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The sound source of a turbulent flow consists of two quadrupole-type
Reynolds’ stress components containing turbulent vortices: perturbation–
perturbation and perturbation–static velocity interaction. The coupling of a
high turbulent velocity to sound at a surface causes the scattered sound to
be even stronger than the original one. The high-Reynolds’-number
turbulent jet structure consists of a mixing region, a transition region and
a fully developed region. Most of the sound originates from the first one. The
convection of the jet flow enhances the sound in the flow direction but the
refraction declines the main lobe. When a flow attacks a plate parallel to its
surface at a high Reynolds’ number, a turbulent boundary layer begins to
form. Most of its sound propagates at grazing incidence downstream, and
the refraction further emphasizes that.
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Abstract
The aerodynamic sound source of a turbulent flow with a high Reynolds' number
is composed of two types of Reynolds' stress components containing turbulent
vortices as elements: perturbation–perturbation solenoidal velocity interaction
(self-noise) and perturbation–static velocity interaction (shear-noise). The
vortices act as quadrupole sources. Near a scattering surface, a high turbulent
velocity imparts high fluctuating forces to it and couples to sound causing the
scattered sound to be even stronger than the original one. The high-Reynolds'-
number subsonic cold-air jet structure, beginning from a nozzle and developing
gradually to solenoidal and turbulent, consists of a mixing region, a transition
region, and a fully developed region. Most of the sound power originates from
the mixing region. The spectrum of the jet noise is of broadband character. The
typical radiation pattern of a quadrupole distribution is totally masked by
convectional effects of the jet flow, which tend to enhance the sound greatly in
the flow direction. The sound propagating in the jet flow direction will be
refracted sidewards, causing a cone centered on the downstream jet axis wherein
the far field sound is greatly reduced (zone of silence), and tending to decline the
lobe of the radiation pattern. When a flow attacks a plate parallel to its surface at
Reynolds' numbers high enough, there begins to form unsteady vortices, forming
a turbulent boundary layer. The wavenumber spectrum in the turbulent boundary
layer has two maxima: the convective peak at a high subsonic wavenumber and
the sonic peak at the acoustic wavenumber. The sonic and supersonic spectral
components at the surface generate active propagating sound, most of the
acoustic energy propagating at grazing incidence downstream. Downstream
propagating sound due to the wavenumber components near the sonic peak
refracts towards the surface, and upstream propagating sound refracts outwards
from the surface, enhancing the sonic peak in the downstream radiation and
possibly eliminating it in the upstream radiation. The convective peak at the
surface leads to the hydrodynamic coincidence, causing sound transmission and
radiation at frequencies below the hydrodynamic coincidence frequency.
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Preface
The work described in this report has been carried out at VTT Building and
Transport, Structures and Building Services, Technical Building Services,
Acoustics Team. The results have been obtained through FACE project
(Friendly Aircraft Cabin Environment), an ongoing EU project which started in
fifth Framework Programme (GROWTH) in 2002. The work done is connected
to Work Package 5 (Environmental Comfort Procedures), ANVC part (Active
Noise and Vibration Control) in Work Task 5.1 (Scientific Approaches with
Respect to Noise and Vibrations) in FACE project. The aim of this report is to
describe the noise source mechanisms and the properties of the noise in subsonic
cold-air jets and turbulent boundary layers. Jet noise, turbulent boundary noise,
and buzz-saw noise are remarkable noise components in the cabins of jet-
powered aircraft.

Mrs. Leila Uosukainen has revised the language of this work.

Espoo, November 2003

Seppo Uosukainen
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List of symbols
c local speed of sound in constant enthropy

c0 first order value of c

cf skin-friction coefficient

D diameter of nozzle

E rate-of-strain dyadic

0E static component of rate-of-strain dyadic

01E the part of 0E  composed of irrotational velocity

02E the part of 0E  composed of solenoidal velocity

e perturbation component of rate-of-strain dyadic

1e the part of e  composed of irrotational velocity

2e the part of e  composed of solenoidal velocity

ne� unit normal vector

xe� unit vector in x-direction

F
�

strength of force source distribution (dipole distribution + gravitation)

f frequency

fcr critical frequency (coincidence frequency)

fcrM hydrodynamic coincidence frequency
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sf
�

planar perturbation force source density (perturbation force per unit
area, planar dipole distribution)

Gpp autospectrum

I identic dyadic

K constant in Equation (33)

k
�

wavenumber vector

k1, k2 wavenumber components in x-direction and in orthogonal direction

L typical dimension

l correlation length

M jet Mach number

M0 free-stream Mach number

Mc convection Mach number

P pressure

P0 static pressure

P' power per unit length

p perturbation pressure (sound pressure)

q' strength of mass source distribution (monopole distribution, volume
velocity distribution)

qs planar mass source density (planar monopole density, planar volume
velocity)
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Re Reynolds' number

Rpp spatial autocorrelation function of pressure

r distance from nozzle

r0 radial distance from jet axis

S surface

S Strouhal number

S0 constant enthropy

T(subscript) transpose

T momentum source distribution (quadrupole distribution)

RT aerodynamic sound source part of Reynolds' stress

UuT shear-noise part of RT

uuT self-noise part of RT

t time

U
�

particle velocity

0U
�

static velocity

01U
�

irrotational part of static velocity (free-stream velocity)

02U
�

solenoidal part of static velocity

Uc eddy convection velocity

Uj jet velocity in nozzle
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u� perturbation velocity

1u� irrotational part of perturbation velocity

2u� solenoidal part of perturbation velocity

uτ friction velocity

V volume

x, y Cartesian coordinates

δ boundary layer thickness

δ* boundary layer displacement thickness

δ(x) Dirac delta function

∆p discontinuity in perturbation pressure

u�∆ discontinuity in perturbation velocity

∆ρ' discontinuity in perturbation density

σ′∆ discontinuity in σ′

ε(x) step function

λ wavelength

ν kinematic viscosity

θ angle between observation direction and jet axis

θc limiting angle of zone of silence
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ξ1, ξ2 spatial variables of Rpp in flow direction and in direction orthogonal to
flow

