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Abstract

Properties of weak links between two superconductors, or Josephson junctions, make
them interesting for fundamental physics research. Since their discovery over four
decades ago, they have provided a unique way to study the behavior of the
superconducting quantum phase. More recently, ultra small, or mesoscopic, Josephson
junctions with substantial single Cooper pair charging energy have gained interest due to

their behavior as macroscopic quantum objects.

In addition to the theoretical interest, Josephson junctions can be used as active elements
in circuit applications. Particularly, in this Thesis we study two different devices. We
develop the required theoretical treatments, derive device properties, and compare the

results with experimental data.

The first application is a Josephson voltage standard based on externally damped
Superconductor - Insulator - Superconductor junctions. It consists of an array of large
Josephson junctions connected in series and irradiated with a 70 GHz microwave signal.
Phase locking the Josephson dynamics into the signal leads to the quantization of the
voltage. This is utilized in metrology. We introduce a new circuit solution based on
frequency dependent damping of the junctions. Optimization and some designs for practical
arrays are presented. The purpose is to find such a design that the array is fast, has low
power consumption and is as stable as possible. Arrays able to generate DC voltages of
order 1 volt with metrological accuracy are demonstrated experimentally and their

applicability in AC voltage calibrations is analyzed.

The second application is the Bloch Oscillating Transistor (BOT). The BOT is based on
controlling the Cooper pair current in an ultra small Josephson junction by means of
quasiparticles tunneling through a normal junction. As part of the thesis work, the
principle of operation is first demonstrated computationally. The model is then refined to
yield quantitative predictions of the characteristics. Finally, an analytic theory for the

device is developed and the properties as an amplifier are derived.
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1. Introduction

Brian Josephson showed theoretically in 1962 that two weakly coupled superconductors can exhibit
peculiar phenomena related to Cooper pairs tunneling through the link [1]. He predicted that with
a constant voltage V applied across such a link, which was later named Josephson junction (JJ),
the current through the junction oscillates with frequency 2eV/h. He also predicted that a current
can flow through the junction without a voltage drop, if the current is smaller than a ”critical
current”. These effects are manifestations of the dynamics of the quantum phase difference ®

across the junction.

Since then, theoretical, experimental and technological understanding on Josephson phenomena
and their applications has increased substantially. Especially the development of reliable fabrica-
tion techniques has made it possible to create applications for a variety of purposes. These include
sensors for magnetic fields, amplifiers, passive and active components for RF and millimeter wave

technology, etc. (for an overview see e.g. [2]).

More recently, a new class of phenomena was discovered in small junctions, in which the charging
energy of a single charge carrier (a Cooper pair) is comparable to other energy scales in the system
[3, 4]. This includes the blockade of charge flow at small voltages (the Coulomb blockade) as well

as novel coherent charge oscillations called the Bloch oscillations.

In this Thesis, we first give a brief review of the physics of Josephson junctions starting from
the phenomenological description as a single quantum object. Models in the limit of large and
mesoscopic junctions are derived. Then they are applied to the devices under study. Finally,

theoretical and experimental results from the devices are presented.



2. Physics of Josephson junctions
A. General

The Josephson junction is a macroscopic quantum object described by Hamiltonian [3]

2

H = ;2—0 - (%I(t) ¢+ Ey cos(@)) + H,, (1)
where the first term is the capacitive charging energy, second term is the interaction with an ex-
ternal current source I (t), third term is the Josephson coupling and fourth term is the interaction
with the quasiparticle system and the electromagnetic environment. Here () is the charge opera-
tor, C is the junction capacitance, and E; is the Josephson coupling energy. The superconducting
flux quantum is ®g = h/2e ~ 2.07 x 107 Vs. A schematic circuit diagram of a JJ is shown in
Fig. 1(a). The cross symbolizes Josephson coupling, the capacitor the capacitive coupling and

7 (w) the electromagnetic environment. The current I (¢) is also shown.

The operators for charge () and phase ® satisfy the following commutation relation:

[®, Q] = 2ei, (2)

i.e. they are bound by the Heisenberg uncertainty relation. The charge operator can be written

in terms of phase as

2¢ 0
Q=% ®)

From Egs. (1)-(3) one can draw an analogy to a particle moving in a sinusoidal potential shown

in Fig. 1(b). Mathematically this ”"washboard potential” U (®,t) is given as

(a) I(Y) (b)

0 5 10 15 20

Ez'gure 1. (a) The circuit diagram of a Josephson junction connected parallel to an impedance
Z (w). (b) Washboard potential U (®) as function of the quantum phase difference ®.



U(®,t) = —E, (I;t)

C

B + cos cp) | (4)

where I is the critical current of the junction. The position of the ”particle” corresponds to phase
difference ®, and momentum to charge (. Tilting of the potential depends on I (t), while the
amplitude of the "bumps” is £;. The dissipation of the particle is included in H,. The Josephson
coupling energy is related to the critical current as

Dyl
Ey=—.
7 2 (5)

B. Large Josephson junctions

Here we consider the limit, where both the phase ® and the charge () are assumed to be classical
variables. This is the case, if the quantum energies hw of all frequencies w present in the system are
small compared to E; and the thermal energy kpT as explained below [5]. Assuming the Hamil-
tonian in Eq. (1) to be classical and solving the equations of motion 0H/0Q = (®¢/2m) (0P /0t)
and (27/®¢) (OH/0P) = —0Q /It one obtains

0%
=9 ot (6)
I(t):Caa—‘t/—i-Is(t)—i-IcsinCI), (7)

where we have defined voltage across the junction V' = @/C and marked Ig (t) = 0H,/0® ("the
shunt current”). The displacement current due to junction capacitance is the first term on the
right hand side of Eq. (7). The quasiparticle tunnel current as well as the current through circuit
elements connected parallel to the junction (Z (w) in Fig. 1) are accounted for by the second
term. In case of externally damped junctions (see Section III), the quasiparticle tunnel current
is usually small and it thus can be neglected. If the circuit connected parallel to the junction is
linear, Ig is obtained from the linear circuit theory. In general, it includes both a deterministic
part and a fluctuation associated with the real part of Z (w). The Cooper pair tunnel current
through the JJ is the third term.

In the simplest case the junction is damped with a linear resistor, i.e. Z(w) = R, and thus
Is = V/R+1I,, where I, is a random variable, whose spectral density satisfies the Nyquist formula
(I%) = 4kT/R [6]. Then Eqgs. (6) and (7) can be written as

)

d? dd ) . .
ﬁcﬁ-ﬁ—z%—smé—z(ﬂ#—zn(ﬂ. (8)

This is called the resistively and capacitively shunted junction (RCSJ) model for a Josephson
junction. Here the dimensionless time 7 = (27I.R/®p)t and the dimensionless current i (7) =
I(t) /1. The hysteresis parameter is defined as 3. = (2nI.R*C') /9.



To study the range of the applicability of the model, we will first note that an important char-
acteristic frequency of a junction is the plasma frequency fp, i.e. the frequency of the oscillation
within a minimum in the washboard potential. From the circuit picture of Fig. 1(a) this can also
be interpreted as the L;C oscillation in the junction capacitance and the Josephson inductance
Lj. For small bias currents and phase variations the linearized tunnel element behaves as an

inductance Lj = ®o/2nI.. The angular plasma frequency w, = 1/1/L;C can then be written as

2w 1.

3,0 9)

Ldp:

Using the definition of E; in Eq. (5) and defining the single electron charging energy

the energy levels of the plasma oscillation can be written as

2

E :hwp<N+%)=\/m(N+1) (11)

with N as an integer. A sufficient requirement for the classical approximation to hold is that the
spacing of the levels AE, = v/8EjE, is small compared to F; and kgT i.e.

o > 8 (12)
kT)?
U s )

Typical tunnel junction fabrication techniques (see e.g. Section III) produce junctions with critical
current densities J. above 10° A/m? and specific capacitance Cs ~ 0.05 F/m?. For junctions
having dimensions above 1 pm this leads to E;/E¢ 2 100. If measurements are performed at the
liquid helium temperature, 7' = 4.2 K, then (k:BT)2 /EcEj 2 400.

In principle, also other frequencies present at the system (driving signals, characteristic fre-
quencies of the system consisting of the junction and the rest of the circuit) should be studied
to prove the applicability of the model. However, these are typically not substantially above f,.
Thus the treatment above is sufficient to state that devices fabricated with optical litography and
measured at liquid He can be handled classically. As the temperature is lowered, it is sometimes
necessary to apply quantum corrections, especially if the fluctuations of the system are studied
[7].

C. Ultrasmall junctions

With electron beam litography one can fabricate junctions having lateral dimensions from 10 nm

to 100 nm. In this case the condition of Eq. (12) fails. With cooling techniques such as dilution

10
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Figure 2. (a) The drawing symbol of a mesoscopic Josephson junction and (b) the band diagram

in the "weak binding limit”. Possible transitions, i.e. Cooper pair tunneling and Zener tunneling,
are indicated with arrows.

refrigeration or adiabatic demagnetization, temperatures below 100 mK can be reached. In this
case also the condition of Eq. (13) fails.

To understand the dynamics of ultra small junctions, we will again start from the Hamiltonian
in Eq. (1), but assume that E; < E¢ and Ej, Ec > kT. The drawing symbol for a mesoscopic
junction is shown in Fig. 2(a). We will further assume that the bias source and the environment
are small perturbations in the system [3]. For the unperturbed Hamiltonian (using appropriate

terms in Eq. (1) and Eq. (3)) we get

82
Hy=— <E(;8(T/Q)2+EJCOS<I>) . (14)

Physically, the difference as compared to the previous section is, that the state of the junction
can no longer be described with a single value of ®. Overlap of wavefunctions corresponding
to different minima in the washboard potential cause splitting of energy levels. In the infinite
periodic potential this leads to formation of energy bands. This is in analogy to an electron in a
solid-state crystal, where the periodic lattice forms the potential [8].

The time-independent Schrodinger equation HoW = EW is in this case mathematically a Math-
ieu differential equation. The energy eigenvalues are best represented in the basis of ”quasicharge”
@, a quantity analogous to crystal momentum in solid-state systems. In Fig. 2(b) we show the
band structure in the limit £y < E¢, the so-called weak-binding limit. In this Thesis we are
using the extended band picture, where the lowest band is represented by )@’ < e, the second

band with e < )@) < 2e, etc. The voltage across the junction is given as

y - 9E (15)

0Q’
and the expectation value of real charge is Q = C'V. Thus the quasicharge Cj agrees with @ at the

11



points, where the dashed parabola E = @2 /2C coincides with the solid lines in Fig. 2(b). At @
= ne (with n an integer) the expectation value of @ is zero.

To understand the junction dynamics, let us first assume that the junction is initially at the
lowest energy band at @ = 0, and the junction is connected to an ideal constant current source
with I (t) = Ip. If Iy < I, = meE%/8hE¢ (the criterion for adiabaticity), the quasicharge will
increase up to @ = e, return to Q = —e and finally back to @ = 0. Repeating this cycle leads
to coherent charge oscillation, i.e. the Bloch oscillation. The physical interpretation is that at
@ = e a Cooper pair tunnels through the junction.

If Iy is comparable to I, the criterion for adiabaticity is violated. Then interband tunneling at
@ = ne (the Zener tunneling) becomes possible. The probability from band n — 1 to band n is
given as [9, 10]

2n
7 N T 1 E; eFEc
Po 1=y = exp <_§W <E—c) h—Io) : (16)

In a realistic situation there are also mechanisms through which the system can return down to

lower bands [11]. A way to provide controlled downwards relaxation is discussed in Section IV.

D. Electromagnetic environment

In this section we discuss the effect of ohmic dissipation for Cooper pair tunneling in mesoscopic
Josephson junctions. We will be considering the circuit in Fig. 3(a), i.e. a junction voltage biased

across a resistor R. We will now express the Hamiltonian of Eq. (1) as

H = Hj;+ Hepy, (17)

where H; now represents the Josephson coupling and H.,, now includes the contribution of both
the capacitance of the junction as well as the circuit Z (w) parallel to the junction. In this case
it is simply the resistor R. The environmental Hamiltonian can be represented as an infinite
number of harmonic oscillators [12]. Josephson coupling H is now considered as a perturbation
in the system. The tunneling through the junction is calculated by using the Fermi golden rule
[13, 14, 15], where the rate between initial and final states (|R > and |R’ >, respectively) is given
as Tp_p = (21/h) |(R' |H;| R)* 6 (Eg — E%), where (R’ |H | R) is the matrix element describing
the transition, and Er and E’, are the energies corresponding to initial and final states. We get

the total rate by summing over all possible initial and final states, i.e.

_27r

rv)=3

ST (R |Hs| R)|* Ps (R) 6 (ER — E), (18)
R,R’

where Pg (R) is the probability of finding the system initially at state R. By assuming that the
environment is at thermal equilibrium (i.e. that Pg(R) = (R |pp| R), where pp is the equilibrium

density matrix), it can be shown that [15]

12



ﬂ'E?] P

rv) ==,

(2¢V), (19)
where the direction of tunneling is taken towards positive voltage in Fig. 3(a). The rate to the

opposite direction is obtained by reversing the bias voltage. The function P’ (E) is given as

1 oo

P'(E)= —
(E) 2mh J_

dt exp [J (1) + %Et] . (20)

Here J (t) = ([® (t) — ® (0)] |® (0)) is the phase-correlation function. It can be shown to be [15]

J(t) = 27%‘"% [coth <%k%> (cos (wt) — 1) — isin (wt)} , (21)
0

where Rg = h/ 4e? is the quantum resistance for Cooper pairs.

If the charge relaxation time RC in the circuit of Fig. 3(a) is small compared to the av-
erage time between consecutive tunneling events, a current-voltage curve is simply I (V) =
2¢(I'(V) =T (=V)). However, in many cases this is not the situation. In this Thesis we have

adopted an approach, where we integrate the charge across junction electrodes as function of time

aQ 1 Q d@
w-n7 o) (%), -

where the first term is the current through R. Here we have assumed that the voltage across the

from

junction is @Q/C. It is equivalent to assume that the quasicharge is the real charge at all times
(see Eq. 15). This is approximately true in the limit of small E;/FE¢, where the junction energy
roughly follows the parabolic dependence at almost all values of quasicharge (see Fig. 2(b)). The
second term changes the charge by 2e every time a Cooper pair tunnels through the junction.

The corresponding time dependent tunneling rate is obtained from Eq. (19) by setting V = Q/C.

4 : : 4
@ R AJ (b) _
3k 132
] g
e ETF 122
\ , =
Ir \ )% . R
E’ y 1 1 1 0
7 ~ o o 1 2

QO [e]

Figure 3. (a) A mesoscopic Josephson junction voltage biased across resistance R. (b) The peaked
tunneling probability for large R shown on top of the band diagram.
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It is useful to discuss the relation between the band model derived in the previous section and
the model derived here. In the limit of large impedance (R/Rq > E¢/kT), function P’ (E) can

be calculated analytically, and stands

/ N 1 EC E 2
P (FE) = 7\/@ exp ( T6kT <— — 4) ) , (23)

i.e. it is a Gaussian distribution centered at £ = 4F¢. The width is determined by the thermal
energy k1. The tunneling rate from Eqs. (19) and (23) is shown in Fig. 3(b). It is peaked at
@ = e. If the bias voltage is set to V' 2 e/C, the charge relaxes towards Q = CV. As the state
passes through @) = e it is likely that a Cooper pair tunnels through the junction returning the
state back to () &~ —e. We have thus recovered the picture of Bloch oscillations by interpreting
|Q| < e as the lowest band. The difference is that now the Cooper pairs do not tunnel strictly
at @@ = e, which is due to fluctuations of R. The oscillations are no longer strictly coherent, but
have a finite bandwidth.

