
proximation. The filter may be designed using the WLS FIR filter design
method as before.
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Figure 39. (Top) Phase delay response of the allpass filter of order 5 (solid line)
approximating the constant phase delay of 5.0933 samples (dotted line).
(Bottom) Corresponding frequency response error.

6.4 Design examples of two-element actuators

In addition to the control filters of three-element Ideal Source and Approxima-
tions 3 and 4 discussed above, we present the filters and obtainable attenuation
for the two-element Swinbanks’ source and the delayless Ideal Source, which
are among the most promising unidirectional actuator systems.

6.4.1 Two-element Swinbanks’ source

The weighting function of the two-element Swinbanks’ structure must be im-
plemented with an FIR filter of length 35 and a first-order feedback loop (aI =
0.9990). The magnitude response of the ideal specification and the FIR filter are
given in Figure 39. Also the frequency response error of approximation is dis-



74

played. The weighting function W used in the WLS design was unity between
120 and 600 Hz, 10 between 600 and 700 Hz, 30 between 700 and 900 Hz, and
zero above that. This yielded an almost equiripple error curve in the approxima-
tion band with a maximum error of about – 42 dB.

Figure 39. (Top) Magnitude response of the weighting function IA/2 for the two-
element Swinbanks’ source (solid line) and its FIR filter approximation (dashed
line). (Bottom) The corresponding frequency response error.

We evaluate the obtainable attenuation by using the equations for the sound
pressure radiating downstream (p+) and upstream (p–) from the two-element
Swinbanks’ system:
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where �� /IA 2  is the approximation of the Swinbanks’ weighting function, which
has now been realized with a single digital filter, and �Fd  is the frequency re-
sponse of the allpass fractional delay filter.

Figure 40 shows the residual level downstream (solid line) and upstream
(dashed line), when the two-element Swinbanks’ source has been implemented
with the combined filter of Figure 39 and the allpass filter of Figure . The at-
tenuation both down- and upstream is now better than 40 dB in the approxima-
tion band. Note, however, that at many frequencies, the upstream attenuation is
much better than what was required. A more sophisticated filter design algo-
rithm could account for this and thus it could be possible to obtain the needed
attenuation with a lower order filter approximation of the Swinbanks’ weight-
ing.

Figure 40. Sound radiation downstream (solid line) and upstream (dashed line)
from Swinbanks’ two-element source.
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The filters used in this design example — an FIR filter of length 35 and an all-
pass filter of order 5 — together cause a very long delay: 17 samples due to the
FIR and 4 samples due to the allpass filter (remember that the required delay to
be produced by the allpass filter was 1.0933), or 21 samples. This corresponds
to a propagation distance of 2.88 meters. This is the minimum distance between
the reference microphone and the actuator in a duct-ANC application.

6.4.2 Delayless two-element Ideal Source

Our final design example concerns delayless two-element Ideal Source pre-
sented in Figure 15. This structure may be implemented with two control filters,
one approximating weighting – b/2 and the other the combination of a scaled
integrator and weighting a. The formulae for weighting functions a and b are
available in Table 7.

Figure 41 shows the magnitude response of the combination of the integrator
and function a as well as their filter approximation (FIR part of length 11 and a
second-order feedback loop with aI = 0.9990). The weighting function W in the
filter design was unity between 40 and 920 Hz and zero elsewhere. It is seen that
the frequency response error is smaller than – 40 dB in the approximation band
(50...900 Hz) (see lower part of Figure 41). Figure 42 presents the magnitude
responses (upper part of the figure) of weighting – b/2 and its FIR approxima-
tion of length 11 and the frequency response error (lower part). In this case the
weighting function W was proportional to the absolute value of b at the fre-
quency band 100…950 Hz and zero elsewhere. Also now, the error is smaller
than – 40 dB.