µ coefficient of viscosity

µv expansion coefficient of viscosity

ρ density of fluid

ρ0 static density

ρ' perturbation density

µσ  viscous part of stress dyadic

0σ  static part of µσ

σ′  perturbation part of µσ

τ correlation time

τω shear stress

Φ frequency dependent part of Rpp and Gpp

ω angular frequency

∧ Fourier transform
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1. Introduction
The aerodynamic sound sources of a turbulent flow are defined. Defining true
aerodynamic sound sources is not very obvious. Indeed, the various approaches
in literature, e.g. those of Lighthill, Phillips, and Lilley, define the source and
field parts differently [1]. Actually, e.g. in Lighthill's turbulence stress tensor,
presenting the aerodynamic sound source, the terms presenting the viscous and
thermal losses in The Navier-Stokes' equation are also included. In this paper
those terms are not regarded as aerodynamic sound source terms (rather acoustic
sinks), and it is further assumed that the aerodynamic sound source quantities
can be (approximately) separated from the acoustic field variables which give a
proper condition for defining the aerodynamic sound sources. This leads to a
solution where the aerodynamic sources are composed of the Reynolds' stresses,
all the terms containing irrotational perturbation velocity and perturbation
density excluded.

Typically, the aerodynamic sound sources are treated and their most influencing
components are defined using integrals of source densities utilizing proper
Green's functions, see, e.g., [1] and [2]. In this paper the source quantities are
defined using basic non-linear equations of fluid (the equation of continuity and
the Navier-Stokes' equation), without any source volume integrations. This gives
a better insight into the physics of the source properties.

The effect of scattering surfaces to the aerodynamic sound is treated utilizing
Huygens' principle of secondary sources. The secondary sources are defined
using the basic non-linear equations of fluid as well.

As examples of aerodynamic sound sources, the noise of a high-Reynolds'-
number subsonic cold-air jet and the noise of a turbulent boundary layer are
examined. These examinations are mainly based on literature, on References [1],
[2], [3], [4], and [5].

Some of the references mentioned are not original; in this case generally well-
known subjects are referred to.
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2. Basic equations
The non-linearized equation of continuity is, see, e.g., [1]

( ) ′ρ=ρ⋅∇+
∂
∂ρ qU

t

�

, (1)

where ρ is the density of the fluid, U
�

 is the particle velocity, t is time, and q' is
the strength of the mass source distribution (monopole distribution, volume
velocity distribution). The non-linearized Navier-Stokes' equation can be written
in the following alternative ways (the connection between them being the
equation of continuity above) [1]

TFPUU
t
U ⋅∇−+σ⋅∇+−∇=∇⋅ρ+
∂
∂ρ µ

���

�

(2)

( ) ( ) TFUqPUU
t
U ⋅∇−+′ρ+σ⋅∇+−∇=ρ⋅∇+

∂
ρ∂

µ
����

�

, (3)

where P is the pressure, F
�

 is the strength of the force source distribution (dipole
distribution + gravitation), T  is the momentum source distribution (quadrupole
distribution), and µσ  is the viscous part of the stress dyadic

( ) ( )[ ]II:2II: 3
1 EEEv −µ+µ=σµ , (4)

where µ is the coefficient of viscosity, µv is the expansion coefficient of
viscosity, I  is the identic dyadic ( aa �� =⋅I , where a�  is an arbitrary vector), and
E  is the rate-of-strain dyadic

( )[ ]T2
1 UUE

��

∇+∇= , (5)

where subscript "T" denotes the transpose of a dyadic.

The second version of the Navier-Stokes' equation can be presented as
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( ) ( )
, 

I 222

FUqUUT

ccPc
t
U

����

�

+′ρ+�
�
��

�
� ρ+⋅−∇=

∇ρ+��
	


�
� ρ−−σ⋅∇−ρ∇+

∂
ρ∂

µ
(6)

where c is the local speed of sound in constant enthropy, defined by

0

2

S

Pc ��
�

�
��
�

�

ρ∂
∂= , (7)

where S0 is the constant enthropy.
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3. Reynolds' stresses
The left-hand side of the last version of the Navier-Stokes' equation contains
now terms associated only to the acoustic field quantities. Its third term is
attached to the viscous and thermal losses (assuming there are no thermal
sources), and its fourth term is attached to the inhomogenity of the fluid. The
right-hand side contains source terms, and Reynolds' stress UU

��

ρ  behaves like
quadrupole source distribution T . Indeed, the Reynolds' stresses contain
quadrupole source characteristics, but part of the stresses belongs to the acoustic
field quantities. The next task is to find the true aerodynamic sound source part

RT  of the Reynolds' stress. It is not very obvious what the true aerodynamic
sound source part of the Reynolds' stress is. Indeed, the various approaches in
literature, e.g. those of Lighthill, Phillips, and Lilley, define the source and field
parts differently [1]. Actually, e.g. in Lighthill's turbulence stress tensor,
presenting the aerodynamic sound source, the terms presenting the viscous and
thermal losses in The Navier-Stokes' equation are also included. In this paper
those terms are not regarded as aerodynamic sound source terms (rather acoustic
sinks), and it is further assumed that the aerodynamic sound source quantities
can be (approximately) separated from the acoustic field variables which give a
proper condition for defining the true aerodynamic sound source part of the
Reynolds' stress.

The divergence of the Reynolds' stress is

( ) ( ) ( )
( ) ( ) ( )[ ] . UUUUUU

UUUUUU
������

������

∇⋅+⋅∇ρ+⋅ρ∇=

⋅∇ρ+⋅ρ∇=ρ⋅∇ (8)

Because

( )[ ] ( )[ ] ( ) I2
1

T2
1

T2
1 ××∇−=∇−∇+∇+∇=∇ UEUUUUU

������

(9)

( ) ( ) ( ) ( )
( ) ( ) , 2

1 UUUU

UUUUUUUU
����

��������

××∇+⋅∇=

××∇+×∇×+∇⋅=∇⋅ (10)
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(where in the second equation it has been utilized that abba �

��

� ×−=×  for any
vectors,) the divergence of the Reynolds' stress can be given in the following
alternative formulae (in the first equation it will be utilized that I×a�  is
antisymmetric for any vector a� )

( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] . 2

1

2
1

UUUUUUUU

UUEUUUUUUU
��������

���������

××∇+⋅∇+⋅∇ρ+⋅ρ∇=

××∇+⋅+⋅∇ρ+⋅ρ∇=ρ⋅∇ (11)

The first expression is better because with it, finding the true aerodynamic sound
source part of the Reynolds' stress is much easier. Therefore, the first expression
is used below.