If we further simplify Eq. (23) by assuming that Ec/kT > 1 and use Eq. (19) we get

nek?
I'(Q)= =26 24
@=I2 @0 (24)
by expressing the rate in terms of charge (i.e. I'(V IV (Q)). During a period of Bloch

) =
oscillations the tunneling rate is thus I' = (7reE 4/8hEc ) AQ for a very short time At, i.e. while
e—AQ/2 < Q < e+ AQ/2. If the current at Q =
I = (W&E% / SEECIO) /At. The probability distribution of tunneling is exponential I"exp (—TI't).
The total probability of Cooper pair tunneling during the period is thus

e is Iy, we can write AQ = IyAt, so

At 2
Ejy eEc
Pop = I I'tYdt =1 — . 2
cP /0 exp (—I't) exp ( 3 (Ec) il ) (25)

Zener tunneling is complementary to Cooper pair tunneling, i.e. POZ:1 =1— Pgp. Thus, for the
two lowest bands (n = 1) the result of Eq. (16) is recovered. Cooper pair tunneling at upper
bands is not included. This is justified for small E;/E¢, since PZ ;_., is very close to unity for

n > 1.

In conclusion, for large resistances R, low temperatures, and small Josephson coupling the
dynamic model derived in this section is equivalent to the band model of the previous section. As

an extension it takes into account environmental fluctuations due to R.

14



3. Josephson voltage standards
A. Background

In the original article by Josephson [1] it was predicted that a junction, when irradiated by

microwaves having frequency f (the pump frequency), would exhibit a constant average voltage
Vave =n % /Ky (26)

over a range of DC bias currents determined by the amplitude of the irradiation. Here n is an
integer and K; = 2e/h ~ 4.83 x 10> GHz/V is the Josephson constant.

The phenomenon is understood in terms of phase locking the Josephson oscillation with the
external microwave signal. In reference to the dynamical model in Section IIB and Fig. 1(b) the
phase-locking corresponds to a situation, where the washboard potential is periodically tilted with
frequency f. If the bias parameters and the parameters of the junction are properly selected, the
phase advances exactly 27n during one microwave period 1/f. From Eq. (6) this leads to average

voltage

1 (Y ®ydd 2 @,
ave — ——dt = —doP, 2
Ve l/f/o 2 dt f/o 27 (27)

which reproduces Eq. (26). Solutions of dynamic equations (Egs. (6) and (7)) of this type are
called harmonic. Other possible solutions are subharmonic, where during m microwave periods
the phase advances 2mn, i.e. Vye = (n/m) f/Kj, or chaotic, where the dynamics is completely
aperiodic. The conditions for harmonic phase locking are widely studied theoretically in case of
the simple resistively shunted junction [6],[16]-[19]. In section IIIB we will study the conditions
for the circuit of another realization.

Constant voltage steps were first experimentally measured by Shapiro in 1963 [20]. In 1967
Parker et. al. measured the value of K; with uncertainty of about 6 parts per million (ppm)
using many different types of weak links [21]. The largest source of error was the inaccuracy of the
realization of the absolute volt at the time. Within the measurement uncertainty of the experiment
(2 ppm) the values of K; were reproduced for both superconductor-oxide-superconductor and
point contact weak links fabricated from various materials. This suggests that the frequency-to-
voltage conversion is highly independent on the experimental details. Therefore the phenomenon
has been adopted to use in metrology, and today the Josephson voltage is the most commonly
used practical realization of the volt.

The problem with a single junction is the low voltage it produces at realistic frequencies. This
causes several problems. It is difficult to calibrate out possible error voltages, e.g. thermal
voltages in the measurement leads. Practical calibrations are also often done at 1 - 10 V level,
and the required voltage dividers cause additional uncertainty. For a single junction voltage
standard together with a divider calibrated by means of a cryogenic current comparator the

relative uncertainty at 1 V level has been brought down to 10~% [22].
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Figure 4. (a) A schematic IV curve of a conventional Josephson voltage standard irradiated with
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The development of junction fabrication techniques has made it possible to increase the voltage
by connecting several junctions in series. Today practical 1 - 10 V DC references are based on
arrays of typically 2000 - 20000 series connected junctions irradiated with f ~ 70 GHz [23]-[25].
Thus they directly produce the required output voltage. The junctions are undamped supercon-
ductor - insulator - superconductor (SIS) junctions. An IV curve of an undamped Josephson array
under microwave irradiation is schematically shown in Fig. 4(a). It is highly hysteretic, since for
high quality junctinons the subgap leakage resistance is very high. This increases the hysteresis
parameter . (see Eq. 8). The quantized voltage across the junction can exist without DC bias

current. The steps are thus called zero-crossing steps.

The zero-crossing steps have some advantages. The absence of bias current makes the output
voltage insensitive to possible additional series resistance. In case of arrays it also alleviates the
fabrication criteria, since the variation of damping resistance does not cause problems. They have
some disadvantages as well. They are very sensitive to environmental interference. The output
voltage is not a single-valued function of bias parameters, but rather depends on the initial
conditions of the dynamic equations (Eq. (8)). Therefore the interference can cause transitions
between different voltage steps making the requirement of electromagnetic shielding strict. Low
damping also makes the selection of the desired output voltage slow and tricky, which makes it
more difficult to automate measurements. It also prevents the direct use of the Josephson voltage

in AC calibrations.

The drawbacks of zero-crossing voltage standards has lead to development of programmable
Josephson arrays based on damped junctions [26]. They are both faster and more stable than the
conventional arrays. Working programmable voltage standards at 1 volt level have been fabricated
using intrinsically damped junctions. In them the damping is provided by a dissipative material
in the junction barrier. Suitable junctions are superconductor - normal- superconductor (SNS)

[27] or superconductor - insulator - normal - insulator - superconductor (SINIS) junctions [28] .
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In this thesis we discuss another approach, where SIS junctions are damped with external shunt
resistors. A one volt programmable Josephson voltage standard has been developed as part of

the thesis. An example IV curve from such an array is shown in Fig. 4(b).

B. VTT programmable voltage standard

In this Section we present design and experiments of the VI'T arrays. In addition, we present a
general optimization procedure for programmable arrays based on externally damped SIS junc-
tions. The aim is to answer the question of how to design an array for a given voltage level, which
is stable against external fluctuations, has low power consumption, and is fast.

A photograph of a one volt VI'T Josephson voltage array chip is shown in Fig. 5(a). The
main parts are generally similar to those used in conventional zero-crossing voltage arrays (see
e.g. [29]). The fin-line taper provides a transition from a waveguide into on-chip superconducting
microstriplines, which are used to guide the 70 GHz microwave signal into the Josephson junctions.
The off-chip waveguide is in this case a rectangular E-band waveguide (WR-12). After the fin-line
taper the microstriplines form a power distribution network, which guides the signal into parallel
paths connected to junction chains. The power distribution network is formed by a cascade of
matched T-junctions, where each junction divides the incoming signal into two outgoing signals of
equal power. The junctions are also in a microstripline configuration, where the hotline is formed
by the junction chain and the groundplane is a superconducting plate (Fig. 5(b)). The JJ chains
are organized in branches, which are parallel with respect to the incoming microwave power.
After the chains the microwave is guided into terminations. They are also microstriplines, but
with normal conducting hotlines. They are long enough to dissipate most of the incoming power.
This is to prevent standing waves due to reflections, which guarantees homogeneous microwave
power for all junctions. At low frequencies the junction chains are connected in series to sum
the voltages from different branches. The frequency separation is provided by filtering, i.e. DC
block capacitors to isolate the power distribution network from low-frequency signals and low-pass
filters to prevent microwave signals to couple from one branch to another.

The fabrication process is the VI'T niobium trilayer process, which with some modifications
has been successfully used to fabricate SQUIDs [30] for over a decade [31]-[35]. The devices are
fabricated on 100 mm silicon wafers. Patterning is done by photolitography and either by reactive
ion etching (Nb layers) or wet-etching (SiO2 and Mo layers). The layer structure is visualized in
Fig. 5(b), where the junction structures as well as other superconducting and insulating layers
are shown. The lowest layer, sputtered Nb, forms the superconducting groundplane. The next
layer is an insulator, which forms the dielectric for the microstriplines. It is SiOy grown with
plasma enhanced chemical vapor deposition (PECVD). On top of this there is the trilayer, a
Nb-Al-AlO,-Nb -layer containing the Josephson junctions. It is formed by sputtering the base
Nb, on top of which a thin (~5 nm) Al-layer is deposited. The tunnel barrier AlIO, ( ~2nm) is
then formed by exposing the aluminium to oxygen for a given time at a constant pressure. On
top of the oxide, a Nb counter electrode is grown . The junctions are then defined by anodizing

the area around the junctions forming a zone of NboOs around them. The counter electrode is
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Figure 5. (a) An optical microscope photograph of a VT'T programmable voltage standard (design
1(a)). Main parts of the circuit are indicated. The magnification shows a part of a junction chain.
(b) A cross section from the junction chain. The aspect ratio is altered for clarity.

then removed excluding the junction areas. For the wiring, additional layers of SiOy and Nb are
deposited. The last layers (not shown in the figure) are the resistor layer (sputtered molybdenum
forming the shunt resistors and microwave terminations) and the passivation layer SiO to protect
the on-chip components.

In order to produce a stable quantized voltage, the microwave distribution along the branches
must be sufficiently homogeneous. To achieve this, our approach is to minimize the attenuation
of the shunt resistors by blocking the microwave signal from the resistor by an inductor L. The
circuit is shown schematically in Fig. 6(a) and the realization in 6(b). We first study the intrinsic
stability criteria. By intrinsic stability we mean here that a quantized voltage (Eq. (26)) appears
as a single-valued function of bias current for as large a range of bias currents as possible. For
a junction, which satisfies the simple RCSJ-model (Eq. (8)), the step amplitude (i.e. the range
AL, of bias current Iy, at which the quantized voltage state can appear) is [17]

L
In (27T(I)0f20>

where [ is the amplitude of the pump current. Here it has been assumed (wC’)_1 < R, where

AlL, = 2I, : (28)

w = 27 f is the angular pump frequency. This is typically always satisfied for SIS junctions. The

index n corresponds to the step index n in Eq. (26).
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Figure 6. (a) The circuit with frequency dependent damping (schematically) and (b) the realiza-
tion.

We quantify the criterion for intrinsic stability so that the effective step amplitude of our circuit
in Fig. 6 is not substantially suppressed from the value of Eq. (28). The method to analyze the
problem is solving Eqgs. (6) and (7) numerically as in Ref. P2. The parameter space to be
mapped is defined by the hysteresis parameter . (see Section IIB), the dimensionless inductance

Br = 2nLI./®y, and the dimensionless angular frequency Q2 = (®o/27I.R) w.

The data from such simulations is collected in Fig. 7. In Fig. 7(a) each triangle represents
a result from a simulated IV curve. The triangles pointing upwards indicate points, where the
simulated step amplitude satisfies Eq. (28). The triangles pointing downwards indicate points,
where the simulated step amplitude is suppressed from this value. The main objective was to find
a criterion for Br. Therefore especially the boundary, where the increasing inductance begins to
cause decreased stability, was mapped. Each pair of triangles thus illustrates the boundary of
stable (below) and unstable (above) region. The resulting certainly stable region is shown grey
in Fig. 7(a), where also the conventional criterion, that the pump frequency exceeds the plasma

frequency [17]
QB 23 (29)

was adopted. Although it was originally derived for undamped junctions, it was found to apply
here as well.

Even though the stable region of Fig. 7(a) guarantees the existense of the quantized voltage
state with a wide range of bias currents, it does not yet guarantee, that the voltage is a single
valued function of current. To avoid constant voltage steps with different indices n to become
overlapping (in the same sense as in zero-crossing steps, see Fig. 4(a)), the criterion is (see e.g.
Ref. [27])

0> 1. (30)

On the other hand, a resistive solution can coexist with the quantized voltage state (see e.g. the
insets of Fig. 7). To avoid this, a set of simulations was executed to find out how this affects

the effective step amlitude. The data is summarized in Fig. 7(b). It can be seen, that sufficient
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Figure 7. Stability data from numerical simulations. (a) Triangles pointing upwards mark IV
curves with large step amplitudes Al (the lower inset). Those pointing downwards mark IV curves
with suppressed amplitudes due to chaotic behavior (the upper inset). The insets are examples of
simulated 1V curves. The arrows of the lower inset also shows the trajectory as the current is
swept up and down. The area shown in gray is the certainly stable region of parameters. (b) The
effective step amplitude (see the inset for the definition) for different parameters and step n = 1.
Parameters for open diamond: Q = 1.5, 8. = 2.0, open circle: Q2 = 1.5, 8. = 3.0, solid triangle:
Q = 1.5, 8. = 4.0, cross: = 1.5, 8. = 6.0, solid square: Q = 1.5, 8. = 8.0, open triangle:
Q= 2.5, 8. = 3.0, solid diamond: Q = 2.5, 8. = 4.0 and solid circle Q = 2.5, 5. = 8.0.

criteria in practice are

Be 54 (31)
ﬁL S 26(:7 . (32)

The criterion of Eq. (31) together with Egs. (29) and (30) also in practice guarantees that the
stable region of Fig. 7(a) is reached.
To study the homogeneity of the pump current, analysis of the circuit in Fig. 8(a) (see Ref.

P2) gives for the pump signal attenuation

2
a = (S—IZ/O> + ayq, (33)
where a. = (1/2) R/Zy is the attenuation in the absence of frequency separation, s is the length
of the microstripline occupied by one junction, [y is the microstripline inductance per unit length
and a4 is the dielectric attenuation of the microstripline.

The optimization is performed assuming the simplified geometry shown in Fig. 8(b). The figures
of merit are the output voltage U,,:, the required microwave power Pj,, the speed described by
the time constant of the array Trc, and the step width Al,. The speed is essential in precise AC
voltage generation and the step width is a measure of stability against external fluctuations due
to the environment and the measurement circuitry. Demanding that the intrinsic stability criteria
(Egs. (29)-(32)) apply, and that the attenuation (Eq. (33)) does not significantly suppress the

step width, we can write the figures of merit in terms of design parameters. These are junction
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Figure 8. (a) The circuit diagram of the junctions embedded in the transmission line. (b) The
simplified geometry assumed in the optimization procedure.

and microstripline dimensions w, s, h (see Fig. 8(b)), number of branches M, number of junctions

N, and the step number n. It follows

Uout = Ny f (34)

4 jows
AL, = ;Jg/ﬁ (35)
P, = Mp (1 + n)? hws? (36)

1
TRC = Nzﬁ’ﬁ (37)

N 1

Vi (khs® + ags) Sln (1 + 5) , (38)

where the last line is the remaining criterion for the attenuation, which needs to be satisfied. Here
Jje is the critical current density, which should be maximized while keeping Eq. (29) valid. In
physical units this leads to j. = 2n®gcs (f/ 3)2, which is nearly constant for a given pump frequency
and a fabrication process. The junction capacitance per unit area c; is nearly constant for a given
tunnel barrier material. Other constants are v = (2/3%2) Do feoer/jes p = QWWQQ%JMCE
and k& = (3jo/400f) \/uge0er /c2.

Approximating In (1 + 1/n) ~ 1/n, and assuming that oy &~ 0, we can find the general trade-off

for the optimized design as
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(39)

which indicates that an array cannot be speeded up beyond a limit without either using more input
power, or dropping the output voltage. The situation can be slightly improved with increasing
the step number n, but the dependence is very weak. However, operating the device at higher
steps has the practical advantage of decreasing the number of junctions needed.

In addition to the design, the devices set strict criteria to the fabrication process. For example,
a one volt array pumped with f = 70 GHz needs about 2300 series connected Josephson junctions.
Each of these needs to be fabricated flawlessly. In other words the yield of Josephson junctions
needs to be at least 99.96% for an array to work. The critical current spread needs to be at a
tolerable value, since at metrological measurements the smallest critical current determines the
step amplitude and thus the stability against external fluctuations. Also the scatter in the shunt
resistance needs to be very small. In the presence of resistance scatter the quantized voltage state
is obtained at different bias currents for different junctions, which decreases the effective step
amplitude (see Ref. P1).