Finally, we evaluate the obtainable attenuation by using the equations for the
sound pressure radiating downstream (p+) and upstream (p–) from the two-
element delayless Ideal Source:



77

( ) ( )

( ) ( )

p aI
b

p x
d

p aI
b

p x
d

kd + kd kd kd
i

kx

+ kd kd + kd kd
i

kx

+
− − + −

−
− − +

= + − − +








 > +

= − − +








 < −

1

2
2

2 2

1

2 2 2

2 2 2 2

2 2 2 2

�

�

�

e ,

�

�

�

e ,

/ / / / j

/ / / / j

e e e e     

e e e e             ,

j j j j

j j j j

(26)

Figure 41. (Top) Magnitude response of the combination of the integrator and
weighting a of two-element delayless Ideal Source (solid line) and its approxi-
mation (dashed line) and (bottom) the corresponding frequency response error.

which can also be presented as
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The residual pressure level as a function of frequency is shown in Figure 43. It
is seen that the level is smaller than – 40 dB in the approximation band both
down- (solid line) and upstream (dashed line) as required.

Figure 42. (Top) Magnitude response of weighting function –b/2 of two-element
delayless Ideal Source (solid line) and its FIR approximation (dashed line) and
(bottom) the corresponding frequency response error.

The FIR filters used to implement the delayless two-element source in this ex-
ample were of length 11. This filter length causes a delay of 5 samples, which is
equivalent to a propagation delay of 0.69 meters. This example shows that a
compact implementation of delayless two-element Ideal Source is feasible. Re-
member that the traditional two-element Swinbanks’ structure requires a dis-
tance of 2.9 meters to fulfill the same attenuation specifications. Thus, it is rec-
ommended to use the new delayless structure instead in the future.
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Figure 43. Sound radiation downstream (solid line) and upstream (dashed line)
from the delayless two-element Ideal Source when the control filters are imple-
mented as digital filters. The distance between the two actuator elements is d =
0.15 m.

6.5 Implementation issues

In the design examples we have assumed that the two or three actuators used are
ideal in the sense that their frequency response is flat and they cause no delay.
In practice the frequency responses of loudspeakers vary considerably at differ-
ence frequencies, they cause phase delay, and the properties of any two loud-
speakers are different. This implies that in practice it is necessary to equalize the
actuators. This may be done by measuring the impulse response and designing
an inverse filter to be used to preprocess the input signal of the actuator. An-
other choice is to use an adaptive filter for equalization.
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The transfer function from the reference detector to the actuator system may be
estimated and implemented with an adaptive filter, as is usually done in current
active noise control systems. Other control functions required in unidirectional
actuator structures may be realized with fixed digital filters.

6.6 Discussion of digital control

We have now designed a number of digital filters to control some of the unidi-
rectional actuator systems. A general conclusion is that there are three- and two-
element systems that can be implemented efficiently using digital control. When
three-element Ideal Source or delayless two-element Ideal Source structure is
used, relatively low-order digital filters enable good attenuation downstream
and weak upstream radiation. A compact active attenuation system may be built
where the distance between the reference actuator and the canceling actuator
structure is less than a meter.

In contrast, some of the two-element systems present difficulties. Particularly, it
was shown by example that the traditional two-element Swinbanks’ source is
not very well suited to practical implementation since it requires a long control
filter. In our example, the FIR filter length had to be 35 in order to achieve an
attenuation of 40 dB both down- and upstream. This implies that the distance
between the reference detector and the actuator structure must be almost 3 me-
ters. This may be impractical in an ANC application. In light of the theory pre-
sented earlier in this report and the design examples of this section, we can rec-
ommend the use of the three-element Ideal Source and the delayless two-
element Ideal Source.
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7. Conclusions

We have given a review of three- and two-element unidirectional actuator
structures for feedforward active noise control in a duct. All the actuator sys-
tems presented in this report were derived from the JMC source, an ideal unidi-
rectional source consisting of an ideal monopole and an ideal dipole, which is
difficult to realize.