Suppose the velocity field can be divided into static component 0U
�

 and
perturbation component u�  so that the static component only depends on spatial
coordinates and the perturbation components also depend on time. Suppose
further that the static and perturbation velocity contain irrotational parts 01U

�

 and

1u�  and solenoidal parts 02U
�

 and 2u�  so that

. 0
0
0

0

2

1

02

01

21

02010

0

=⋅∇
=×∇
=⋅∇

=×∇

+=
+=

+=

u
u

U

U

uuu
UUU

uUU

�

�

�

�

���

���

�

��

(12)

The rate-of-strain dyadic E  has now static component 0E  and perturbation
component e  which can further be divided into components 01E , 02E , 1e  and

2e  associated with the corresponding velocity gradients
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( )[ ]
( )[ ]

( )[ ]
( )[ ] . T222

1
2

T112
1

1

T02022
1

02

T01012
1

01

21

02010

0

uue

uue

UUE

UUE

eee

EEE

eEE

��

��

��

��

∇+∇=

∇+∇=

∇+∇=

∇+∇=

+=

+=

+=

(13)

Suppose further that the density ρ can be similarly divided into static component
ρ0 and perturbation component ρ' so that the static component only depends on
spatial coordinates and the perturbation components also depend on time

ρ′+ρ=ρ 0 . (14)

The divergence of the Reynolds' stress can now be written as

( )
( ) ( )[ ] ( )[ ]{ } . 2022

1
101 UuUEUUuUUU

UU
�

�

���

�

���

��

×+×∇+⋅++⋅∇ρ+⋅ρ∇=

ρ⋅∇
(15)

Far from the sound sources the particle velocity of the sound field is composed
primarily of the irrotational component 1u�  of the perturbation velocity (except
near boundaries). The perturbation component ρ' of the density is attached to the
sound field. It is assumed that the aerodynamic sound source part of the
Reynolds' stress can be separated from the acoustic field variables. With this
assumption, all the terms containing irrotational perturbation velocity and
perturbation density have to be excluded from the true aerodynamic sound
source part of the Reynolds' stress. Also purely static terms have to be excluded
from the acoustic source. By doing this exclusion, the divergence of the
aerodynamic sound source part of the Reynolds' stress can be seen to be
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( )
( ) ( )

( ) ( ) ( ) ]
( ) ( ){

( ) ( ) ( ) . II 022
1

0222
1

220

20102202200

2022
1

2022
1

022202010

2202200

�
�
�

��
�

��
	 ××∇−⋅+��

�
��
	 ××∇−⋅++

⋅∇ρ+++⋅ρ∇=

××∇++××∇+

��
	 ⋅+⋅++⋅∇ρ+

++⋅ρ∇=

�
�

�
�⋅∇

UEuueuU

uUuuUuuU

uUuUu

EueuUuU

uuUuuUT R

�

���

�

�

�

��

�

��

�

�

�

�

�

�

��

�

�

�

��

�

��

�

(16)

The non-source part of the divergence of the Reynolds' stress �
�
��

�
� −⋅∇ RTT

should thus be interpreted as field terms in the Navier-Stokes' equation.

It can be seen that the aerodynamic sound source is mainly formed of the
gradient, divergence and curl of the static velocity component 0U

�

, and the
gradient and curl of the solenoidal perturbation velocity component 2u� . Terms
originating from the gradient of the static density also appear in the aerodynamic
sound source presentation. If the static density is not a function of spatial
coordinates, these terms disappear.

The aerodynamic sound source part of the Reynolds' stress can be further
divided into two components so that

�
�
��

�
� +⋅∇=�

�
��

�
�⋅∇ UuuuR TTT , (17)

where

( )

( )
�
�
�

�
�
�

��
	


�
� ××∇−⋅ρ+⋅ρ∇=

��
	


�
� ××∇+⋅ρ+⋅ρ∇=

�
��

�
�⋅∇

I22
1

220220

222
1

220220

ueuuu

uueuuuT uu

����

�����

(18)

and
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( )
( ) ( ) ( )

( )
( ) ( ) ( ) . II 022

1
0222

1
202010

02200

2022
1

022
1

02202010

02200

�
�
�

�
�
�

��
	


�
� ××∇−⋅+

��
	


�
� ××∇−⋅+⋅∇ρ+

+⋅ρ∇=

��
	


�
� ××∇+××∇+⋅+⋅+⋅∇ρ+

+⋅ρ∇=
�
��

�
�⋅∇

UEuueUuU

UuuU

uUUuEueUuU

UuuUT Uu

�

��

�

�

�

�

��

�

�

��

��

�

�

�

�

��

�

(19)

The first part generates so called self-noise and the second part shear-noise. The
self-noise is associated with perturbation–perturbation velocity interaction while
the shear-noise is associated with perturbation–static velocity interaction [1].
The perturbation–static velocity interaction can be seen as a phenomenon where
the perturbation vorticity is carried along with the static flow. When the static
velocity (and especially its gradient, divergence, and curl) is much higher than
the perturbation velocity, the perturbation–perturbation velocity interaction is of
second order and it can be omitted, in which case

UuR TT ≈ . (20)

It can be seen that in this case, both the static velocity and the solenoidal part of
the perturbation velocity are needed to obtain sound radiation.

Because the Reynolds' stress behaves like a momentum source distribution in the
Navier-Stokes' equation (momentum balance equation), its physical significance
is that it gives momentum to the acoustic field from the static flow. With the
help of this increase in momentum, it is possible that the solenoidal part of the
perturbation velocity, being the actual cause of the sound, can increase in proper
configurations.