As part of this Thesis, two main versions of arrays aimed to work at about 1 V level were
designed and tested at DC. The first design (Ref. P1) is aimed to produce the voltage of 1 V
(design 1a) or 1.5 V (design 1b) at step n = 3. A photograph of an array with design la is shown
in Fig. 5(a). The second design (design 2) (Ref. P3) has two identical arrays integrated on the
same chip with a single microwave input. Both subarrays produce an output of about 1.5 V at
step n = 3. A photograph and a schematic circuit arrangement are shown in Fig. 9. Design 1 was
made before the optimization procedure above was developed, while in design 2 the optimization
was utilized.

The room temperature electronics of the experimental setup consisted of 70 GHz electronics,
a DC bias source (typically Fluke 5700 calibrator in series with resistance of 5 - 50 k2) and a
voltmeter. In high precision measurements, HP 3458A digital voltmeter was used to verify the
step flatness with a resolution of ~100 nV. A cryoprobe was designed for cooling the chip down
to 4.2 K. For the pump signal, the probe has a waveguide transition from WR-12 waveguide

into an oversized circular waveguide at the room temperature end. At the cold end there is

Figure 9. A microscope photograph of an array with design 2. Insets show the wiring arrangement
with two independent output voltages and a magnification from a junction chain.
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Figure 10. Quantized voltage states measured with an array of design 2. (a) Step n = 2 and (b)
Stepn = 3.

another transition from the oversized waveguide back to WR-12 guide, which has a slot for the
finline taper of the chip. The DC lines (twisted copper pairs) were filtered with RLC-filters at
room temperature. The 70 GHz electronics was a part of the standard JVS calibration setup of
the Centre for Metrology and Accreditation and (MIKES). It consists of a Gunn diode as the
microwave source. It is operated in a phase-locked loop consisting of an EIP-578B frequency
counter with a 110 GHz extension. The frequency reference is traceable back to the Cs atomic

clock of MIKES.
An IV curve from a chip with design la is shown in Fig. 4(b) at a rough voltage scale. At

more accurate measurements the constant voltage steps with n = 1 and n = 2 showed flat
steps. The one volt steps with arrays of design 1b and n = 2 showed effective step amplitudes
typically between 60 — 100 pA. The third constant voltage step, however, has not been found flat
in measurements having a resolution below 1 V. An array with design 1b also took part in an
international intercomparison measurement (Euromet project 626 [36]), where the array output at
about 0.5 V and 1 V levels were compared against conventional SIS-arrays. In direct comparisons
an agreement better than 0.4 nV was achieved.

The optimization algorithm presented above was utilized in design 2. The problem of degrading

step amplitude with increasing step index n is possibly due to the variation in the shunt resistance.
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An attempt to decrease the scatter was made by sputtering the resistor films in a mode, where the
sample stage was oscillating. The aim of this was to decrease thickness variations of the resistor
film. The resistors were characterized by measuring a large quantity of room temperature test
structures aiming to clarify both the contribution of the film thickness and the line width. From

the set of experiments an estimate was made, that AR should be below 4%.

Resulting IV curves are shown in Fig. 10. Shown are the steps n = 2 and n = 3 taken from
measurements having resolution of about 200 nV. Flat constant voltage steps are obtained in both
cases. With n = 2, the effective step amplitude at 1 V level is about twice the value obtained
from design 1, even though the power consumption per subarray is about one half, and the rise
time is of the same order as in design 1. The step n = 3 shows flat steps for this design as well.
However, a practical problem has been the low yield of arrays, and by the date only one working
array has been found to produce flat voltage steps at a metrological accuracy. A probable reason
is the variation of critical current density between different arrays. It was also later found, that
an additional design criterion is imposed to prevent the self-generated power of the junctions from

causing pump signal inhomogenity [37]. This makes the criterion for the scatter more restrictive.

The main application of the arrays is a calibration setup for tracing an AC voltage back to the
Josephson voltage. This can be done in a more direct way than with conventional methods. A
possible method for doing this is introduced in Ref. [38] and the practical setup is being developed
as collaboration of MIKES and VTT. Two arrays in a bridge configuration can also be utilized
in arbitrary impedance intercomparisons (Ref. P3). In this case the array with two independent
outputs (design 2) is useful. The main requirement for AC applications is the speed. For an AC

waveform of frequency fs, the error due to transients as limited by the array is (Ref. P2)

o = (rpofi)?. (40)
For f, = 1 kHz both designs should enable an uncertainty as low as about 0.1 ppm. An additional
challenge is whether the array tolerates the level of noise introduced by the fast bias electronics.
Experiments made with arrays of design 1 have confirmed that Trc < 250 ns, which is still likely
to be limited by the setup [39, 40]. Preliminary experiments with AC generation suggest that

also the steps remain flat at least within 1 ppm with the fast bias electronics.
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4. The Bloch oscillating transistor
A. Amplifiers based on mesoscopic tunnel junctions

Development of nanofabrication techniques has led to a new family of devices, in which the
charging energy ~ e2/2C of a single charge carrier (either an electron in a normal conductor or a
Cooper pair in a superconductor) is an important energy scale. The one most extensively studied
is the single electron transistor (SET), which consists of two normal tunnel junctions connected
to a normal conducting island having small capacitance C such that e?/2C > kT [41] -[43]. The
Coulomb blockade of the island is tuned by an additional gate electrode, which in turn changes
the current through the junctions. The SET has been found to be a highly sensitive electrometer
[42, 44]. Also its superconducting counterpart, the single Cooper pair transistor (SCPT) provides
comparable sensitivity [45]. Both devices have a gate-controlled island, which causes sensitivity
to background charge fluctuations. This is seen as a high level of 1/f noise. To enhance the band
(usually limited by the wiring of the cryostat in low-frequency applications) beyond the 1/ f-
corner, varous RF readout techniques have been developed for the two-junction devices [46, 47],
or a single junction embedded in a tank circuit [48].

In the gate-controlled devices the input signal is coupled capacitively to the device. In this sense
they resemble the field effect transistor (FET) among semiconducting devices. The properties of
FETs are crucially different from the bipolar junction transistors (BJTs), which have a resistive
input and which essentially detect current. Among devices based on mesoscopic tunnel junctions,
the resistively coupled SET (R-SET) has a resistive input impedance, though its performance has
been found to suffer strongly from thermal fluctuations [49]. In this Thesis we analyze a new
device, the Bloch Oscillating Transistor (BOT). It is based on controlling Cooper pair current
in a single mesoscopic Josephson junction by means of quasiparticle current through a normal
tunnel junction. Instead of controlling the static charge on the island, the tunneling quasiparticles

induce interlevel transitions, which in turn affect the strength of the Coulomb blockade.

B. Principle of operation

The circuit of the Bloch oscillating transistor is schematically shown in Fig. 11(a). In addition
to the basic mesoscopic Josephson junction voltage biased across a large resistor (see Section
IID) there is an additional tunnel junction connecting a superconducting ”island” to the base
electrode (B). The base electrode is normal conducting, i.e. the base junction is a NIS or a NIN
junction depending on the realization. The other two electrodes are named the collector (C)
and the emitter (E). In the basic mode of operation the BOT is biased to a voltage Vi 2 e/C,
which makes the Bloch oscillations possible. They lead to a net charge flow through the collector-
emitter circuit. The Bloch-oscillations are occasionally interrupted by Zener tunneling causing
the transition into the second band, where the Cooper pair flow is blocked. We assume further
that Cooper pairs tunnel only at the lowest band. This is justified in case of small Josephson
coupling since the Zener tunneling probability between the upper bands is close to unity (see Eq.

16). We will thus refer to the system as a two-level system, and refer to the Bloch-oscillating
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Figure 11. (a) The circuit of the Bloch oscillating transistor connected to source and load resis-
tances Rg and Ryp. Shown are also the lead capacitances Cp and Cc. (b) The band structure
with possible transitions. The quasiparticle tunneling events through the base junction are shown
i addition to transition mechanisms present in a bare mesoscopic JJ as well.

state (the lowest band) as the first level and the upper bands as the second level.

The transition from the second level down to the first one occurs via quasiparticle tunneling
through the base junction. If the charge is initially ) < 2e, one quasiparticle always suffices
to cause an interlevel transition. For ) > 2e¢ at least two electrons are needed, which leads
to intralevel transitions within the second level (see Fig. 11(b)). The quasiparticle tunneling
probability can be adjusted by changing the bias voltage (or current) of the base electrode. Thus
the share of time the system spends at the first level is also adjusted. Therefore the current at
the collector-emitter circuit (or collector current I) is controlled from the base electrode leading

to transistor-like characteristics and signal amplification.

C. Computational modelling

The principle of operation was first shown computationally using a model similar to that described
in Section IIC (Ref. P4). Originally the impedance at the collector electrode was assumed to
be an LR-circuit instead of the simple resistor as in Fig. 11(a). The charge dynamics of the
Josephson junction were described by adiabatic charge flow within the lowest band occasionally
interrupted by Zener tunneling, the probability of which was evaluated from Eq. (16). The
quasiparticle tunneling rate through the base junction was obtained from the orthodox theory
of single electron tunneling [47]. The model did not, however, include inelastic Cooper pair
tunneling which is possible in case of finite temperature and/or finite impedance at the collector
electrode. It was still possible to predict charge dynamics essentially similar to those described
above. Qualitatively correct characteristic curves were predicted and the device was shown to
have gain.

Due to realization issues the practical devices were fabricated without the extra inductance at
the collector. To predict the device characteristics quantitatively, the effect of fluctuations due to
the collector resistor needs to be accounted for. The solution was to use the model introduced in

Section IID, i.e. the time dependent phase-correlation theory, which gives correct charge dynamics
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also in case of finite collector resistance R¢ and finite temperature. The model is extended to
account for the quasiparticle tunneling as well (Ref. P6). It is summarized as follows. The

"igland” charge Q7 = QQ2 — @)1 is integrated in the time domain as
dQr _Vo-Vo <dQI> _ <LQI> _ (LQI) (41)
dt R, at ) op1 at ) ops dt )op’

where the first term describes the charge flow through the collector resistor, the second and

third terms describe the effect of quasiparticle tunneling through the base junction and the JJ,
respectively, and the last term is the Cooper pair tunneling through the Josephson junction.

Tunneling rates for both quasiparticles and Cooper pairs are obtained from the P (E)-theory [15].

D. Comparison of experiments and simulations

The experimental BOT samples were fabricated and measured in the Low Temperature Labora-
tory of Helsinki University of Technology. They were fabricated using electron beam lithography
and four-angle shadow evaporation technique. The JJ was an Al/AlO, /Al -junction (~ 100nm X
100 nm), and the base junction had Al/AlO,/Cu structure. The collector resistor was a narrow
strip (~100 nm x 20 pm) made of a thin (~10 nm) layer of chromium. In some samples the JJ
was fabricated in the SQUID geometry, which enables tuning of the Josephson coupling by an
external magnetic field. The measurements were done in a dilution refrigerator at temperatures
of about 100 mK.

Sets of computed collector current - collector voltage (I — V) curves together with correspond-
ing experimental results are shown in Fig. 12. The sample parameters are presented in Ref. P6.
Quantitative agreement is reasonably good. Differences appear particularly, when the Josephson
coupling is large. This is the case especially with the sample in Fig. 12(b), where E;/Ec ~ 1.7
as estimated from the experimental data. The computed peaks are at lower voltages and currents
than the experimental ones. In this case Zener tunneling probability between the higher bands
is below unity (Eq. (16) with n > 1). This indicates that Cooper pair tunneling at higher bands
may have an impact to the experimental result. Also the assumption that quasicharge equals real
charge is somewhat violated with E;/FEc 2 1.

The computed dynamics of different samples at different points of operation are illustrated in
Fig. 13. The corresponding points of operation are indicated in Fig 12. Regular BOT operation,
i.e. the operation essentially similar to the original idea of BOT, is shown in Fig. 13(A1l), where
the quasiparticle current clearly enhances Cooper pair current. The inverted BOT-operation is
shown in Fig. 13(A2), where quasiparticle tunneling tends to drive the Josephson junction out
of the lowest band. The single-electron current thus suppresses Cooper pair current in this case.
The nonsymmetric nature of the dynamics explains why I — Vo curves are not symmetrical as
the sign of Vi is reversed. It has been shown that substantial current gain is obtained for both
regular and inverted operation.

The IV-curves of Fig. 12(b) are slightly hysteretic both in the experimental and the compu-
tational datasets. The time-domain plots of Fig. 13(Bl) and (B2) illustrate the dynamics in
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Figure 12. Simulated and experimental Ic — Vo curves for two samples. The arrows denote points
of operation, the dynamics of which are plotted in Fig. 13. (a) The sample has a SQUID geometry,
and is measured with three different Josephson couplings (sets from down to top Ej/Ec=0.35,
0.7, 1.2). The upper sets are offset by -10 nA and -20 nA, respectively, for clarity. The data in
the left frame is experimental and the right frame computational. (b) The sample has a constant
Josephson coupling Ej/Ec=1.7. The upper set is experimental and the lower set (offset by 10
nA) is computational. Both in (a) and in (b), different curves in each dataset are measured with

different base currents.

Srar ' '
P . .

—1F

2
0.0 0.1 0.2 0.3 0.4

21 .
Z-10]
q
oF -
1 4 of -
2 1 1 1 1 1 1 1
0.0 0.1 0.2 0.3 04 00 0.1 0.2 0.3 0.4

t[ns] t[ns]

Figure 13. The island charge as function of time at different operating points for two different
devices (see Fig. 12). Arrows mark quasiparticle tunneling events.

both branches. It is shown that at the upper branch there is a substantial Cooper pair current,
whereas the lower branch consists of quasiparticle leakage only. In simulations the IV curves be-
come more hysteretic as either Josephson coupling or the ratio of resistances R./Ry is increased.
The transition from hysteretic to nonhysteretic behavior is studied more quantitatively in the

next section.

28



E. Analytic theory and noise properties

In this section we develop an analytic theory based on the assumption of the two-level system
[11],[50]. At the first level the current through the JJ (the saturation current) is Ig = 2efp, where

fB is the frequency of Bloch oscillations. Therefore we may write the average collector current as

1/T;
L T Y 42
T, +11,° " (42)

Ic
where the prefactor of the first term is the share of time the system spends in the first level. The
transition rates between the states are I'y and I'|. The second term is the quasiparticle current
from the base electrode, which leaks to the ground via the collector resistor. The base current is

given as

<Ne>€

ST+ 1T (43)

Ip =

where (V) is the average number of electrons needed to cause a downwards transition. Here it
is assumed that quasiparticles do not tunnel while the system is in the first level. If (IV,) differs
from unity, it means that intralevel transitions are possible.

In Ref. P7 we give estimates for I'y, I'|, Ig, (IV) and (IN,) in the limit of large resistance and low
temperatures. Knowing them, it is possible to calculate IV curves of the BOT analytically. Com-
parisons to the simulations show reasonable agreement, though finite-temperature and impedance
somewhat modify the properties. It is possible to calculate the small-signal response as well. It

can be given by a conductance matrix

MRS »

where i¢, ip, vo and vp are the small-signal components of collector and base currents and
voltages, i.e. small variations around I, Ig, Vo and Vg. The small signal parameters are defined
as Gout = (8[@/8V0)VB, Im = (8[0/8VB)VC, e = (8[3/8VC)VB and Gy, = (8[3/8VB)VC.

It is possible to arrange the measurement so that Vi is kept constant at all times. This is the
case for a small input impedance postamplifier, e.g. dc SQUID, whose inductive input impedance
is close to zero at small frequencies. Even a large impedance of a voltage postamplifier can
be dropped by applying current feedback. This renders output conductance G, and intrinsic
feedback transconductance g, irrelevant. For this case the small signal model is graphically
illustrated in the equivalent circuit of Fig. 14. The BOT is described with input impedance
Rip, = 1/G;p, and the current generator Sip at the output driving the load resistance Ry, which

is assumed small. The current gain is defined as

__(9lc __ 9m
b= <3IB>VC_ Gin’ (45)
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Figure 14. A small-signal model and equivalent noise sources of the BOT.

The signal source is described as Norton’s equivalent, i.e. current generator i, in parallel with
the source resistance Rg. The noise from the source is represented by generator i,, s.