Practical realization of a three-element JMC source in a duct requires three mo-
nopole sources, two of which are in opposite phase to construct a dipole, while
the third monopole source is located between the two. The input signals of the
dipole and monopole elements have to be filtered to achieve good attenuation
downstream and upstream. By systematically modifying the frequency-
dependent weightings of the three-element JMC source, we have found a reali-
zation for a new perfect unidirectional three-element actuator (the three-element
Ideal Source) and four different ways to approximate it (Approximations 1 – 4),
also new solutions. The weighting functions for the different structures are
gathered in Table 2, and the residual sound pressures down- and upstream in
Table 3. Three-element Ideal Source provides a novel approach to implement a
unidirectional actuator that completely absorbs the downstream sound pressure
and causes no upstream radiation. Three-element Approximation 2 is a three-
element generalization of the maximally efficient two-element source recently
defined by Winkler and Elliott [14]. It is not unidirectional at low frequencies,
but the downstream radiation is totally canceled. Approximation 3 has a non-
zero downstream residual sound pressure, Approximation 4 has a non-zero up-
stream residual sound pressure, and Approximation 1 has non-zero residual
sound pressures in both directions.

The unidirectional JMC source may also be realized as a two-element source,
and approximated with two monopole sources by combining the contribution of
one monopole element—the middle one in the original three-element configura-
tion—with the element pair that constitutes the dipole. By using appropriate
control functions, we managed to find one perfect unidirectional configuration
(two-element Ideal Source) and six approximations (5 – 10) that use two loud-
speaker elements. Additionally, there are three ways to choose the delay be-
tween the two channels: the delay may be optimized downstream or upstream or
the delay can be removed altogether. The two-element Ideal Source and Ap-
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proximations 5 – 10 for all three inter-channel delays are new JMC-based two-
element unidirectional sources to be applied in ducts. The only exception is
Approximation 6 (maximally efficient source) with the inter-channel delay op-
timized downstream, which is the same as the maximally efficient source of
Winkler and Elliott [14]. The drawback of the maximally efficient source is that
it does not completely eliminate upstream radiation at low frequencies. Ap-
proximations 6 (the maximally efficient source), 8, and 10 perfectly cancel the
sound pressure downstream but not so well upstream. Approximations 7 and 9
cancel the downstream wave but they do not suppress the upstream radiation
well.

The three inter-channel delay optimization schemes offer 20 new two-element
structures that may be used for implementing a unidirectional actuator for active
noise control in a duct. Control structures for the two-element structures were
derived and their properties were compared. The weighting functions for the
different structures are gathered in Table 5, Table 6, and Table 7, and the resid-
ual sound pressures down- and upstream in Table 8, Table 9, and Table 10.
Furthermore, implementation of digital control structures for the actuator sys-
tems was discussed.

The output volume velocities of all the three variations of two-element Ideal
Source are mutually identical and independent of the inter-channel delay opti-
mization: the differences in the weighting functions compensate the differences
in the delays. The volume velocities are also identical with those of Swinbanks’
two-element actuator [15], although the procedure of attaining them is quite
different. The control system of the Swinbanks’ two-element actuator may seem
simple in relation to those of two-element Ideal Source. However, the delayless
version of two-element Ideal Source has the advantage of no separate phase shift
between the volume velocities of the elements, which turns out to be advanta-
geous in the practical implementation of digital control systems.

With the three-element solutions, except with Approximation 2, the available
frequency band is limited by an upper frequency corresponding a wavelength
that obeys d = λ (Approximation 1 can be used at a little higher frequencies).
With the two-element solutions, the available frequency range depends on the
singularities of the weighting function and the radiation properties of the unidi-
rectional actuator system. Approximation 6 has no frequency limitations what-
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soever. Also Approximation 5 optimized downstream, Approximation 9 opti-
mized upstream and Approximation 10 optimized downstream have an unlim-
ited frequency range. The highest frequency of Approximation 5 without inter-
channel delay corresponds to about 65 % of d/λ. In this respect the delayless
structures seem to be advantageous since all the other structures (except for
Approximations 5 and 6) have an upper frequency limit of d/2λ, which is con-
sidered good for practical realizations.