Using dimensional analysis in the Navier-Stokes' equation, one can conclude
that the Reynolds' stress compared to the viscous stress is of the order

µ
ρ= ULRe , (21)

where L is a typical dimension of the aerodynamic sound source region (vortex
size) of the Reynolds' stress. The non-dimensional parameter Re is called the
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Reynolds' number. When the Reynolds' number is much higher than one, the
effect of the Reynolds' stress dominates the effect of the viscous stress.
Assuming that the Prandtl number, describing the ratio of the viscous and
thermal losses, is near one (which is the case of air), the effect of thermal losses
is also much lower than that of the Reynolds' stress in the case of a high
Reynolds' number. Because the viscous and thermal losses in the Navier-Stokes'
equation describe the decrease of momentum due to losses, the high Reynolds'
number assures that the flow gives more momentum to the acoustic field than
the internal losses decrease it. Therefore, it can be concluded that the Reynolds'
stress can be a remarkable source of sound only in the case of a high Reynolds'
number.

With the Reynolds' numbers higher than about 1200, the vortices appear
turbulent. Outside turbulent regions of flow, the efficiency of the aerodynamic
sound source part of the Reynolds' stress is negligible. [1]
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4. Equivalent Huygens' sources
As well as the velocity and density, the pressure and the viscous part of the stress
dyadic can be divided into static components (subscript "0") and perturbation
components

. 0

0

σ′+σ=σ

+=

µ

pPP
(22)

In the next, the monopole and dipole sources are supposed to be planar
perturbation sources (the gravitation is omitted), situating at plane x = 0, i.e.,

, )(

)(

xfF

xqq

s

s

δ=

δ=′
��

(23)

where δ(x) is a Dirac delta function. Quantities qs and sf
�

 are thus planar source
densities (volume velocity and force per unit area). Inserting these to the
equation of continuity and to the (first version of the) Navier-Stokes' equation
shows that the Dirac delta function can be obtained only from the discontinuity
of the divergence and gradient terms in the equations. By inserting the
expression

( ) ( ) UUU
���

⋅∇ρ+⋅ρ∇=ρ⋅∇ (24)

to the equation of continuity, one can notice that the density must contain the
term ∆ρ'ε(x) and the velocity must contain the term )(xuε∆ � , where ε(x) is a step
function. Taking the gradient of the density and the divergence of the velocity
yields Dirac delta functions from the step functions. Integrating the continuity
equation over a small path across x = 0, the planar monopole distribution can be
seen to be

xs Uuq e�
�

� ⋅��
�

�
��
�

�

ρ
ρ′∆+∆= , (25)

where xe
�  is a unit vector in the x-direction.
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Like in the (first version of the) Navier-Stokes' equation, one can notice that the
pressure must contain the term ∆pε(x), the velocity must contain the term

)(xuε∆ � , and the viscous part of the stress dyadic must contain the term )(xεσ′∆ .
Before inserting these into the equation, the Navier-Stokes' equation is modified
a little. Using Equation (10), one can deduce that

( )[ ] ( ) ( ) ( )uUuuUUuUUUU �

�

��

��

�

����

⋅∇+⋅∇+⋅∇++×∇×−=∇⋅ 02
1

002
1

0 . (26)

Inserting this and the discontinuous terms into the Navier-Stokes' equation and
integrating it over a small path across x = 0, the planar dipole distribution can be
seen to be

( )[ ] ( ) σ′∆⋅−×∆×ρ+∆⋅∆+∆⋅ρ+∆= xxxs uUuuuUpf eee2
1

0
���

�

����

��

. (27)

Thus, the planar source distributions can be obtained from the field
discontinuities using Equations (25) and (27).

In the Huygens' principle, the effect of a radiating, absorbing, or scattering
(reflecting and/or diffracting) region V to the other part of the space can be taken
into account by equivalent Huygens' sources distributed on any closed surface
enclosing V, see, e.g., [6]. The equivalent sources have no effect inside the
closed surface. So the equivalent surface source distributions at surface S
enclosing region V, see Figure 1, are similar to those presented above, the
discontinuities of the fields replaced by the actual field values at the surface.
Thus, the equivalent Huygens' sources at the surface are obtained from the fields
at the surface, analogously with Equations (25) and (27), from equations

ns eUuq �

�

� ⋅��
�

�
��
�

�

ρ
ρ′

+= (28)

( )[ ] ( ) σ′⋅−××ρ+⋅+⋅ρ+= nnns eeuUeuuuUpf ���

�

����

��

2
1

0 , (29)

where ne�  is a unit normal vector outwards from the surface, see Figure 1.
Supposing the perturbation fields are much smaller than the static ones (the
velocity does not have to obey this), the first order terms of the Huygens' sources
can only be used. Supposing the viscous losses are small (in which case the
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effect of the viscous part of the stress dyadic and the term originating from the
vorticity of the perturbation velocity can be omitted), and supposing the thermal
losses are small (this yielding to ρ' = p/c0

2, c0 is the first order value of c) yields
to the first order expressions
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Figure 1. Scattering object with volume V and surface S.

If the Huygens' surface is a true rigid surface, the normal and tangential velocity
disappears on the surface. In that case the Huygens' monopole distribution
vanishes and the dipole distribution is in the general case

( )[ ] σ′⋅−⋅+⋅ρ+= nns eeuuuUpf �����

��

2
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0 , (32)

and in the linearized case with small losses similar to Equation (31).

So, the effects of a scattering or absorbing surface on any sound field can be
obtained by integrating the fields of the Huygens' monopole and dipole
distributions at the surface, which distributions can be obtained from the actual
fields at the surface using Equations (28) and (29) in the general case, Equations
(30) and (31) in the linearized case with small losses, and Equation (32) in the
case of a rigid reflecting surface, the last case reducing to Equation (31) in the
linearized case with small losses.
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The vortices act as quadrupole sources, as stated in the previous section.
Because the effect of the static and solenoidal perturbation velocity on the
reflection of sound from solid boundaries is mainly of dipole type (and also of
monopole type if the boundary is not infinitely rigid), and the sound radiation of
a dipole distribution is typically stronger than that of a quadrupole distribution, it
can be deduced that the turbulent flow may cause the scattered sound to be even
stronger than the original sound of the turbulences. This is the case when the
solenoidal turbulent perturbation velocity at the boundary is high, imparting high
fluctuating forces to the boundary [1], in which case the turbulences, besides
acting directly as aerodynamic sound sources, are coupled to sound through the
boundary.