The noise added by the BOT is shown as equivalent voltage and current generators e, and
in, respectively, at the input. We assume that the dominant noise at the output is the two-
level switching (telegraph) noise [51] inherent to the dynamics described above. In this case the

equivalent sources can be shown to be fully correlated with spectral densities

215 T Ty
—9dm (FT + Fl)?)

rr
sz 2ls | Tt (47)
g (FT +Fl)

This differs from the estimates given in Ref. P4, which assumes uncorrelated sources. However,

51/2 _

it was later found that the correlations play a crucial role.

We next apply standard noise theory [52] to calculate the optimum noise resistance R,y and
minimum noise temperature T;,. Optimum noise resistance is the value of the source resistance
Rg (see Fig. 14) with which the minimum noise temperature is obtained. These can be shown to
be

Sen
Ropt = Sin = Rip (48)
1 1
T = ——V/SenSin = 7= RinSin (49)
B

In principle one can now calculate the small signal and noise parameters for a given device at a
given bias point. This is, however, somewhat laborious, so in order to get an order of magnitude
estimate and an idea about interdependencies, we next make some further simplifications. Two
limits have to be considered separately, since for Vo < 2V = 2e/C and Vi > 2V the dynamics is

qualitatively different. In the first case (N.) = 1. In Ref. P7 we give approximations of some noise
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properties. Here we further assume a typical point of operation (Vo = (3/2) Vg and Vg = —V().
It follows

2 2
[~ 2exp (ng <§—é) ) (50)

B 1

"™ "Ry (1+ () /4 (R)Bip) B oy
SY2 ~ \/% (1 + %Ri;ln (5) ﬁ) - (52)
S1/2 \/ AEc Ry (1 + 1%5 <R£;) ﬁ) (53)
Ropt ~ Ry (1 + m%%ﬁ) : (54)

T, ~ % <1 + %%5)1 . (55)

In this mode the BOT acts as a simple e—2e (N) -charge multiplier. Thus the current gain in Eq.
(50) is actually 2 (IV), i.e. the number of Cooper pairs in one "sequence” of Bloch oscillations.
The current noise can also be given as 5’37{2 = 2yelp(1 +FL/FT)71, i.e. it is essentially the
shot noise of the input current times a suppression factor (14T /FT)_I. A closer study of
the dynamics shows that with large I'| /Iy the noise at the output becomes fully anticorrelated
with the noise at the input, which explains the reduction of the equivalent noise. Increasing the
Josephson coupling E; both increases the current gain and decreases the equivalent current noise
and noise temperature. However, the transconductance gain drops and the optimum resistance
increases simultaneously. The Josephson coupling cannot be increased beyond E;/Ec ~ 1 for the
assumptions of the model to hold. At finite temperature there will also be spontaneous downwards
transitions due to incoherent Cooper pair tunneling which decreases the current gain [50]. This
effect was excluded in this simplified model.

For Vo > 2V intralevel transitions become possible. This strongly modifies the dynamics
yielding (see Ref. P7)

Br12(1-p6p)" (56)
g e~ (57)
RS \}Zic <%) gt (58)
W~ (59)

Ropt = gﬁ (60)
e B (8



This approximation is valid at Sp ~ 1. The hysteresis parameter of BOT, fBp, is defined as

By = _Fl (FT +Fl) <8<Ne>/aFl) ’ (62)

T (V) \ oV ' ovy

e

and an estimate is given as

2 2 2

Bp ~ 0.02 <R£;) exp (”1665 <%) ) . (63)
The striking feature is the very strong dependence on g, which indicates that intraband tran-
sitions play an important role, since the sole effect of them was embedded in its definition (Eq.
(62)). The value Sp = 1 leads to zero input conductance, which is due to the fact that changing
Vp causes two competing effects. Firstly, it changes I'|, which leads to positive input conductance.
Secondly, it changes (NV.), which leads to negative input conductance. If S5 = 1 these exactly
cancel each other. This means that a small change in the input current causes a large change in
the input voltage, and thus also the output current, and the current gain becomes large. Since

the noise at the output remains finite, the effect also leads to decreasing equivalent noise.
The effect of increasing (p is illustrated in the computed Ic — Ip and Ip — Vg plots in Fig.
15(a) and 15(b)). The Josephson coupling is varied. As p approaches unity the curves become

hysteretic, indicating that the input conductance is negative. The increase of the gain and the

0.80 . 10
(a) _ (c)
i 0.55 | E \é ]()15 E_ Analytic E
— < L - R/R=0.5
~ = [ — R/R=0.16
~. 6| Simulated
0.30 L “1 10 E —@ RyR=05T=20mK
F —©— R{/R=05T=300mK
-0.30 -0.39 -0.48 [ - RTT/R:().16,T:20mK
]B[HA] 1017 ......|(’ N ......I7
10 R, [Q] 10
-0.30 T 1 e
< 0.1
E‘-O 39 T [K]
~ 0.01
-0.48 ' T
0.001
-200 -75 50 10"’ 107
VB [HV] R()]?t [Q]

Figure 15. (a) and (b) Simulated characteristic curves with varying Josephson coupling. The base
is current biased, so the negative input conductance appears as hysteresis. See Ref. P7 for the
parameters used in the simulation. (c) and (d) The spectral current noise density and minimum
noise temperature as function of the optimum noise resistance. Markers denote simulated and
lines analytic results.
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input impedance without a limit is also visible. In Fig. 15(c) and (d) equivalent current noise and
noise temperature obtained from the simulations, together with the theoretical predictions from
Egs. (58), (60) and (61) are shown. Reasonable agreement is obtained despite the simplifying
assumptions made along the derivation. This also indicates the improvement of noise properties
as the optimum impedance increases. It suggests that BOT is a potential low noise amplifier for

reading out sources with relatively large (of order 1 MQ or more) impedances.
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5. Summary

We have shown that the rich dynamics of Josephson junctions is of both theoretical and techno-
logical interest. Starting from the very basic description of a JJ, Eq. (1), we have derived models
useful in realistic applications. The theoretical models were successfully tested in comparison with
the experiments on the two devices under study. In both cases it was shown that the modelling
techniques are sufficiently accurate for quantitative prediction of device properties as well as for
optimizing them for practical purposes.

The new circuit solution for a programmable Josephson voltage standard was developed and
optimized. Stable operation at about 1 V DC level with metrological accuracy was demonstrated
experimentally. Characterization of the device together with preliminary experiments in AC gen-
eration suggest that it is also applicable in AC voltage metrology. A design with two independent
outputs is potentially applicable in arbitrary impedance intercomparisons as well.

The principle of operation of the Bloch oscillating transistor was first demonstrated computa-
tionally. After the first experiments, the comparison to refined models showed that the device
properties are quantitatively understood. Finally, an analytic theory was developed creating more
tools for gaining insight into the device dynamics as well as for the device optimization. It was also
shown that BOT can serve as a low-noise preamplifier in cryogenic circuits having an equivalent

current noise spectral density below 1 fA/v/Hz and a noise temperature below 0.1 K.
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Errata

In the published versions of articles following misprints have been found.

P2
1. Section IIB: ”1/27 fC > 2n fL;” should be ”1/27fC < 2nfL;".
2. Section IIB: ”...transmission line inductance for the length of one junction is larger than the

capacitive reactance, i.e. sfy > 1/2nw fC, where ...”
should be
”...transmission line inductive reactance for the length of one junction is larger than the capacitive
reactance, i.e. 2w fsly > 1/2nfC, where ...”.
3. Section IIC: ”...the initial and boundary conditions are I(z,0) = 0 for 0 < z < L and
I1(0,t) = I(0, L) = Iy.”
should be
”...the initial and boundary conditions are I(z,0) =0 for 0 < z < L and 1(0,t) = I(L,t) = Ip.”
4. Section IIC: Eq. (10) should stand

I(x,t) = I (1 - T;) (2n—ﬁ oL, sin (2n +L1) e exp <— (2n +1)? #))

5. SectionIID: In the last sentence (j.4f~!) should stand (j.2f71).

P3

Eq. (1) should stand
rPY/2

- -5
warye !
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SIS Junctions with Frequency Dependent Damping
for a Programmable Josephson \Voltage Standard

Juha Hassel, Heikki Seppé, Leif Gronbekiember, IEEEand llkka Suni

Abstract—Experimental and computational results on pro- 250 nm to 450 nm thick sputtered niobium layers and the
grammable Josephson junction array (JJA) chips based on dielectric material is Si@ grown with Plasma Enhanced
superconductor-insulator-superconductor (SIS) junctions are Chemical Vapor Deposition (PECVD) method. The re-
presented. Implications of circuit design and fabrication process _. e . .
on the performance are discussed. We introduce a method to sistor material is mo'dee”“m- The Josgphson junctions are
decrease the attenuation of the pump microwave. Different NDB/AI/AIO ,/Nb-sandwiches bounded with hO; formed
designs are compared, suggesting that 1 V chips operating at the by anodization. By varying the oxidization pressure, critical
third constant voltage step with 70 GHz pump frequency can be current densities from 10 A/cnto 100 A/cn? have been
produced with our process. obtained. With the junction size o2 xm) x (50 xm) critical

Index Terms—Josephson arrays, programmable voltage stan- currents can be varied from 1Q@\ to 1000.A.
dard, superconductor-insulator-superconductor (SIS) junctions.

Ill. EXPERIMENTAL RESULTS

|. INTRODUCTION The design of the test components is shown in Fig. 1(a).
O GENERATE ac voltage with a Josephson voltage stafhe junctions on different wafers had critical currents of about
dard rapid switching between constant voltage steps is &80 1A, 200 A, and 8001:A. The capacitance is about 45 pF
quired. This is possible only when the junctions are dampeaid the shunt resistance is about 0{25The junctions form
Programmable Josephson junction arrays (JJAs) are often bagségicrostripline and they are connected to the resistors via Nb
on intrinsically damped superconductor-normal conductor-ssifips. The strips and the resistor have an inductance of about
perconductor (SNS) or superconductor-insulator-normal codpH per junction.
ductor-insulator-superconductor (SINIS) junctions [1], [2]. A The measurements with one or a few series connected junc-
problem is the high attenuation of the pump signal, which limitéons showed that stable constant voltage steps were obtained for
the length of the array branch. It also makes it difficult to useomponents having. < 200 :A. The step amplitudes also fol-
voltage step$” = nf/K; with n > 1. Therefore, longer arrays lowed the Bessel-function dependendé, = 21.|.J,(AlL)],
are needed. In this paper, we present a solution based on extdrere; is proportional to the pump current antlis a con-
nally shunted SIS junctions, which can overcome this problestant depending on the shunt impedance and the frequency. The
The basic idea is to shunt junctions in a frequency dependéeamponents withl. ~ 800 ;:A, showed voltage steps, the am-
way so that damping is provided at the plasma frequency (typlitudes of which were suppressed with small pump amplitudes.
ically about 25 GHz) and at lower frequencies to enable rapillith larger amplitudes stable steps were obtained also in this
transitions between steps but not at the pump frequency. A satase. The measurements with arrays having a larger number of
tion is to use a notch filter at the pump frequency in series withinctions showed, however, that the voltage steps are rounded
the shunt resistor [3], [4]. This was found, however, too cunfFig. 2).
bersome to realize. A simpler solution is to use an inductance inTo determine the attenuation of the pump signal, the step am-
series with the resistor. This may degrade the stability of coplitudes of the first and last junctions in a series of 260 junctions
stant voltage steps, so a compromise has to be found. were measured as a function of the input pump power. The re-
Based on our earlier studies, we believe that a programmablgt was fitted to the functiom\l,, = 2I.|J,,(Bv/Py)|. The
voltage standard can be used as a precise ac reference atdtignuation was then determined from the ratio of constBnts
frequencies at least up to 1 kHz, if the bias system and the sigfel the first and the last junction. An example of the measured

filtering are optimized [3]. step amplitudes is shown in Fig. 3(a) for a shunted array and in
Fig. 3(b) for an unshunted array. The attenuation of the former
II. CIRCUIT DESIGN AND FABRICATION varied between 13 dB and 14 dB, i.e., about 0.05 dB per junction

15 dB/cm). For the latter, it was between 2.3dB and 2.7 dB, i.e.,
bout 0.01 dB per junction (3 dB/cm).The damping of a shunted
88junction branch is therefore about 15 dB, which explains the
rounding of the steps.

The process used in circuit fabrication is modified fro
the one used in SQUID processing [5]. The conductors ag

Manuscript received May 14, 2000; revised October 30, 2000.
J. Hassel and H. Seppé are with VTT Automation, Measurement Technology,

02044 VTT, Finland. IV. LINEAR CIRCUIT MODEL
L. Gronberg and I. Suni are with VTT Electronics, Microelectronics, 02044 . .

VTT. Finland. To study the pump attenuation, a linear model was con-
Publisher Item Identifier S 0018-9456(01)02612-2. structed, as shown in Fig. 4(a). The circuit simulation software
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Fig. 2. Current—voltage characteristics with 70 GHz pump. (a) Branch of 154
junctions. (b) 2310 junctions divided in eight branches.
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Fig. 1. Piece of microstripline including Josephson junctions. (a) Design of 0.4
test structures. Parametefs:= (100 —800) uA, C' = 45 pF,R = 0.25 ©, :
L = 3 pH. (b) Design used to minimize the pump microwave attenuafios: 0.2
(200-500) A, C = 63 pF,R = 0.31 8, L = 4 pH. For both (a) and (b) the ’
dielectric thickness of the microstripline is about fin. 0.0
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Aplac was used to compute the propagating amplitude at dif-

ferent points of the transmission line. The Josephson junctiof§ 3. amplitudes of the zeroth constant voltage steps as a function of pump
were described as capacitors and the Josephson coupling pear for (a) shunted array branch and (b) unshunted array branch. Both have
neglcted ntieanalyeis. The ranemission ne sectione Wl o, . 05 o v, n e S
described with the built-in model of Aplac. The model of [6fmpiitudes are suppressed from the theoretical values probably due to the
was used in calculating the parameters of superconductiggral noise.

microstriplines. In Fig. 5(a) it is shown the voltage amplitude

against the ground plane at the first and last junctions computides of the microstripline. With this arrangement the shunt re-
with the parameters of the system of Fig. 4(a). The resultirsgstors do not form a transmission line, and the series inductance
attenuation is then found to be about 13 dB, which is in godalocks the pump signal from the resistor more efficiently. It was
agreement with the measured value (about 12 dB excluding tilso found essential to maximizg /7, in Fig. 4(b). Making the
attenuation independent of the shunt circuits). resistor narrower by decreasing the sheet resistance of molyb-
denum increaseg-. Increasing the width of the junction de-
creaseYy.