Choosing the best unidirectional actuator structure is not trivial. The main issues
to be taken into account are the obtainable attenuation both down- and upstream,
the available frequency band, and the complexity of the implementation of the
control system. Only Ideal Sources enable perfect cancellation of radiated sound
in both directions. The fact that the unidirectional solutions based on the JMC
method can be realized without inter-channel delays makes these solutions supe-
rior to all other solutions, e.g., that of Swinbanks [15], Berengier and Roure
[17], and La Fontaine and Shepherd [18]. In the digital realization of the control
system, the short delays require much signal processing power. With the JMC-
based solutions it is possible to achieve simplified control algorithms and reduce
the computing time or improve the performance. The three-element Ideal Source
and the delayless two-element Ideal Source thus seem to be the best choices for
practical ANC work in ducts.

Future research in the area of unidirectional actuators for ducts will include
practical implementation and measurements with the new actuator configura-
tions. It seems feasible to implement the control functions of the loudspeaker
elements and the adaptive filtering with one signal processor. This is especially
likely because the use of a unidirectional actuator system makes it unnecessary
to use adaptive IIR filters or other signal processing methods to cancel the
acoustic feedback. It may be necessary to correct any irregularities in the fre-
quency responses of the loudspeaker elements by means of digital signal proc-
essing (inverse filtering), since in principle the loudspeaker elements should
have identical, flat frequency responses. This implies that the frequency re-
sponse of each loudspeaker element has to be measured and a difference be-
tween its "ideal" or desired frequency response be determined. The inverse of
this error frequency response may be included in the specification of the control
filter of the loudspeaker element.
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The unidirectional systems described in this report can be used for realizing
reference detectors as well. The combined use of a unidirectional actuator and a
unidirectional detector seems to be an effective way to minimize the acoustic
feedback in tube-acoustic ANC systems. This strategy deserves closer examina-
tion in the future.
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Appendix A: Derivations of frequency-
dependent weighting functions for the

three-element JMC actuators

In this Appendix the values of the weighting functions a and b, presented in
Figure 11, for the three-element JMC actuators are derived. Also in this Appen-
dix are presented the general relationships for the weighting functions for three
special cases: the radiation upstream will not exceed a limiting value, the total
sound downstream will not exceed a limiting value, and the case where there is
a requirement for the ratio of the upstream and downstream sound pressures.

Without any weightings, the total sound pressure downstream and the sound
radiated upstream can be obtained by the help of equations (10) and (11) in the
form as with Approximation 1 presented in Table 3. With weighting functions,
the total sound pressure downstream (p+) and the sound radiated by the actuator
upstream (p–) are according to equations (12) and (13)
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Condition for unidirectionality

If it is required that the actuator will not radiate sound upstream, the following
equation has to be fulfilled

a
kd

kd
b

sin( / )

/

2

2
=  . (A2)

In this case the total sound pressure downstream is

p b pi
kx

+
−= −( ) e j1  . (A3)
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Condition for total cancellation downstream

If it is required that the total sound pressure downstream will vanish, the fol-
lowing equation has to be fulfilled

a
kd

kd
b

sin( / )

/

2

2
2+ =  . (A4)

In that case the sound pressure upstream, radiated by the actuator, is

p b pi
kx

−
+= −( ) e j1  . (A5)

Effort of the actuator

The squared sum of the absolute values of the volume velocities, defined by
equations (12) and (13), can be written, using equation (A4), as
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k
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where Re{⋅} denotes the real part. If the derivatives of this expression attached
to variables Re{b} and Im{b} (where Im{⋅} denotes the imaginary part) are
required to vanish, one obtains the weightings of the maximally efficient three-
element source.