24

5. Noise of high-Reynolds'-number
subsonic cold-air jet

Suppose a laminar unrotational flow with a high Reynolds' number and velocity
amplitude Uj comes out from a convergent nozzle, see Figure 2. An annular
mixing layer forms between the flow and the surrounding fluid, beginning from
the edge of the nozzle. Within a distance of D/2 from the nozzle, where D is the
diameter of the nozzle, the velocity transforms into solenoidal and especially
into solenoidal static and perturbation velocity (turbulence) in the mixing layer.
The mixing layer spreads linearly, and at a distance of 4D it fills the whole jet.
At the beginning of the inside of the mixing layer, there remains a region called
a potential core where the static velocity remains unrotational and laminar. The
longitudinal correlation length l of the vortices of the solenoidal perturbation
velocity is about l = 0.1 r, where r is the distance from the nozzle, whereas the
transversal correlation length is half of that. In the fully developed region, the
correlation length is independent of the distance, up to distance 20 D. The
correlation of an eddy falls exponentially with time, the time constant being τ =
5l/Uj at the centerline of the mixing region. The eddy convection velocity Uc in
the center of the mixing layer is equal to the static velocity U0, being about Uc =
U0 = 0.62 Uj. In the transition region the solenoidal perturbation velocity begins
to fall with distance from the nozzle, and in the fully developed region it falls as
1/r2 to the right. [1]

fully developed region

transition region

mixing region

mixing layer

4D

4D

potential core

nozzle

D
D

Figure 2. Jet structure [1].
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The profile of the solenoidal perturbation velocity in the mixing layer is
presented in Figure 3. It can be seen that the maximum (≈ 0.16 Uj) is on the
centerline of the mixing layer and falls near zero at the surfaces of the mixing
layer [1].

Figure 3. The profile of the solenoidal perturbation velocity in the mixing layer [1].

The profile of the static velocity in the mixing layer is presented in Figure 4.
Because the irrotational part of the static velocity is constant across the jet, the
solenoidal static velocity causes the total static velocity to fall gradually to zero
at the outer surface of the jet.

Figure 4. The profile of the static velocity in the mixing layer [1].
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Because, generally, wavelength λ is the wave speed divided by frequency f, the
wavelength of the eddy convection is λ = Uc/f and the wavelength of the sound
generated by the turbulences is λ = c0/f.

The sound power per unit length P' generated by the mixing layer is independent
of distance, being
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where K is a constant near one, depending on the configuration, and Mc = Uc/c0

is the convection Mach number. The numerical factor being so small is a
consequence of the inefficiency of the quadrupole type sources. The power per
unit length is presented in Figure 5 as a function of distance from the nozzle. It
can be seen that most of the sound power originates from the mixing region,
especially at high frequencies, some of it from the transition region, and the fully
developed region has less effect on the sound power. [1]

r

P'

4D 8D
mixing region transition region

fully developed
region

1/r 6

Figure 5. Power per unit length [1].

The spectrum of the jet noise is of broadband character, having its maximum at
the Strouhal number being one [1], see Figure 6. The Strouhal number S is
defined as

( )θ−= cos1 c
j

M
U

DfS , (34)
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where θ is the angle between the observation direction and the jet axis. The
Doppler effect is included in the Strouhal number. Because of the Doppler
effect, the observer downstream hears higher peak frequency, and the observer
upstream hears lower peak frequency than the observer beside the jet [1].

0.04 0.1 0.2 0.4 1 2 4 10

S

dB 10 dB

Figure 6. One-third octave spectrum of the jet noise as a function of the Strouhal
number S [1].

The radiation pattern of the sound radiation is approximately proportional to
(1 – Mc cos θ)–5 [1]. The pattern is presented in Figure 7 for three convection
Mach numbers. Other radiation patterns are also presented in [1], based on
different theories. In each case, the typical radiation pattern of a quadrupole
distribution is totally masked by convectional effects of the flow, which arise
from the motion of the turbulent eddies relative to the observer.

According to Snell's law, the sound propagating in the jet in the jet flow
direction will be refracted sidewards. Because of this, especially at high
frequencies, a local aerodynamic source point in the jet at a radial distance of r0

from the jet axis with sound speed c(r0) and jet Mach number M(r0) (local flow
velocity of the jet divided by the ambient speed of sound c0) does not radiate
sound into a cone θ < θc around the jet axis, where θc = arccos{1/[M(r0) +
c(r0)/c0]}. This leads to a cone existing in the center of the downstream jet axis,
wherein the far field sound is greatly reduced ("zone of silence"). The depth of
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the zone of silence increases with increasing frequency. The refraction tends to
decline the lobe of the maximum radiation at small angles (< 20°) with respect to
the jet axis. [1]

0.3
0.5
0.7

M c  =

90

180

270

0 (Angle re jet axis, degrees)

Figure 7. Radiation pattern of the jet noise at three convection Mach numbers.
The difference between the circles is 10 dB. The decline of the radiation pattern
due to the refraction caused by the flow is not taken into account.
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6. Turbulent boundary layer as a noise
source