The resulting voltage amplitudes at different junctions in an
An alternative design is shown in Fig. 1(b). The linearizedrray branch of 154 junctions are shown in Fig. 5(b). Owing
model of it is shown in Fig. 4(b). The most important differto the extra circuits the characteristic impedance of the trans-
ence is that the shunts of sequential junctions are at the oppositssion line is frequency-dependent. By varying the input and

V. DECREASING THEATTENUATION
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Fig. 4. Linearized models used in pump attenuation computation. (a) The 24 26 Vg/'lgR 3.0 3.2
circuit of Fig. 1(a). The parameters used in analysis Zse = 2.6 €, C
Zy = 172 Q, Z, = 6.0 Q,C = 45 pFF R = 025 Q and
Z, = Zy = 2.6 Q. (b) The circuit of Fig. 1(b) The parameters areFig. 6. Simulated/-V curves of junctions at different positions of the
Z0 = 2.0 Q, Z1 =172 Q,7Z, =135 Q,Z; = 7.3 Q,C = 63 pF, transmission line, when its total attenuation is 3.6 dB. The junction is described
R =031 QandZ, = Z;, = 1.6 Q. The strips connecting the junctions with the lumped model shown in the inset, the parameters of which are those
and shunts are drawn as inductors for clarity, but they are also modeledgagn in Fig. 1(b). Herd. = 500 pA. The effective step amplitude without
microstriplines. the resistance scatter is found to be abouf 04 200 pA.
(a) ———— 2
V/21V0 ' —— First Junction o [:I[’ I | I ! !
gy Xy Last Junction J
0.8 -""l--"q o F-"'.
0.6/ 7 1 50
0.4 T
0.2 . E=K
e 100 .
1.0} ' I ,-’f
® N M : e AR-n
0.8 b
50 | ¢ .
0.6 N
041 h ¥
0 L | L 1 |
k- i —— First Junctions _| -
02f - o oo o0 1 2 ..32.4 5 &
0.0 S 1.-/ N TP S S TR P ARMR o
0 20 40 60 80 100 120 140

f/GHz Fig. 7. Effective step amplitude of the third step as a function of resistance
scatter. It is assumed th& = 0.31 Q, A3 o = 200 pA, andVy = 434 pV

Fig. 5. The propagating amplitude at the beginning and the end ofirb(l)'
transmission line. (a) Model 4(a), 308 junctions. (b) Model 4(b), 154 junctions.
In (b), the voltage at different points of the transmission line is shown. The
ripple indicates standing wave, which has been minimized at 70 GHz. VI. SIMULATIONS
To find the I-V curve of the system, simulations including

output impedance&, = Z,, an optimum was found and thusthe nonlinear effects were executed. The lumped model is shown
no standing wave occurs at 70 GHz. The attenuation due to shinthe inset of Fig. 6. The valué = 4 pH was found by fit-
resistors is then found to be about 1.0 dB for 154 junctions. If thieg the impedance parallel to the Josephson tunnel element
shunt-independent part of the attenuation is 0.01 dB per junctimthe value obtained numerically from the linearized model
(the measured value), the total attenuation of 154 junctionsakFig. 4(b). The effective amplitud&l,, ¢ of the nth con-
about 2.5 dB and 218 junctions about 3.6 dB. Using 15 branchstant voltage step is defined so that all the junctions in the array
of 154 (218) junctions the output voltage is 1.00 V (1.42 V) ifre biased at the step simultaneously, if the bias cuthent
the pump frequency is 70 GHz. I, £ (1/2)AI, on. Herel,, = (nf)/(K;R) is the center of

We suppose that the pump attenuation in the unshuntbe step. The amplitude depends on the critical current, the at-
circuits follows mainly from the dielectric loss of the mi-tenuation and the resistance scatter. Also hysteresis decreases
crostripline. PECVD Si@ layers deposited at low temperatures\/,, ., Since a junction may be at the resistive branch of the
can contain up to a few percent hydrogen. Vibrational modésV” curve if it is biased so that the voltage is not unambiguous.
of Si-H bonds are known to produce strong absorption banltsFig. 6 it is shown arf—V" curve of the third voltage step for
in the infrared regime. They are also likely to cause excedsferent junctions in the same junction branch assuming that
losses at microwave frequencies. Processing %it0a higher the attenuation is 3.6 dB. It is shown that the step amplitude is
temperature may therefore decrease the attenuation. in this casd).41. ~ 200 uA. To include the resistance scatter,

13
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simple geometrical analysis (see inset of Fig. 7) shows that ttant voltage step with 70 GHz pump frequency. With the lin-

effective amplitude is obtained from earized model,we were able to predict the measured attenua-
tion caused by the shunt circuits. A proper way to damp junc-

2VLWAR . .

o (1) tions frequency-dependently was found to enable both rapid
switching between constant voltage steps and low pump signal

whereVj is the voltage of the step (in this case about 434  attenuation.

and A1, o is the amplitude if the scatter is zero. The error is

defingd aAR = (Ema". — Rpin)/2. Fig. 7 showsAI; g as a REFERENCES
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Optimization of a Josephson voltage array based on frequency dependently
damped superconductor—insulator—superconductor junctions
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We have developed a programmable Josephson voltage standard based on an array of
superconductor—insulator—superconductor junctions. The junctions are damped by an external
frequency-dependent shunt circuit, which allows operation at Shapiro stepswithWe derive
optimization criteria for the design parameters for a fast and stable array with low power
consumption. An array able to generate 14¥ ac voltage signal with sub-ppm accuracy is
experimentally demonstrated. Theoretically it is also shown that a fast programmable 10 V array can
be realized. ©2003 American Institute of Physic§DOI: 10.1063/1.1582341

[. INTRODUCTION Il. THEORY

A. Voltage step quality
The programmable Josephson voltage standards have

been a subject of extensive research recently. From the cir- For stable operation and immunity to extrinsic noise it is
cuit technologies the intrinsically damped junctions, Preferable to have large step amplitudes., the range of

superconductor—normal conductor—supercondu@ng*? Iow-freqpency bias curren_mn, V,V'th wh|ch.a quaptlzed.
. . voltage is reproducedIn this section we derive design cri-
or superconductor—insulator—normal conductor—insulator—

_ teria for a junction so that the step amplitudes would not be
34
superconductofSINIS), " have been found appropriate for suppressed from the theoretical maximum. For SIS junctions,

the purpose. We have studied the applicability ofjy \yhich the impedance parallel to the tunnel element is

superconductor—insulator—superconduct@&S) junctions.  egsentially capacitive reactance at the pump frequérttys
Although the low damping of SIS junctions introduces somecan be written as

difficulties and limitations, we show that they can be over-
come and that the junction properties can even be utilized. 3 ( i )
For SNS and SINIS standards it has been found difficult to "\ B.02
use constant voltage step&=nf/K,, with n>1 in long wherei is the pump amplitude in units of critical current,
arrays due to large microwave attenuation. We show that this, 2 .
) X . . o . Bc=2ml R°C/D is the Stewart—McCumber parameter, and
is not thg cgse W.Ith SISJunctlons.andgproper mrcwt dgsng )= (d,/I.R)f is the dimensionless angular pump fre-
The basic idea is to damp the junction dynamics with anyyency, andJ, is the Bessel function of the first kind. A
external frequency dependent shunt circuit in such a way th%quirement for Eq(1) to hold is that the pump frequency
the pump signal is not attenuated, but the lower frequenciegeeds to exceed the plasma frequency of the junction, which
up to the plasma frequency are. In our case the pump sign@ conventionally given ds
f is blocked from the shunt resistor by an inductance thus
preventing the attenuation. Q‘/EZS' 2)

We derive theoretically optimal design parameters for an  To find the effect of the external shunt circuit, simula-
externally shunted Sl$es-SIS array producing a desired tions using the resistively shunted junction model were ex-
output voltage. The properties of interest are stability, powegcuted assuming that the circuit is a linéd circuit parallel
consumption and speed of an array, the last one of whickP the tunnel element and its capacitar@@eThe system of
determines the accuracy of ac voltage generation. We corflifferential equations describing the circuit is
sider here especially the limitations in a binary type bias d2P
setup’ 8 We also demonstrate experimentally that an es-SIS ,80F+is+ sin®=ig+i;sinQr,

T

Josephson junction arrayyJA) generates 1 V output using
only 2310 junctions and the step=3. di dd 3

dr T dr

: &Y

n:

aAuthor to whom correspondence should be addressed; electronic maiwher_eq) is the superconducting p_hase _difference_ across the
juha.hassel@uvtt.fi junction, =27l ;R/®y)t the dimensionless timeg,

0034-6748/2003/74(7)/3510/6/$20.00 3510 © 2003 American Institute of Physics
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Aj 1.4
Teff 5] .
1.0 T

0.8

04} E 1 FIG. 2. The circuit equivalent of a JJA branch.

0.2}

0.0 1 ) : B. Microwave attenuation
3 4

BL/p Minimizing microwave attenuation in the array is essen-
LiFPe tial, since all junctions need to be biased with sufficiently
FIG. 1. The effective step height as function@f/ 3. for different 8. and S'm"ar pump amplitude. Here we try to qe”\_/e a S|mple ana-
Q. The definition is given in the inset. Parameters f@pen diamond  lytic expression for the attenuation in circuit of Fig. 2. We
Q=15 [?ZZQJ,Q(Open circle Q:(l-5l,dﬁc:3-0é Solid trianglg 0(11-5 assume that at pump frequency the current is mainly coupled
B.=4.0, (cros =1.5, B.=6.0; (solid squarg 1=1.5, B.=8.0, (open i ; ; ;
tricangle) 0=25, B.=3.0, C(solid diamond Q=2.5, 50:4.00, and (solid Cipacmve_lilpt;]ngh thhe JunCtIO}:' I'ef’ dHIC>2WfLJ’ |
circle) 0=2.5, B,=8.0. Effective step amplitude is not more than about W1€r€ Ly=®ol2ml. Is t. e _JOS?F’ _Son inductance. \We also
25% smaller than the maximum amplitudedf=<4 andg, <28;. assume that the transmission line inductance for the length of
one junction is larger than the capacitive reactance, i.e.,
] ] ) ) st>1/27fC, wheres is the length occupied by one junc-

=2mLI/®, the dimensionless inductanck, the low fre- oy and ¢, is the transmission line inductance per unit
quency bias currenti; the amplitude of the microwave |gngih We further assume that the inductive reactance of the
pump, andi the current flowing through the shunt resistor. g nt circuit is larger than the shunt resistance, i.exf[2
All currents are scaled to the critical curreint. The flux S R The loss due to shunt resistors in a junctionPisec
quantum isbo=h/2e. _ =(1/2)R12, wherel  is the current flowing through the shunt

A series of S|mulat|qns was executed varyifg, B, resistor. The propagating powé’rprop=(1/2)zolj2, wherel,
and Q). The pump amplitude was selected so that the Steps the current flowing through the junction ay is the
amplitude was maximized according to Ef). It was found  5nsmission line impedance. The ratio of current through the
that, if Eq. (2) is roughly valid, the step amplitudes follow g nt|_and the current through the junction is approxi-
Eq. (1) as long aspy is not too large. With larges, the  n4tely the inverse ratio of inductances, ik lj~sto/L.

amplitudes were found to be suppressed. However, the r&,mming up, one can write the attenuation per junction in
duced step amplitude was not found to be the upper limit of,a form

B\, but rather the increased hysteresis within the step due to )
reduced damping. By hysteresis we mean here that for a 1 Poss  [Sfo

; . . . : a= = =a. —| ,
given bias current, there coexist two solutions. One repro- 2 Pprop L

duces the quantized voltage, gnq another' one has Ohm\'ﬁhereaC:%R/ZO describes the attenuation of the line com-
current—voltage I(—V) characteristics. This is not accept-

. o - ) ! osed of the Josephson junctions with pure resistive damp-
able, since it limits the ability to select a desired quantlzeoP P ] P P

. . - “="ing. The factor §¢,/L)? indicates the improvement in trans-
output voltage by tuning,. We can require that the effective m?ssion line afte(;lua?tion due to the feequency dependent
step amplitudéi.e., the range of constant voltage step, Wheredamping of the Josephson junction
the voltage is a single-valued functionig) is at least about . . )

75% of the total step amplitude. The data from simulatedF With the design parameters of our arraigs-0.314),

. - =260, L=4pH, ly=14nH/m, s=33um, Eq. (7)
0 0
|-V curves for the first constant voltage step indicates thayi | 0.80¢ 104N ¢ junction(0.007 dB per junc-

tion) in excellent agreement with the result obtained with the
numerical model, where parasitic elements due to practical

()

sufficient criteria ardsee Fig. 1

=4 (4)  realization were also included and the approximations used
here were not imposéd.It is noteworthy thata,~0.06 Np
BL=28. (5) per junction(0.5 dB per junctiol i.e., inductance decreases

the attenuation markedly.

These were found to be sufficient criteria for higher steps as
well. C. ac calibration accuracy
In addition, second kind of hysteresis appears if the steps

i o > A proposed setup for ac generation with a programmable
become overlapping. This is preventedsege, e.g., Ref.)1

JJA is introduced in Ref. 11, where the errors originating
from different parts of the setup are considered. The accu-
0=1. (6)  racy limit set by the JJA itself is due to finite speed of
switching between different constant voltage steps. To find
Inequalities Eqs(2) and (4)—(6) now give the regime, an estimate for this, we assume that the switching transients
where the simple Bessel function dependence of(Egcan  are slow compared to Josephson and plasma oscillations.
be used in case of dnR shunted junction. Therefore we assume that the state of the JJA moves from
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Qe ‘ !

Ly —R L@ (1) ' i
5 - !
C. I T 4 |

L1 L

FIG. 3. The distributedRC; circuit used in analyzing the device speed.
1(t)=0 for t<0 andl(t)=1, for t=0.

one step to another via the resistive branch ofith¥ curve. -1 R i
During the transient, the Josephson junctions and the trans- 03 00 03

mission line look like a distribute®C; circuit as shown in T

Fig. 3. The transmission line capacitance per junctioB;s  FIG. 4. The digitized sine wave generated with a JJA is assumed to be a

The bias current ath junction obeys the following equation: superposition of pairs of pulses consisting of exponential edges. The ampli-
tudesA;=nf/K; are obtained with fundamental accuracy. The effects of
(:IIi 1 transients, timing and filtering have to be analyzed in order to predict the
g @(le— 21,41 4). (8) error of the resulting rms value of the ac voltage.

gutrrrﬁ ddgfrﬁijln?ﬁeogbcouvr;egéia?tfiosnuEZﬁqt:JeeT(ta v]vL:EtC;ﬁor;Ss IS aS'presented in Ref. 11. For example, if one needs to generate 1

kHz signal with an accuracy of 0.1 ppm the array needs to
al(xt) AX? P1(x,t) o have rrc=70ns.
it RG  gx2 ©)

where Ax is the distance between two junctions. This is aD. Optimization of the array design
heat equation. If the transition is, say, from the zeroth step to
another step, the initial and boundary conditions ldrg0)
=0 for O<x<L and I(0t)=1(0,L)=1,, wherelL is the
length of the array ant, is the bias current. The solution is

Here we describe a process, where the results of the
three previous sections are utilized to find optimal param-
eters for a circuit design. The objective is to provide design
values for a given output voltage so that the step amplitudes

* 4 (2n+1)mx and the ac accuracy of the device are maximized using as
(x,t)=1 o( - > (2n+1) sin 3 low microwave power as possible. The criteria to be satisfied
n=0 are those of Eq92) and (4)—(6). We assume that the junc-
t tions are in a microstripline geomettwidth w and height),
xex;{ —(2n+l)2a ) (10 whose impedance can be written as
wherergrc=(RC,/7?)(L/Ax)?. The sum term describes the Zo=\/ Ko E (13)
transient, and the slowest decaying terrmis0. Therefore €o€r W
the time constant is i.e., the effect of fringe fields and the kinetic inductance is
neglected. We further assume that the surface of the trans-
TRC=§N2, (12) mission line is completely consumed by the Josephson junc-
2

tions, i.e., that the space needed for junction boundaries etc.
is negligible. We also assume that there Brgunctions of

Wherele L/Ax(is the number of Jupct|ons. . width w and lengths divided intoM branches, each of which
To find out, how large an error in ac voltage generation . .
has an own pump microwave input.

this corresponds to, we assume bimatygr equivalent, bias :
. " The output voltage is
setup, where the voltage consists of superposition of voltage
pulses of the form shown in Fig. 4. For simplicity, we as- Uou=NN®f, (14
sume that the transients are exponentially shaped having
time constantrgc and that the rise time is the same for all
transients. By Fourier transforming the generated signal ang gi
defining that the correct voltage is the first frequency com-

Wheren is the step number.
The pump current needed to maximize the amplitude of
ven voltage step is

ponent, we arrive to the relative error In=2mk,®of?°C~2m(1+n)P,f>C, (15
v, wherek,~1+n is the argument, which maximizes timéh
KV 272 (fs7Rre)?, (120 Bessel function. This follows from Eql). The power propa-
! gating at the microstriplines iBin=§ZOIﬁM,

where fg is the frequency of generated ac signal. This is _ 2

independent of the bit count or the exact shape of the gener- Pin=Mp(1+n)*hws’, (16)
ated signal. An issue is, of course, filtering out higher harwhere p=2\/,u,0/606r772(1>3f40§, and cg=C/ws is the ca-
monics, but a method for doing this with high accuracy ispacitance per unit area.
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The critical current density. is maximized so that the parameterg., p, x, andy are constant for a given fabrica-
constraint set by Eq(2) is satisfied. This leads t6)\3.  tion process and a pump frequency. One should also remem-
=3 [or equivalently Vj./cs=(f/3)y27mdy]. For a given Dber that dimensions and s should be selected so that the
fabrication process this is done by selecting a proper tunnedelf-induced magnetic fields do not suppress the critical cur-
barrier thickness. The critical current is given lasj ws. rent, i.e.,w, S<2\;, wherel; is the Josephson penetration
The amplitude of thenth step I, is approximately depth(see, e.g., Ref. 12
(4/w?{/ﬁ)lc, ie., To quantify the above results, for our process, values

jo~3X10° A/m? andcy~0.05 F/nt and e,~6 apply. Forf

. jows 17) =70GHz, this leads top~7.8x10"W/m* «k~1.5
T X 10*1/m*, and y~1.7x 10 ?'sm. The measured value of
) ) dielectric attenuation isxy~5.8 Np/m (see Sec. I). From
which follows from Eq.(1) and properties of Bessel func-