Limiting value conditions

If it is required that the radiation upstream will not exceed a limiting value

p
p

c
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− ≤
1

 , (A7)

the weightings must obey
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If it is required that the total sound downstream will not exceed a limiting value

p
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the weightings must obey
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Ratio condition

If there is a requirement for the ratio of upstream to downstream sound pres-
sures

p
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e
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 , (A11)

where the ratio c can be a complex-valued function of frequency, the relation
between weightings a and b can be written, according to equation (A1), as

a c
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b c c( )
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/
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2
1 2+ − − =  . (A12)

This kind of requirement may be useful when optimizing the total efficiency of
a detector-actuator system. The optimum value of c for the actuator depends on
the directional characteristics of the detector (how sensitive the detector is to the
acoustic feedback).

In this case the total sound pressure downstream and the sound pressure up-
stream are
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If the monopole is not modified (b = 1), according to equation (A12) three-
element Ideal Source is obtained. If the dipole is not modified (a = 1), according
to equation (A12) weighting b can be written as
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The total sound pressure downstream and the sound pressure upstream are as in
equation (A13), and they can be also presented as
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If the ratio is selected as c = – 1, it corresponds to the situation of no weighting.
In that case the magnitudes of the downstream and upstream sound pressures are
the same.
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Appendix B: Derivations of frequency-
dependent weighting functions for the two-

element JMC actuators

In this Appendix the values of the weighting functions a and b, presented in
Figure 13, Figure 14, and Figure 15, for the two-element JMC actuators are
derived. Also in this Appendix are presented the general relationships for the
weighting functions for three special cases: the radiation upstream will not ex-
ceed a limiting value, the total sound downstream will not exceed a limiting
value, and the case where there is a requirement for the ratio of the upstream
and downstream sound pressures.

Without any weightings, the total sound pressure downstream and the sound
radiated upstream can be obtained by the help of equations (15), (16), or (17) in
the form as with Approximation 5 presented in Table 8, Table 9, or Table 10.
The various alternatives correspond to cases where the inter-channel delay is
optimized downstream, upstream or where there is no inter-channel delay, re-
spectively. With weighting functions, the total sound pressure downstream (p+)
and the sound radiated by the actuator upstream (p–) are according to equations
(18), (19), and (20)
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Condition for unidirectionality

If it is required that the actuator will not radiate sound upstream, the following
equation must be satisfied
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In this case the total sound downstream will be
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Condition for total cancellation downstream

If it is required that the total sound pressure downstream will vanish, the fol-
lowing equation must be satisfied
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In this case the sound radiation of the actuator upstream will be
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Effort of the actuator

The squared sum of the absolute values of the volume velocities can be written
in the case of vanishing sound pressure downstream, using equation (B4), as
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If the derivatives of this expression attached to variables Re{b} and Im{b} are
required to vanish, one obtains for the weightings of the maximally efficient
two-element source.

Limiting value conditions

If it is required that the radiation upstream will not exceed a limiting value

p
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c
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 , (B7)

the weightings must obey
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If it is required that the total sound downstream will not exceed a limiting value
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the weightings must obey
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Ratio condition

If there is a requirement for the ratio of the upstream and downstream sound
pressures

p
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 , (B11)

the relation between the weightings a and b can be written, according to equa-
tion (B1), as
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This kind of requirement may be useful when optimizing the total efficiency of
a detector-actuator system. The optimum value of the ratio for the actuator de-
pends on the directional characteristics of the detector (how sensitive the de-
tector is to the acoustic feedback).

In this case the total sound pressure downstream and the sound pressure up-
stream are
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If the monopole is not modified (b = 1), according to equation (B12) weighting
a can be written as
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The total sound pressure downstream and the sound pressure upstream are as in
equation (B13), and can also be presented as
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If the dipole is not modified (a = 1), according to equation (B12) weighting b
can be written as
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The total sound pressure downstream and the sound pressure upstream are the
same as in equation (B13), and can also be presented as
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