When a flow U01 attacks a plate parallel to its surface, see Figure 8, the
tangential velocity must be zero just on the surface, due to viscous drag of the
fluid. Consider that the incoming flow is laminar and unrotational. At the surface
there arises a laminar solenoidal tangential velocity U02, decaying exponentially
from the surface. The sum U0 of the new velocity component and the original
flow is zero on the surface, and at some distance from the surface the solenoidal
velocity is small enough so that only the original unrotational velocity can be
detected. The distance region where the solenoidal velocity affects is called the
laminar boundary layer. The laminar boundary layer gets thicker as the flow
passes along the surface. With Reynolds' numbers high enough, as the flow
passes over some distance from the front edge of the plate, solenoidal
perturbation velocity (unsteady vortices, turbulence) begins to form. These
vortices obtain momentum from the fluid, and beyond a transition region they
form a turbulent boundary layer growing with distance from the front edge of the
plate. The boundary layer thickness δ obeys δ = 0.377x [µ/(ρU01x)]1/5, where x is
the distance from the edge of the plate [3]. The static velocity obeys in the
boundary layer (not very close to the plate) U0 = U01(y/δ)1/7, where y is the
perpendicular distance from the plate [3]. A viscous sublayer with a less
solenoidal perturbation velocity is below the fully turbulent zone of the turbulent
boundary layer, and a buffer zone connects them [4], see Figure 8. The viscous
sublayer has been referred to as the laminar sublayer as well [3], but recent
experimental and numerical investigations have shown that in fact this region is
not laminar [4]. The different zones in the turbulent boundary layer extend to the
following ranges from the plate surface [4]
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where ν is the kinematic viscosity ν = µ / ρ0 and uτ is the friction velocity uτ =
√(τω / ρ0) = U01√(cf / 2) (a characteristic velocity depending on the roughness of
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the surface; the friction velocity is higher with rougher surfaces, τω is the shear
stress at the plate surface, cf is the skin-friction coefficient). The solenoidal
velocity (and thus the turbulent perturbation velocity) near the boundary is
proportional to the friction velocity [2]. The majority of the turbulence energy is
produced in the viscous sublayer and the buffer zone [4]. Most of the energy in a
turbulent flow is contained in large eddies and the lifespan of the large-scale
fluctuations is relatively long. The energy associated with smaller eddies is
smaller and their life span is considerably shorter [4].

laminar boundary layer

turbulent boundary layer

viscous sublayerflow

plate surface

fully turbulent zone

buffer zone

transition region

Figure 8. Flow generating a turbulent boundary layer on a plate [3, 4].

The arising velocity components act as aerodynamic sound sources according to
Section 2.

A typical form of the autospectrum in the wavenumber domain of the flow noise
at a plane, rigid surface is shown in Figure 9. The quantity k1 is the wavenumber
component in the x-direction, the quantity k2 is the orthogonal wavenumber
component at the plane, and k

�

 is the vector having k1 and k2 as components at
the plane. The spectrum has two maxima: one at k1 = ω/Uc with k2 small
(convective peak) and another at the acoustic wavenumber with an absolute
value of ω/c0 (sonic peak), where ω is the angular frequency ω = 2πf. At lower
wavenumbers (k1 < ω/c0, supersonic region) the waves have a high supersonic
surface phase speed (> c0) and the wavenumber spectrum is constant. At higher
wavenumbers (k1 > ω/c0, subsonic region) the waves have a low subsonic
surface phase speed (< c0). The sonic and supersonic spectral components at the
surface generate active propagating sound, and the subsonic spectral components
generate mainly reactive, essentially incompressible near-field sound field. [2]
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40 dB

Gpp(k1,k2,ω)
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Figure 9. Autospectrum in the wavenumber domain of flow noise at a plane,
rigid surface [2].

Because wavenumber k and wavelength λ have a relation k = 2π / λ, the
wavelength at the convective peak is λ = Uc / f and at the sonic peak it is λ = c0 / f.

According to the Corcos' model [7], the spatial autocorrelation function of the
noise Rpp (inverse spatial Fourier transform of the autospectrum Gpp) can be
expressed in the following separable form
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where ω is the angular frequency, ξ1 and ξ2 are the spatial variables of the
autocorrelation function in the flow direction and in the direction orthogonal to
the flow on the plane, Φ is the frequency dependent part of the formula, and A
and B are the spatial parts of the formula and they are to be determined from
experimental data. Within errors of second order, functions A and B can be
approximated by exponentials [7]
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where α1 and α2 are to be determined from experimental data. Typical values for
α1 are between 0.11 and 0.12, and for α2 between 0.7 and 1.2 [8].

The autospectrum can be obtained by the spatial Fourier transform of the
autocorrelation function to yield [2]

�
�

�
�
�

�

ω
�
�

�
�
�

� −
ω

ωΦ�
�

�
�
�

�

ω
=ω ccc

pp
Uk

B
Uk

A
U

kkG 21
2

21
ˆ1ˆ)(),,( , (38)

where Â  and B̂  are the Fourier transforms of A and B. If functions A and B are
approximated by the exponentials in Equation (37), the autospectrum in the
Corcos' model can be presented as
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It can be clearly seen that, according to the Corcos' model, there is a maximum
in the autospectrum at k1 = ω/Uc. The Corcos' model works well near the
convective peak but overpredicts the autospectrum at low sonic and supersonic
wavenumbers [2].

In the Efimtsov's model [9], the correlation lengths l1 = Uc / (α1ω) and l2 = Uc /
(α2ω) of the Corcos' model are replaced by
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to take into account the dependence of the spatial correlation on the boundary
layer thickness and the spatial separation. Term M0 = U01 / c0 is the free-stream
Mach number.

In the Smol'yakov's and Tkachenko's model [10], the dependence of the spatial
correlation on the boundary layer thickness and the spatial separation is taken
into account but with a combined correlation rather than with the pure lateral and
longitudinal correlations. Their expression for the autospectrum is

[ ]

, 005.1  , 031.0  , 124.0  , 45.6
)(45

)(1

)(11),,(

1)(),(

)(1
)(1)(

1)(

),,(),,()()()(2),,(

110

2

2

1

2/3

2
1

2
2

2

1
1

1

2
21

2/32

0

2
2

12
21

1

1
22

0

1

2

*
1

1
*

1

1
1

2121

2

0
21

==µ=α=
ω+−

ω+=

��

�
�
�

��

�
�
�

�
�
	




�
�
�


−�

�

�
�
�

�

ω
+�

�

�
�
�

� −
ω

+ω+=ω∆

�
�

	




�
�

�



��
�

�
��
�

�

ω
+�

�

�
�
�

� −
ω

+ω=ω

�
�

	




�
�

�



−ω+
ω−=ω

��
�

�
��
�

�

ωδα
µ+

ωδα
µ−α=ω

ω∆−ωωωωΦ�
�

�
�
�

�

ω
π=ω

−

−

−

nm
An

Am

mUkmUk
m
nA

n
kkF

m
UkUkAkkF

nmAnm
Amh

UUA

kkFkkFhAU
m

kkG

cc

cc

cc

c
pp

(41)

where δ* is the boundary layer displacement thickness δ* = δ/8.