) Nj~50um it follows thatw=100um can be used.
tions. _ o If we chooseU,,=1V and n=3, it follows that N
To minimize the attenuation per junctidiq. (7)], the — 2300[Eq. (14)]. If we require that .,=700A, it follows

inductance should be maximized under the constraint set bﬁﬁats=27,um [Eq. (17)]. ChoosingM =2 it follows from
Eq. (5), which can also be expressed las-2R°C in the Eq. (20) that h=<350nm. To minimize the ac erroh

limiting case. Using also t_he definition_(ﬁ, Eqg. (13), and —350nm is selected, from which it follows thatge
€o~po(h/w), the attenuation can be given as =26ns[Eq. (21)]. The power propagating in the transmis-

0j.\° 1 sion lines isP;,~0.6 mMW[Eq. (16)], which should be easily
a= \/Mgeoer<ﬁ) e available f_rom a Gunn diode.
o'/ Cg If we instead choosé), =10V, n=3, |;,=300uA,

The attenuation depends dh=3/\/E [see EqQ.(2)], and M =8, similar reasoning leads m_= 23000,s=11um, and

thus B, should be maximized. According to EG) B.=4 N=2.0um. The input power isPj,=2.4mW and rrc

and thusQ=1.5. The total attenuation of all junctions in a =490 ns. Comparing the two examples demonstrates the de-
branch[see Eq(7)] can now be written as creasing speed and step amplitude as a function of increasing
output voltage. At one volt level it is relatively easy to design
an array able to generate 1 kHz ac voltage with a sub-ppm
accuracy, whereas for a 10 V array this is significantly more
difficult.

To further study interdependencies of speed, output volt-
age, step amplitudes, and power consumption, we assume
now for simplicity thatay=0, i.e., that the attenuation is
only due to shunt resistors. Then, based on(£6), we can

N 3
atot:M(KhS + ays), (18

where k= (3] C/4®Of)3\/ugeoer/c§ and the second term is
added to account for the dielectric attenuation, whicljs
per unit length.

If the current at the entrance of a branchjss given by
Eq. (15), it will be |, exd —a] at the end of the branch.
Using the properties of Bessel functions and Eq, it can
be found that a tolerable variation in pump current along a
branch is about 2®,f2C, i.e., we must require that,
— I, exd — auu]<2md,f?C. Using Eq.(15) we can now write

You
D, f
where also Eq(14) was used. Using Eqg14), (16), (17),

)KhSS,

1 and(21) one can now derive the relation
ape=In 1+ﬁ . (19
_JB(n+1) o, (Ugden)®?
The requirement for the attenuation becomes stricten as TRCT 512 an(c, olchy) fJp, (22)
n

increases. From Eq$18) and(19) it follows that
where it has also been set at=2\; and defined a<,
E(Khs3+ ads)sln( 14 }) (20) =(ereq,u0)*1’2. We conclude that the speed of the optimized
M n array is fundamentally dependent on the required output
voltage Uy, the step amplitudé.,, and the required mi-
crowave powelP;, according to Eq(22). In order to double
the output voltage without affecting the speed, the micro-

If we assume thah=3 then an approximation In{i1/n)
~1/n can be used.
The array speed can be given, singg: in Eq. (11) is

UsingC, = ece ws'h, R=®,f/j wsQ andQ=1. wave power has to be more than 30 times higher, which is
( 9h= cosr offe S difficult in practice. One way around the problem might be to
_ NZE 21 use a higher pump frequency. Sinegc is proportional to
TRCT YN (1) jo*f 7%, and according to Eq2) j.=f?, the time constant is

roportional to 1§°.
where y=(2/372)®of ege, /] . proporti

The Egs(14), (16), (17), and(21) yield the quantities of
interestU ., Pin, lcn, @and 7gc as functions of the design
parameters, i.e., dimensioms s, andh, step numben, the The fabrication process is based on the VTT supercon-
number of junction\, and the number of branch®s These ducting quantum interference device process with some
have to be selected so that HQO) is satisfied. The other modifications:*> The main processing steps are as follows:

Ill. DESIGN, FABRICATION, AND EXPERIMENTS
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Contact hole Inductive strips

02 00 02 04 06 08 10 1.2
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Josephson junction Shunt resistor

FIG. 5. Photographs of a piece of a transmission line.

(1) deposition and patterning of the first niobium layer to
form the lower conductor in the microwave stripling)
Deposition of a lum thick silicon oxide layer by the plasma ) S S ST T S S
enhanced chemical vapor depositi®@ECVD) method. This 0200 0204 0‘20‘3 101214 16

insulator forms the stripline dielectri€3) Deposition of the A

trilayer that forms the Josephson junctions. This multilayerriG. 6. Measured—V curves of:(a) 2310 and(b) 3270 junctions divided
structure has the following constitution: niobium— into 15 branches of equal length. The amplitude of the 70 GHz pump signal
aluminum=aluminum oxide—niobium. The aluminum oxide is chosen SO that the amplitude of the third c_qnstant voltage step is approxi-
forms the tunneling barrier which determines the critical cur—ma1tEIy maximized. The components have critical currents of abouj200
rent density of the Josephson junction. The area of the Jo-

sephson junction is delineated t?y a_nod_izing .the surroundingur current array desigf8270 junctiongit follows from Eqg.
area. The layer fgrmed by anodization is an ms_ulator at IOV\f12) that a signal of 1 kHz can be generated with an accuracy
temperatures. This layer also forms the dielectrics of the C&5¢ about 0.1 ppm. However, it should be noticed that the our
pacitors. The lower niobium layer of the multilayer structure ' ' '
also forms the top conductor of the striplind) Deposition

and patterning of a 300 nm thick insulator lay&ECVD

arrays are not yet optimal, so following the lines of Sec. 11 D,
this could be improved.

- . " ; . The attenuation in a junction line was measured by mea-
silicon oxidg. (5) Deposition and patterning of the top nio- suring the amplitude of the superconducting step for the first

bium Iayer._This_ layer connects the upper glectrode Of hend the last junctions in an array branch of 260 junctions
Josephson junctiori6) Deposition and patterning of the mo- (Fig. 7). A fit of the formAI0=2Ic|Jo(Bi\/P_mn, wherel , is

lybdenum layer. This forms the resisto(g) Deposition and the critical current of the junctiorP,, is the input power to

patt;e_rhmn.g oft_the pss_swatmn IayéH’EIQth? S'“C]?tnhox'qe' it the array, and; is a constant. By determining the constants
Fig. 2 i\jurr:ctlon ¢ halnfs were a ﬁﬂ'zak:on 0 he C'r(.;u'F.m B; for the first and last junctions the attenuation can be cal-
9. 2. A photograph of a piece ot tn€ chain 1S Shown IN FIg.¢, 5164, The result was about 0.01 dB per junction in good

5. The mdgctange rngred for th.e microwave blqckade IS %greement with the calculated resut.007 dB, see Sec.
narrow strip, which is in series with the shunt resistor.

Other circuit elements were designed in a conventional

manner using standard microwave design methods. The 70 10 : i :

GHz pump is brought to the array chip via Brtype wave- RN o First Junction
guide. The transition from the waveguide to the chip is pro- 08F "o st Junction. Fit
vided by a finline taper, in which a design of PTB is used Al %) T Last Junction, Fit
(see e.g., Ref. J4After the transition there is a power dis- 27 oer 8 i
tribution network, which divides the signal into branches. In 04l \'f; 2. .
the design there were 16 branches each having 154 or 218 '3 P ‘\\ o
junctions. The arrays can be binary biased with a four bit 02 EYY \\ 1
arrangement. Extra short circuits at low frequencies are in- 00 R , N\
hibited by dc block capacitors. The series connection of 0.00 0.05 0.10 0.15 0.20

branches at low frequencies is provided via low-pass filters.
Measured —V curves are shown in Fig. 6. The micro-

wave power is selected so that the amplitude of the thirdFiG. 7. The result of the attenuation measurement with an array branch

constant voltage step is maximized. One can see, that tHving 260 junctions. Shown is the amplitude of the superconducting step as
i ; : function of the microwave amplitude at the input. The amplitude is mea-

VOIt&gEl steps appear flat within the given resolution. I‘argegured for the first and last junctions of the array. Based on the fit of the
resolution dc measurements have also shown that 1 V outpyyoth Bessel function of the first kind, the attenuation is about 0.01 dB per

voltage is reproducible within 1 nV with our arraysFor junction.

P, [arb. units]
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Abstract

We introduce an optimized Josephson double array
generating two independent voltages up to 1.5V using
only one microwave input. Such an array, combined with
the quantum Hall resistance, can provide the basic
traceability for an electricity metrology laboratory from
DC voltage to capacitance. We describe the array and
present preliminary experimental results from DC
measurements. Extending the output voltage up to 10V is
discussed.

I ntroduction

Conventional undamped Josephson array voltage
standards (JAVS) have nowadays a well established
position as the primary source of DC voltage utilizing
Josephson-relation V=Nf/K; where f is the bias frequency,
K; » 2e/h is the Josephson constant and N is an integer.
Redlization of AC voltage using quantum voltage
standards has been a subject of wide interest recently
[1-4], since it would provide a more direct link from
constants of nature to RMS voltage than the conventional
methods. Development of fast programmable Josephson
arrays has made it possible to tune the output voltage
rapidly enough to generate AC waveforms. Furthermore,
using two independent AC sources with adjustable
amplitudes and phases it is possible to construct a bridge
for comparisons of arbitrary impedances. This would, for
example, make it possible to create link from quantum
Hall resistance to the capacitance. In this Paper we
present the design and preliminary experimental results
from a new programmable JAV S suitable for the purpose.
The array can be driven with a single microwave source,
and it generates two independent, floating output

[ 2
[jm—>R

i Vou ri I
1 )
H:b &
H:b

voltages.

Array design and fabrication

The arrays are fabricated using externally shunted
Superconductor-Insul ator-Superconductor -junctions and
the standard VTT niobium trilayer process. The devices
are designed using frequency dependent damping of the
junctiong[1] and they are optimised to maximise stability
and speed, while power consumption is simultaneously
minimised[2]. In the optimum, these parameters are tied
together approximately by

tPl/Z "

f>, 1
UDIn” )

wheret istherisetime of the signal, P the input power, U
the output voltage, DI, the step width and f the pump
frequency .

In addition to optimal array design it is crucial to have a
fabrication process, which reproduces junction and shunt
parameter values to a high level of accuracy. We
improved the temperature control during junction
oxidization to reduce critical current spread across the
wafer. It is found especialy crucia to have a sufficiently
low variation in shunt resisance values within a chip [1].
In our case the criterion for shunt resistances is about DR
= (Rrax - Ruin)/2R < 6%. Here R« and Ry, are the values
of the largest and smallest resistances on the chip and Ris
the average value. The scatter of film thickness was
reduced by using the sputter in a mode, where the sample
stage oscillates during the deposition. Furthermore,
experiments with test structures measuring the effect of
both film thickness and litography indicated that we are

Fig. 1. A photograph of an array componet. The left inset shows a schematic of the two arrays as well as the microwave input
and terminations. The right inset shows a magnification of a piece of junction chain with junctions (large rectangles) and

shunts.



able to fabricate the required few thousand shunt resistors
with DR aslow as afew per cent.

The array is shown in Fig. 1. The fin-line taper provides
transition from an E-band waveguide to the microstripline
network, which delivers the power into two subarrays.
Both subarrays have 3315 junctions in series divided into
eight microwave branches. The maximum output voltages
of the subarrays are about 0.5V, 1.0V and 1.5V for f » 70
GHz using the first, the second and the third voltage step
(n = 1,2,3), respectively. The array bias is arranged in an
8 bit configuration. Furthermore a wiring of the voltage

ratio 3124/2209 » \/E is provided for resistance-
reactance calibrations. The critical current of the junctions
is about 700 mA. The estimated time constant of the array
is 100 ns, which enables generation of 1 kHz signal with a
relative uncertainty of about 0.1 ppm. In our preliminary
DC measurements we have obtained flat constant voltage
steps up to n = 3 within measurement resolution of a few
hundred nanovolts. An example IV plot at n = 2 is shown
in Fig. 2. The calculated microwave power consumption
of the array is 3.4 mW with n = 3 excluding the mismatch
from the waveguide transition. From the experiment, the
estimated total microwave power consumption was about
5mw.

0.9660030

0.9660025

0.9660020

Voltage (V)

0.9660015

0.9660010

1.95 2.00 2.05 2.10 2.20

Current (MmA)

Fig 2 : Current-voltage plot of one half of the double-
array chipatn= 2.
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We are aso currently developing 10V programmable
JAVS components. First arrays have been fabricated and
experimental results are expected soon.

AC and Impedance calibrations

A method to generate an accurate AC voltage with a fast
Jospehson array is presented in [5]. The latest version of
the electronics is described in [6]. In brief, the idea is to
generate a sguare wave by switching between voltage
steps +n and —n and to compare the first Fourier

3/2

component to a reference source (e.g. a caibrator) using a
lock-in amplifier asanull indicator.

Using the double array, a bridge circuit can be devised
using a single microwave input. One possible bridge
realisation is shown in Fig. 3. One array provides a stable
current for the bridge. A tunable arm is used to provide a
virtual ground. The second Josephson voltage is used to
find the exact ratio of the two impedances. Fine-tuning
the ratio can be done with frequency.

]

1kHz JVS

with ampl/

phase fine
tune

1kHz JVS
source

Fig 3 : Impedance bridge with two phase-locked AC
Josephson voltage references.
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Analysis of the Bloch Oscillating Transistor

Juha Hassel and Heikki Seppd

Abstract— The Bloch-oscillating transistor (BOT) is a
device where coherent Cooper-pair current in mesoscopic
Josephson junctions can be controlled with single-electron
tunneling from the base-electrode. We show computa-
tional results on the single-junction BOT (sj BOT). Also
the double-junction BOT (dj BOT) is introduced. An ap-
proximate formula of the device noise temperature is also
presented.

Keywords— Bloch oscillations, Single electron tunneling,
Mesoscopic tunnel junctions

I. INTRODUCTION

HE Bloch-oscillations in mesoscopic Josephson junc-

tions are coherent charge oscillations, which are a
manifestation of the band structure in the energy disper-
sion relation(1-4]. They occur if a junction is sufficiently
free of dissipation. However, also in an undamped junction
Zener-tunneling tends to drive the system to higher energy
bands thus suppressing the oscillations and some dissipa-
tion is needed to return the junction to the lowest energy
band[5]. In this paper we analyze properties of the Bloch-
oscillating transistor (BOT)[6], where the dissipation for
the junction is provided in a controlled way by a normal
tunnel junction. The computational results for the single
junction BOT (sj BOT) show that the characteristics are
qualitatively similar to those of a Bipolar Junction Transis-
tor. Furthermore, we present an idea of the double-junction
BOT (dj BOT), which is probably easier to realize.

II. MODEL

Two circuit equivalents of the sj BOT are shown in Fig.
1. They are equivalent up to the definition of voltages. The
junction #1 connects the normal conducting base electrode
to the superconducting island. The junction #2 connects
the superconducting island to the superconducting emitter
electrode. Its Josephson coupling energy Fj = ®gl,s/27
is assumed to be of the same order as the charging en-
ergy E. = €2/2C5. The impedance of the LR-circuit at
the collector electrode is assumed large so that the charg-
ing effects have to be taken into account when computing
single-electron tunnel rates of the junction #1 [7]. The
large-impedance environment also guarantees that the qua-
sicharge is a good variable describing the state of the junc-
tion #2.

The model used in simulations is presented in detail
in [6]. The junction #2 is described with the theory of
Bloch-oscillations(1]. The energy versus quasicharge ()2
is shown in Fig. 2. A band structure is formed, where
the magnitude of the gap between two lowest bands is
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Fig. 1. The equivalent circuit of the sj BOT. The circuits in (a) and
(b) are equivalent up to the definition of voltages.

the Josephson coupling energy E;. Between higher bands
the gap is assumed zero. If the junction is initially at
the lowest energy band and charge is driven to or from
the island via the collector, the quasicharge is increased
until it reaches the value |Q2] = e. At that point ei-
ther a Cooper pair tunnels through the junction so that
Q2 changes from +e to —e or from —e to +e, or Zener-
tunneling occurs so that the charge continuously increases
to |@Q2] > e. The probability of Zener-tunneling is PZ,, =

exp [—(71'63/85](:0) (EJ/EC)2:| [6]. We assume for the dis-

cussion that if {Q5| < e the junction is at the lowest (zeroth)
energy band, if e < |Qq] < 2e, it is at the first band etc.

It is assumed that no single electron tunneling [8] occurs
through junction #2. This is justified if €2/2C, < 24,
where A is the superconducting gap, i.e. that the junction
is biased below the gap at the voltage range of interest.
The single electron tunnel-resistance Ry is assumed con-
stant. This is justified if the junction #1 is biased above
the gap most of the time, which occurs if €2/2C) 2 A. It
is therefore preferable that Cy < C. The tunnel rates are
obtained using the Orthodox Theory with the local rule.

T T T
4 /\
/ \
DL /N :
Q3 SN T
I / \  Single-
N /
. / \electron
~— / A ing §
5‘2 - / \{unnelly u
0 \ //" N, 77
E \o Coherent S
oL Cooper ener
1 ) air tunneling tunneling W
P N s
0 L S H !
2 -1 0 1 2
Quasicharge (€)

Fig. 2. The energy versus quasicharge in a mesoscopic Josephson
junction. Different possible transitions are denoted with arrows.
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Fig. 3. The collector eurrent as function of the emitter voltage for
the connection of Fig. 1 (a). In (1) the Zener-tunneling is neglected.

III. SIMULATIONS

The parameter definitions and their values used in sim-
ulations are as shown in Table 1.

A set of simulated curves using the bias arrangement of
Fig. 1(a) is shown in Fig. 3. The active region, where the
Bloch-oscillations occur is shown in gray. The Figs. 3(a)
and 3(b) are otherwise similar, but in the latter Zener-
tunneling is neglected. In Fig. 3(b) it can be seen, that
in the region where Bloch-oscillations occur without dissi-
pation, the Josephson junction acts as a short circuit and
the relation I = Vg /R is satisfied. However, when Zener-
tunneling is turned on (Fig. 3(a)), Ic becomes smaller.

The curves of Fig. 3(a) can be understood by looking
at Fig. 4, where the quasicharge Q2 is shown as a func-
tion of time at different bias points. In Figs. 4(a) and
(c) the system never reaches the Brillioun zone boundary
|Q2| = e, so Bloch oscillations do not occur. In the active
region (Fig. 4(b)) one sees Bloch-oscillations interrupted
occasionally by Zener-tunneling, which takes the system to
the first band |Q2| > e. From there it is returned to the

TABLE 1
DEFINITIONS AND VALUES O THE DIMENSIONLESS PARAMETERS
USkD IN SIMULATIONS

Parameter Definition Value
(&} Cl /Cg 0.1

l LR%«ICZ 0.26
£ EJ/(62/202) 0.6

T R/RTl 0.5

oy h/m%e? Ry 0.077
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Fig. 5.
circunit of Fig. 1(b).
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Fig. 4. The quasicharge versus time at bias points denoted in Fig.
3(a).

lowest band via single-electron tunneling, the probability of
which can be tuned with the base voltage enabling collector
current tuning.

Fig. 5 shows the characteristics curves with the bias
arrangement of Fig. 1(b). It can be seen that the collector
current I has a plateau at about Voo ~ 1.8¢/Cy. At this
point the BOT operates as an ideal current source. We have
also shown that both current and power gain are obtained
for a small signal connected at the base electrode[6].

IV. NoisE

To approximately understand the noise properties of
the BOT, we assume that voltage noise at the input is
due to thermal noise from the tunnel resistance IRy, i.e.,
en = V4kgT Ry1. We assume that current noise is aris-
ing from the shot noise of the tunnel junction, i.e. i, =

V2elg = +/2e%fp, where fg is the frequency of single-

e e o Qo = o=
[N S~ NS~ )

Collector current I (¢/RnC,)

0.0
00 04 038

1.2
Voltage Vi (e/Cy)

1.6 20 24

The collector current as a function of the bias voltage for the



262

electron tunneling. We have also assumed here that the
subsequent tunnel events are not correlated. The noise
temperature is then obtained as

QTRTlesz Tth
=4 / R~ = /TT, 1
]\7}3 k/'B q» ( )

where the approximate equality assumes that the tunnel
resistance Rgy is approximately the quantum resistance
h/2e%. In the last equality temperature Ty = hfg/kp is
defined. The noise temperature is smaller than the bath
temperature if Ty < T

The optimal input resistance to the device can be simi-
larly estimated as

__ Enln

"7 kg

e T
Ropt = i ~ 2R, —1—,;. (2)
The value of fg is needed for the optimization and it de-
pends on several design parameters, which should be known
before the numerical values of T, and R,pt can be obtained.

V. REALIZATION ISSUES

In the experimental realization of the sj BOT probably
the most difficult issue is to implement the required large-
impedance environment in order to keep the quasicharge a
good variable and to preserve the charging effects essential
for the device. For example, if the capacitance Cais taken
to be 1 fF and the tunnel resistance 34 k{2, the required
inductance is 300 nH, which is very difficult to realize with
contemporary technologies. Possible solutions might be the
kinetic inductance of a nanotube, a narrow superconduct-
ing wire or the inductance of a series array of Josephson
junctions. However, a possibility might also be the double
junction BOT (dj BOT), shown in Fig. 6. Instead of pro-
viding the blockade by a linear circuit, an extra Josephson
junction is introduced to the collector electrode. The col-
lective Bloch-oscillations of the two junctions can now be
tuned by single-electron tunneling from the base electrode,
which according to our belief should result in dynamics
similar to those of the sj BOT.

Fig. 6. The equivalent circuit of the double junction BOT.

Frequency control
L/ BOT
I=ef.,
R=nR ’
_{ 4
HAX V=2f,

Fig. 7. A schematic of the measurement setup to provide a test bench
for the metrological triangle.

VI. APPLICATIONS

An active area of research today is the realization of the
metrological triangle. To date there is no setup, which
would serve as the test of its consistency to the level of
1077 or better. One problem is to find a component serv-
ing as a preamplifier stage in a measurement similar to that
of Fig. 7. There a resistor, whose value can be traced to
the quantum resistance, is driven with a current from a
single-electron pump (SEP). This is compared to a volt-
age obtained from a Josephson junction array (JJA). The
measurement gives the value of the Klitzing constant. -

VII. CONCLUSIONS

We have shown that the sj BOT has characteristics that
resemble those of a Bipolar Junction Transistor. The re-
alization issues were discussed, and the major difficulty in
practice was found to be the large-impedance environment.
Therefore an idea of the dj BOT was introduced. Intu--
itively, it should have properties similar to that of the sj
BOT.
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Low-Noise Current Amplifier
Based on Mesoscopic
Josephson Junction

J. Delahaye,' ). Hassel,2 R. Lindell," M. Sillanpii,” M. Paalanen,’
H. Seppi,? P. Hakonen}

We used the band structure of a mesoscopic Josephson junction to construct
low-noise amplifiers. By taking advantage of the quantum dynamics of a
Josephson junction, i.e., the interplay of interlevel transitions and the Coulomb
blockade of Cooper pairs, we created transistor-like devices, Bloch oscillating
transistors, with considerable current gain and high-input impedance. In these
transistors, the correlated supercurrent of Cooper pairs is controlled by a small
base current made up of single electrons. Our devices reached current and
power gains on the order of 30 and 5, respectively. The noise temperature was
estimated to be around 1 kelvin, but noise temperatures of less than 0.1 kelvin
can be realistically achieved. These devices provide quantum-electronic building
blocks that will be useful at low temperatures in low-noise circuit applications

with an intermediate impedance level.

Charge quantization in nanoelectronic devic-
es is expected to lead to a variety of novel
components. The most important invention
so far is the single-electron transistor (SET)
(1, 2), which presents an unsurpassed charge
sensitivity both in the normal and supercon-
ducting states (3). Fast SETs are good candi-
dates for readout devices in solid-state quan-
tum computers (4). Owing to its small input
capacitance, a SET works extremely well
with large source impedances, and various
applications of SETs have been proposed ac-
cordingly (5).

Superconducting quantum interference
devices (SQUIDs) reach extremely good
sensitivity with small-impedance sources
(6). They are the common choice for mea-
surements trying to approach the standard
quantum limit or even attempting to go
beyond it. At intermediate impedance val-
ues (~1 megohm), both SETs and SQUIDs
run into problems due to impedance mis-
match that seriously degrades their perfor-
mance in this regime.

We present an experimental demonstra-
tion of a Bloch oscillating transistor (BOT)
that is a good device candidate for interme-
diate impedance levels. The principle of the
device (7) takes advantage of the interlevel
transition probabilities and relaxation phe-
nomena in a quantum Josephson junction
(JJ), whereby it is possible to construct a
device in which a small current of single
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electrons is used to generate a substantially
larger (super)current of Cooper pairs. In our
experiments, a ratio of more than 30 has been
reached between these two currents.

The quantum behavior of a superconduct-
ing junction is described by the Schrodinger
equation (8)

A
d(¢/2)

where ¥ is the wave function describing the
state of the JJ, E is energy, ¢ is the phase
difference of the order parameter across the
junction, E. = ?/2C denotes the Coulomb
energy set by the junction capacitance C, and
the Josephson coupling energy E, = [(h/2m)/
(2¢)]I. is given by the critical current /. of
the junction (A, Planck’s constant; e, electron-
ic charge). From this Mathieu equation, en-
ergy bands (Fig. 1) should be formed in a
similar manner as that formed for electrons in
a periodic potential (9). In the limit of small
Josephson coupling, £ /E. << 1, the width of

(LD =0 (1
Eo B 0S¢ U= (1)
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the lowest band is nearly equal to £, and the
gap between the first and second bands is
given by £,. In the strongly superconducting
case, E,/E- >> 1, the bandwidth becomes ex-
ponentially small with exp[-(8E/E.)"?], and
the gap grows as (8E,E.)""?. This scenario is
valid only if the quantum fluctuations of charge
are suppressed by a resistance R. > R, =
h/(2e)* ~ 6.5 kilohms in the immediate vicinity
of the junction (R, resistance of the environ-
ment; RQ, quantum resistance); i.e., the lead
capacitance is blocked off from the junction.

The basic quantum dynamics of a JJ in-
volves Bloch oscillations and Zener tunneling
(illustrated in Fig. 1, left). Bloch oscillations
take place when the state of the junction
adiabatically follows its ground state. Under
the influence of a weak current bias, charge O
of the JJ runs along the band, which leads to
Bloch reflection at the Brillouin zone bound-
ary (indicated by the horizontal line in Fig. 1,
left). This time-correlated tunneling of Coo-
per pairs is characterized by a frequency f; =
I/2e in a current-biased JJ.

Zener tunneling occurs when the junction
leaves its ground state at the Brillouin zone
boundary by tunneling through the forbidden
energy gap without a change of charge. As
the bias current increases, the probability of
crossing the band gap by Zener tunneling
grows according to the formula (£, << E.)

PZener = exp(ilz/l) (2)

where the Zener breakdown current 7,
{(meE?)/[8(h/2m)E.]} (10). Thus, at bias
currents / ~ [(wE,)/(16E )]/, the probability
of Zener tunneling becomes substantial.

Relaxation downward from higher bands
can be induced either by an intrinsic mecha-
nism at rate I} or by an external quasiparticle
injection I'_,. Tf [} << I, then external,
active control of the junction dynamics can
be achieved. I} is a strong function of the
environmental impedance R, and it can be
made small when R.. > R, and when tem-
perature 7 is small (] 1).

To go beyond the regime of Coulomb

Fig. 1. Basic processes
of a BOT in the charge
space. (Left) Bloch os-

cillation on the lowest jB

energy band E© is
denoted by the closed
red loop. Occasional
Zener tunneling to the
second band £ s
marked by the vertical
orange arrow, and the -1
relaxation induced by

2 Vyy T1=RcC

—p —

YAy

EANTA JAY Vi

0 0nel

< »le

»
>

external quasiparticle
injection is indicated

1y, 1T+ Tg)

by the slanted orange arrow. On the lowest band, the largest possible voltage across the ] is at point

A, given by V"™ = dE@/dQ max POINt B denotes the location where V,

(Right) The voltage

blas

of the Josephson junction (VJ) is displayed as a function of time. The upward and downward tunnellng

rates, FT and F

as well as the quasiparticle tunnelmg rate I'; are discussed in the text. A moving

picture of the worklng cycle of the BOT can be found in Movie S1
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blockade of Cooper pairs (/2) and to have a
supercurrent / flowing in the JJ, the biasing
voltage has to satisfy V,,,. > dE@/dQI_..,
the maximum slope of the lowest band (point
A in Fig. 1, left). Then the junction will
propagate along the lowest level and perform
Bloch oscillations in a periodic manner at f;.
When the current increases, the probability of
crossing the band gap by Zener tunneling
grows. By properly selecting the ratio of E}/
E. and the current /, one can tune the prob-
ability ratio P, /Py, SO that the state of
the junction will tunnel into the second band
after a few Bloch oscillations (N on average).
If Vo < dEW/AQI .., the maximum
slope of the second band, then the state of the
JJ will become stationary on the higher band
after Zener tunneling. If there is no intrinsic
relaxation (I| — 0), the junction will not
relax and it will remain stationary, i.e., Cou-
lomb blockaded on the higher band (e.g., at
point B in Fig. 1, left). Consequently, there
will be no supercurrent in the JJ before relax-
ation takes place, owing to externally induced
quasiparticle tunneling (indicated by the
slanted orange arrow in Fig. 1, left). After
relaxation, the junction will again resume the
sequence of Bloch oscillations. In this way, a
small current of injected quasiparticles results
in a 2N-amplified current of Cooper pairs.
The voltage V() over the JJ during the
principal cycle of the BOT is illustrated in
Fig. 1, right: V() either varies sinusoidally
at f or is fixed by V,; .. The transition from
the former to the latter takes place over a time
scale set by the R.C time constant, whereas
the opposite occurs within the electron tun-
neling time. The simplest realization of the
BOT consists of a JJ, a normal metal tunnel
junction (NIN), and a compact large resis-
tance R (Fig. 2, top).

To estimate the current gain 3 of the BOT,
we can incorporate the relaxation rate due to
the base current I, I’ = I'; = I;/e, into the
total downward transition rate [which be-
comes I'y + I'y (Fig. 1, right)]. Assuming
that the time constant for charge relaxation
T = R.C can be neglected and that 7, flows
only when the JJ is Coulomb blockaded, one
may write for the BOT gain (V. > ¢/C)

Cdle Ve 1
Tdly eRc T, +T,  (3)

Here I denotes the collector current and V.
is the total transport voltage. This equation
predicts current gains on the order of 10 at
EJ/E. = 0.7 and T = 0.1 K. Further details
can be found in (/3).