In [11] Ffowcs Williams derived an expression for the autospectrum Gpp(k1,k2,ω)
containing several unknown constants and functions to be determined
experimentally. Based on that, Hwang and Geib [12] proposed a simplified
version in which the autospectrum of the Corcos' model is simply multiplied by
( )/ ωkUc . At low sonic and supersonic wavenumbers, this corrected model is
more suitable than the Corcos' model.
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The autospectrum is, according to the Chase's first formula [13],
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The Chase's first formula does not work in the supersonic region [5]. The
Chase's second formula [14], working better at low sonic and supersonic
wavenumbers, is
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The Chase's second formula works well within a range consisting of subsonic
and supersonic regions [5].

Sevik's experimental model gives for the autospectrum in the highly supersonic
region [2]
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It can be noticed that with a typical value ωδ*/U01 = 3 the level at the convective
peak exceeds that at low wavenumbers by 40 dB [2]. The autospectrum is
proportional to the fourth power of the friction velocity, so the sound due to
turbulences is highly dependent on the roughness of the surface.
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In some expressions of the autospectrum, there are differences compared with
the expressions of the references, containing powers of 2π. This is due to the
different definitions of the autospectrum integral.

The autospectrum near the sonic condition ( 0/ ck ω= ) depends on the geometry
or aerodynamic source size, most of the energy arriving at grazing incidence
from the upstream direction [2].

There can exist downstream propagating wavenumber components near the
sonic peak having subsonic surface phase speed in the boundary layer and
supersonic outside it (the static velocity is superimposed to the phase speed).
This kind of a speed profile makes the waves to refract towards the surface, so
the waves remain trapped near the surface like with a two-dimensional
waveguide. Thus the perturbation fields will only decay with the inverse square
root of the distance while propagating near the surface. The situation is vice
versa with the upstream propagating wavenumber components near the sonic
peak: the waves tend to refract outwards from the surface and decay more
rapidly. This effect enhances the sonic peak in the downstream radiation and
may eliminate it in the upstream radiation. [2]

The convective peak in the autospectrum in the wavenumber domain is the main
origin of the sound power transmitted through and radiated by the plate surface
itself [5]. The vibration of the plate, causing the sound transmission and
radiation, is mainly resonant and composed of wavenumbers the components of
which in the convection direction are near the convective peak (hydrodynamic
coincidence). This causes the frequency spectrum of the transmitted and radiated
sound to lie below the hydrodynamic coincidence frequency f ≤ fcrM = Mc

2fcr,
where fcr is the critical frequency of the plate [5, 15]. With subsonic convection
velocities, this frequency range is below the critical frequency of the plate. The
situation is similar when a turbulent jet impinges on a surface if the convective
Mach number is replaced by the corresponding Mach number component along
the plate surface Mc / cosα , where α is the propagation angle of the convection
with respect to the plate surface.

Because the major part of the propagating sound is due to the sonic and
supersonic parts of the wavenumber spectrum, it may be advisable to use the
Chase's second formula, which, with suitably chosen constants, works well
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within a range consisting of subsonic and supersonic regions [2, 5]. However,
because the convective peak in the autospectrum in the wavenumber domain is
the main origin of the sound power transmitted through and radiated by the plate
surface itself, the detailed shape of the convective peak is important in the model
used in connection with the sound transmission and radiation of the plate. The
inability of the Corcos' model to account for the dependence of the correlation
length on the boundary layer thickness rules it out as a candidate [5]. According
to Graham [5], the Smol'yakov's and Tkachenko's model would be a good choice
in that case.
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7. Summary
The aerodynamic sound source of a turbulent flow has been defined based on
two assumptions:

•  the terms presenting the viscous and thermal losses in the Navier-Stokes'
equation are not considered as source terms

•  the aerodynamic sound source quantities can be (approximately)
separated from the acoustic field variables.

This leads to a solution where the aerodynamic source is composed of the Reynolds'
stress, all the terms containing irrotational perturbation velocity and perturbation
density excluded. All the terms in the aerodynamic source part of the Reynolds'
stress contain the solenoidal perturbation velocity, i.e. vortices, as an element. Some
source terms contain the solenoidal perturbation velocity as a second-order element.
The other relevant terms contain both the solenoidal perturbation velocity and the
static velocity as elements. The perturbation–perturbation solenoidal velocity
interaction is called self-noise while the perturbation–static velocity interaction is
called shear-noise. The perturbation–static velocity interaction can be seen as a
phenomenon where the perturbation vorticity is carried along with the static flow.
The vortices act as quadrupole sources.

Because the Reynolds' stress behaves like a momentum source distribution, its
physical significance is that it gives momentum to the acoustic field from the
static flow. The Reynolds' stress can be a remarkable source of sound only in the
case of a high Reynolds' number, in which case the vortices appear turbulent.

The equivalent Huygens' sources have been defined with the flow present. The
effects of a scattering or absorbing surface on any sound field can be obtained by
integrating the fields of the Huygens' monopole and dipole distributions at the
surface. Because the effect of the static and turbulent velocity on the reflection
of sound from solid boundaries is mainly of dipole type (and also of monopole
type if the boundary is not infinitely rigid), and the sound radiation of a dipole
distribution is typically stronger than that of a quadrupole distribution, the
turbulent flow may cause the scattered sound to be even stronger than the
original sound of the turbulences. This is the case when the solenoidal turbulent
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perturbation velocity at the boundary is high, imparting high fluctuating forces
to the boundary, in which case the turbulences, besides acting directly as
aerodynamic sound sources, are coupled to sound through the boundary.

The generation and properties of the noise of a high-Reynolds'-number subsonic
cold-air jet has been studied. The jet structure, beginning from a nozzle and
developing gradually to solenoidal and turbulent, consists of an annular mixing
region with a potential core having laminar flow inside, a transition region, and a
fully developed region. Most of the sound power originates from the mixing
region, especially at high frequencies, some of it from the transition region, and
the fully developed region has less effect on the sound power.

The spectrum of the jet noise is of broadband character, having its maximum at
the Strouhal number being one. Because of the Doppler effect, the observer
downstream hears higher peak frequency, and the observer upstream hears lower
peak frequency than the observer beside the jet.

The typical radiation pattern of a quadrupole distribution is totally masked by
convectional effects of the jet flow, which arise from the motion of the turbulent
eddies relative to the observer. The convectional effects tend to generate a
radiation pattern where the sound is greatly enhanced in the flow direction.
According to Snell's law, the sound propagating in the jet in the jet flow
direction will be refracted sidewards. This causes a cone centered on the
downstream jet axis, wherein the far field sound is greatly reduced ("zone of
silence"). The depth of the zone of silence increases with increasing frequency.
The refraction tends to decline the lobe of the maximum radiation at small
angles with respect to the jet axis.

When a flow attacks a plate parallel to its surface, there arises a laminar
solenoidal tangential velocity, decaying exponentially from the surface. The sum
of the new velocity component and the original flow is zero on the surface and at
a distance from the surface, called the laminar boundary layer thickness, the
solenoidal velocity is small enough so that only the original velocity can be
detected. The laminar boundary layer gets thicker as the flow passes along the
surface. With Reynolds' numbers high enough, as the flow passes over some
distance from the front edge of the plate, solenoidal perturbation velocity
(unsteady vortices, turbulence) begins to form. Beyond a transition region, these
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vortices form a turbulent boundary layer growing with distance from the front
edge of the plate. A viscous sublayer with a less solenoidal perturbation velocity
is below the fully turbulent zone of the turbulent boundary layer, and a buffer
zone connects them. The majority of the turbulence energy is produced in the
viscous sublayer and the buffer zone. Most of the energy in a turbulent flow is
contained in large eddies rather than in smaller ones, and the lifespan of the large
eddies is longer than that of the small ones. The arising velocity components act
as aerodynamic sound sources.

The wavenumber spectrum in the turbulent boundary layer has two maxima: the
convective peak at a high (subsonic) wavenumber and the sonic peak at the
acoustic wavenumber. At lower (supersonic) wavenumbers the wavenumber
spectrum is constant. The autospectrum is highly dependent on the roughness of
the surface. The sonic and supersonic spectral components at the surface
generate active propagating sound, and the subsonic spectral components
generate mainly reactive, essentially incompressible near-field sound field. With
the spectral components near the sonic condition, most of the acoustic energy
arrives at field points at grazing incidence from the upstream direction.

The Corcos' model for the spatial autocorrelation and the autospectrum of the
sound, due to the turbulent boundary layer, is based on the separation of the
lateral and longitudinal effects. It works well near the convective peak but
overpredicts the autospectrum at sonic and supersonic wavenumbers. In the
Emfitsov's model and in the Smol'yakov's and Tkachenko's model, the
dependence of the spatial correlation on the boundary layer thickness and the
spatial separation is taken into account. The Ffowcs Williams' model, simplified
by Hwang and Geib, is more suitable at sonic and supersonic wavenumbers than
the Corcos' model. The Chase's second formula works well within a range
consisting of subsonic and supersonic regions. Sevik's model works well in the
highly supersonic region.

There can exist downstream propagating wavenumber components near the
sonic peak having subsonic surface phase speed in the boundary layer and
supersonic outside it (the static velocity is superimposed to the phase speed).
This makes the waves refract towards the surface, so the waves remain trapped
near the surface as with a two-dimensional waveguide. The situation is vice
versa with the upstream propagating wavenumber components: the waves tend
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to refract outwards from the surface. This effect enhances the sonic peak in the
downstream radiation and may eliminate it in the upstream radiation.

The convective peak in the autospectrum in the wavenumber domain is the main
origin of the sound power transmitted through and radiated by the plate surface
itself. The vibration of the plate, causing the sound transmission and radiation, is
mainly resonant and composed of wavenumbers the components of which in the
convection direction are near the convective peak (hydrodynamic coincidence).
This causes the frequency spectrum of the transmitted and radiated sound to lie
below the hydrodynamic coincidence frequency. The situation is similar when a
turbulent jet impinges on a surface if the convective Mach number is replaced by
the corresponding Mach number component along the plate surface.

Because the major part of the propagating sound is due to the sonic and
supersonic parts of the wavenumber spectrum, it may be advisable to use the
Chase's second formula, which, with suitably chosen constants, works well
within a range consisting of subsonic and supersonic regions. However, because
the convective peak in the autospectrum in the wavenumber domain is the main
origin of the sound power transmitted through and radiated by the plate surface
itself, the detailed shape of the convective peak is important in the model used in
connection with the sound transmission and radiation of the plate. The
Smol'yakov's and Tkachenko's model would be a good choice in that case.
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Seppo Uosukainen

Turbulences as sound sources

The sound source of a turbulent flow consists of two quadrupole-type
Reynolds’ stress components containing turbulent vortices: perturbation–
perturbation and perturbation–static velocity interaction. The coupling of a
high turbulent velocity to sound at a surface causes the scattered sound to
be even stronger than the original one. The high-Reynolds’-number
turbulent jet structure consists of a mixing region, a transition region and
a fully developed region. Most of the sound originates from the first one. The
convection of the jet flow enhances the sound in the flow direction but the
refraction declines the main lobe. When a flow attacks a plate parallel to its
surface at a high Reynolds’ number, a turbulent boundary layer begins to
form. Most of its sound propagates at grazing incidence downstream, and
the refraction further emphasizes that.
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