We also performed more elaborate analy-
sis of the BOT operation based on the appli-
cation of P(E) theory to the tunneling rates
(14). The P(E) theory takes into account
probabilities of inelastic tunneling processes
in a resistive environment where phase fluc-
tuations are governed by R, and thereby, it

allows us to simulate the operation of the
BOT in a more reliable manner than was
possible in the first simulations (7) based on
the orthodox theory. By taking into account
both the inelastic Cooper pair and quasipar-
ticle tunneling, we obtained /-V curves simi-
lar to the measured ones. Contrary to Eq. 3,
these simulations show that a small (on the
order of 1 nA, strongly dependent on V)
base current is needed to reach  ~ 10.
According to our simulations, the maxi-
mum current gain takes place around £/
E. ~ 1, ie., in a region where the approx-
imations used (E;, << E) start to break
down; hence, all the reported simula-
tion results in this study should be consid-
ered as indicative only.

For technological reasons, our practical
realization of the BOT is slightly different
from the scheme shown in Fig. 2. Instead of
the NIN junction for injecting quasiparticles,
we used a superconductor-normal metal tun-
nel junction (SIN). This is a somewhat less
desirable choice, but manufacturing such a
device is nonetheless complicated because it
requires a rather elaborate four-angle evapo-
ration process (/5). The sample structure
consists of three elements: an Al-AlO -Al JJ
[SQUID-like geometry for tunability (15)]
with tunneling resistance Ry’ = 5 kilohms; a
superconducting-normal Al-AlO -Cu tunnel

1,
Normal metal I ¥ Base
el Josephson
g Jjunction
lc Rc

> ] X

ﬂ;ﬂ_ﬂ Collector

Vi

Fig. 2. (Top) Implementation of a Bloch oscil-
lating transistor. R denotes the collector resis-
tance; bias currents and the corresponding volt-
age sources are also marked. (Bottom) A scan-
ning electron micrograph of a manufactured
device in which the normal metal tunnel junc-
tion has been replaced by a SIN (Al-AlO,-Cu)
tunnel junction.
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junction with RF™ = 10 kilohms; and a
thin-film Cr resistor of R = 50 kilohms (20
pm long), located within a few pum of the two
junctions. A scanning electron micrograph of
a manufactured BOT device is displayed in
Fig. 2, bottom.

The measured /- characteristics of a hys-
teretic BOT device, called H, are illustrated
(Fig. 3) at a few values of base current 7.
The voltage V. denotes the full voltage
across the Cr resistor and the JJ. The base
current to the SIN junction is injected by
means of a 100-megohm bias resistor at room
temperature, but this biasing effectively be-
comes a voltage bias owing to the line capac-
itance of the coaxial line inside the cryostat.
The active region, where I;; has a large effect,
is small and moves with increasing ;. The
I-V curves are slightly hysteretic with respect
to the direction of the voltage ramp; of our
three samples, only sample H (15) showed
hysteresis. The hysteresis is related to the fact
that a variable part of /; causes only intra-
band transitions, not relaxation from the up-
per level.

There is a substantial asymmetry with re-
spect to the polarity of V. in the /-V curves of
sample H (the region where IVl is slightly
below the hysteresis loop in Fig. 3). At [, =
+0.8 ... +1.2 nA, the maximum current-
induced change at V. < 0 is ~10 times that
at V. > 0. We consider this asymmetry as
very strong proof that the underlying princi-
ple of the BOT operation is working: Relax-
ation due to quasiparticle tunneling can take
place only under one polarity (/6). If the
device would work as a parametric amplifier
owing to /5-induced changes in the environ-
mental impedance, then the behavior should
be symmetric. The maximum current gain is

10 1
5l 4
<
A
_oo} 4
— It
st / Wy 0 e |cl ]

-800 -600 -400 -200 O 200 400 600 800
V, (V)

Fig. 3. Current-voltage characteristics for a
hysteretic BOT device (sample H) at base cur-
rent /; = 0 (black), 0.4 nA (red), 0.8 nA (green),
1.2 nA (blue), and 2 nA (magenta). The param-
eters of the device are as follows: £, = 78 eV,
E. = 50 peV, R. = 54 kilohms, RY = 7.7
kilohms, and R3™ = 5.8 kilohms, where RY and
RN refer to the resistances of the Josephson
and SIN junctions, respectively. Up and down
voltage sweeps are represented by the solid
and dotted curves, respectively.
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obtained at /; = 1 nA, which is consistent
with our simulations using P(E) theory.

In the measured current gain at /; = 1 nA
on a nonhysteretic sample (NH) (Fig. 4), the
gain is seen to peak rather strongly with
respect to the transport voltage; the peaking
of the current gain becomes more prominent
with increasing values of (. This peaking
reflects the strong dependence of Zener tun-
neling on the external current. However, neg-
ative feedback can always be used to enhance
the operating region.

As a function of E/E_, we find a maxi-
mum, 3 ~ 35, at an optimum ratio of £/
E. = 3.4. Such a large ratio for £ ,/E. means
that higher bands of the junction are involved
in the process: The lowest bands are too
narrow to present a Coulomb blockade that is
as large as that needed for the BOT operation.
This factor has not yet been taken into ac-
count in our simulations. Above the optimum
ratio, the gain drops quickly. At present, the
rapid decrease of gain at large values of
E\/E. is not understood, and it may be a
weakness of our nonoptimized first devices.

The other main characteristics of a low-
noise amplifier are the available power gain
M, the bandwidth BW, the dynamic range 4,
the optimum input impedance Z_, and the
noise temperature 7y,. For the available pow-
er gain of sample NH, we obtained a value of
m = [(Z,)/(Z,)]B* = 5 by measuring B, Z,,,
and Z_ . This small value is due to an im-
pedance conversion, i.e., the measured input
impedance follows Z,, = BR., whereas at the
output, Z_ . = —30 kilohms at the optimum
operating point. The bandwidth is expected to
be limited well below min(1/R.C, f5/B) ~ 1
GHz, set either by the RC time constant or the
Bloch oscillation frequency. The bandwidth
restricts the minimum value of /; because, at
least, Iy > 2eBW, according to the Nyquist
sampling theorem. From the experimental

[
=]

£

(=)}

44

- )
ket |1

T
N

-0.8 -0.6 04 -0.2
Ve (mV)

Fig. 4. Current gain measured for a nonhyster-
etic BOT (sample NH) when the ratio £/E_ is
tuned over 1.8 to 4.4. The base current was
fixed at /; = 1 nA to maximize the current gain.
The parameters of the device are as fol-
lows: E"™®™ = 150 peV, E. = 35 peV, R. = 67
kilohms, RY = 4.3 kilohms, and R$™ = 10 kil-
ohms. In this BOT, we also had a Cr resistor of 50
kilohms next to the SIN junction.

www.sciencemag.org SCIENCE VOL 299

curves in Fig. 4, we obtain for the dynamic
range A = 50 pA at the largest current gains.
At gains on the order of 10, 4 = 250 pA.

The noise properties of a BOT are rather
complicated. This is mostly because the
input and output noises are strongly corre-
lated. Consequently, our noise analysis dif-
fers slightly from the standard modeling. A
BOT has two principal noise sources: the
shot noise due to [ and the broadening of
the Bloch oscillation peak caused by the
current fluctuations in collector resistance
R.. Owing to charge relaxation through R,
a BOT is insensitive to 1/f background
charge fluctuations that severely hamper
the operation of SETs.

The width of the Bloch oscillation peak is
given by the equation (&)

I = (m/e)’ksyT/Rc (4)

This contribution spreads approximately over
the frequency span of 2 GHz at 7' = 100 mK
with R = 67 kilohms. Thus, even though the
total power of the Bloch oscillation peak was
as high as (100 peV)?, it amounts only to
voltage noise of 2 nV/(Hz)"2. Further away
from f,, its contribution becomes smaller,
and its share can be neglected below 1 GHz;
indeed, the Bloch peak is so weak and broad
that it is barely visible in the Fourier power
spectra of our simulated data.

The most detrimental noise contribution is
the current fluctuation 7, due to the shot noise
of I (17). Because it is inherent to the device
owing to tunneling of electrons at the base,
this noise component must be independent of
the source impedance. In our noise model, the
source independence is achieved with a cor-
related voltage noise generator, e, = Z, i , in
the input circuit. Optimization with respect to
the noise factor (/8) results in Z_ = Z; and
T, = Zyjiylky = 2elyZ, [ky ~ eV, Jky. Typ-
ical values for our present samples are Z,, =
300 to 400 kilohms and 7, = 1 to 4 K,
calculated for moderate current gains of § =
4to6atly =02to04nAl[i, ~8toll
fA/(Hz)"?] (19). With i, = 10 fA/(Hz)"?, the
relative dynamic range becomes better than
80 dB/(Hz)">.

T, may be substantially smaller than the
above estimate. According to our simula-
tions, the base current consists of two parts:
Iy = Iy, + I, where I, induces interlevel
transitions (relaxation), whereas [, causes
transitions within only one band. The ratio
I;,/I5, depends on the operating point and,
typically, we find I, > I, in our calcula-
tions. Because only /5, produces current
gain, we expect 7 ~ 2el, Z, [k, << T,.In
the hysteretic regime, which vanishes with
growing resistance of the base tunnel junc-
tion, the ratio /;,/I;, has two stable values.
Close to the hysteretic region, the devices
have a large gain, because, in addition to the
change of I, there will be an enhancement in
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output current owing to a change in I, /I;,.

In principle, a BOT can be used as a
voltage-triggered, single-shot detector at
I; = 0. In this mode, a pair of oppositely
biased BOTs can be used as an “event trig-
ger” detector for charge qubits (20). Unfor-
tunately, only a very small coupling between
the qubit and the BOT is tolerated if one
wants to equal the decoherence times mea-
sured recently by Vion et al. (21).

The most likely application of the BOT
will be a submillimeter-wave detector based
on either a SIN (22) or a SIS (superconduc-
tor-insulator superconductor) tunnel junction
(23). Based on a SQUID readout with a noise
of 50 fA/(Hz)"? (24), a SIN detector reaches
a noise-equivalent power of 10~ '8 W/(Hz)"/2.
Similar noise characteristics are obtained
with SIS detectors, for which SET readouts
have been demonstrated to yield i, = 15
fA/(Hz)"? (25). Our noise estimates for
BOTs compare well with these results, even
though they are based on first, nonoptimal
devices. It has been suggested (25) that sin-
gle-photon counting could be implemented
with a quantum-limited SET for readout. An
optimized BOT might reach the same perfor-
mance, but in this case, it might be better to
use a BOT as a charge multiplier, i.e., in a
mode where individual charge pulses in the
output are resolved.

BOTs may also find their way into me-
trology, where the detection and comparison
of small quantized currents generated by a
single-electron tunneling current pump is an
issue. Ultimately, the goal is to close the
quantum triangle by combining Josephson
voltage, quantum Hall resistance, and quan-
tum current standards at the level of relative
uncertainty of 10~8. One approach is to use
an amplifier based on a cryogenic current
comparator and a SQUID to multiply the
current generated by a SET pump. The equiv-
alent current noise for such a setup has been
demonstrated to be 4 fA/(Hz)'? (26). With a
BOT, one should reach comparable noise
levels, with the further benefit of an on-chip
integration of the readout element.
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We study a circuit where a mesoscopic Josephson jun¢fidnis embedded in an environment
consisting of a large bias resistor and a normal-insulator-supercond{®8y junction. The
effective Coulomb blockade of the JJ can be controlled by the tunneling current through the NIS
junction leading to transistor-like characteristics. We show using phase correlation theory and
numerical simulations that substantial current gain with low current nojsel( fA/ \/H_z) and noise
temperaturg<0.1 K) can be achieved. Good agreement between our numerical simulations and
experimental results is obtained. @004 American Institute of Physics.
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. INTRODUCTION noise current amplifier&urrent noise ;<1 fA/ \/H_z referred

. : : . . : to inpup can be built on the basis of controlled JJs. The
Mesoscopic Josephson junctiofds) display interestin X . .
P P ] pay g mulated results are shown to be in a good agreement with

phenomena owing to the conjugate nature of phase and . .
charget Coulomb effects cause delocalization of the macro-24 experimental findings.

scopic phase variable across the tunnel junction, which leads

to the formation of energy band#As the bandwidth grows

rapidly with the band index, a mesoscopic JJ makes it pos; PRINCIPLE OF OPERATION

sible to construct devices where the operation is based on

controlling the transitions between energy levels of the junc-  Schematically our device is shown in Fig(l&ft frame.
tion, thereby controlling the effective Coulomb blockade of A Josephson junctiofl) connects a superconducting island
the device** The control is made using a small tunnel cur-to the emitter electrode(E). A normal-insulator-super-
rent of single electrons. Thus, the device is distinguishe&onductor(NIS) junction connects the normal base electrode
from the ordinary Coulomb blockade devices, like single(B) to the island. Furthermore, a high-impedance, thin film
electron transistor6SETS, where the current is adjusted by resistorR. connects the island to the collector electr¢@é

an external, capacitively coupled voltaye. When the isolation resistand®.>Rqy=h/4e?, charge fluc-

We have investigated the circuit where a mesoscopic Jquations on the JJ are small and the dynamics of the junction
sephson junctiortJ) is embedded in an environment con- consists purely of Bloch reflections at the Brillouin zone
sisting of a large bias resistor and a normal-insulatorboundary, interrupted by occasional Zener tunneling between
superconductofNIS) junction. The JJ is biased in the regime the band<.
where the system becomes a two-level system with two dis-  Fundamentally, the operation of a BOT is understood on
tinct Coulomb blockade strengths. The effective Coulombthe basis of the band structure of a Josephson junction. The
blockade of the JJ is controlled by the tunneling Currentenergy versugquas) chargeQ, of a JJ is shown with a thick
through the NIS junction, which leads to transistor-like char-uniform curve in the right frame of Fig. 1. When the collec-
acteristics. This device, called the Bloch oscillating transistotor is voltage biased by, the “island” chargeQ, tends to
(BOT),* provides a low-noise current amplifier whose input relax through R towards the valueQ,=(C;;+Cpnis)Ve
impedance level makes it an intermediate device between the CnisVe~Cs V¢, whereCy=C,5+ Cys. At Q,=e, Coo-
ultimate low temperature amplifiers, the superconductingser pair(CP) tunneling returns the system back to the state
quantum interference device and the SET. Q,= —e. Repetition of this Bloch oscillation cycle produces

We present experimental results on the basic propertieg net current from the collector to the emitter. The competing
of BOTs, and compare them with computer simulationsprocess for the CP tunneling &, =e is Zener tunneling up
based on time dependent phase correlation theory for elego the second energy band, where Bloch oscillations do not
tron and Cooper pair tunneling. We show that this provides @ccur and the current flow stog€oulomb blockade voltage
way to model the devices quantitatively. Noise properties oyE/9Q,> V). From the second band the system may return
the devices are discussed, the conclusion being that ultralowyack to the first one by single electron tunneling through the
base junction. Thus, as a result of a single electron tunneling

aAuthor to whom correspondence should be addressed: electronic maifVent thro_ugh the NIS junction, a sequence of Cooper pair
juha.hassel@uvtt.fi pulses is injected through the JJ, which leads to a current

0021-8979/2004/95(12)/8059/4/$22.00 8059 © 2004 American Institute of Physics
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_A—T—T phase-fluctuatioP(E) theory’®!* As a modification to the
= standard theory, we use time dependent voltageandV,

ES 3t —Vjg across the JJ and NIS junctions, respectiv®ly.is

e given by

o

~2 Vi =(Cnis/Cs)Vg+Q /Cs . 2

@)
9t A basically similar modeling approach has been employed
2 by Kuzminet al1? when investigating the role of Zener tun-
Sy neling on the IV curves of ultrasmall Josephson junctions.

2 -

The difference is that we include the effect of quantum fluc-
tuations in our model on top of the thermal noise which was
FIG. 1. Schematics of the circuiteft frame for controlling the Coulomb ~ €mployed in Ref. 13 only.

blockade of Cooper pairs. The injector of single electron current, the According to theP(E) theory, tunneling does not hap-
superconductor-normal junction, is denoted by NIS while the Josephsorpen strictly atQ,=e but is rather represented with a finite
junction is coined by JJ. Symbols for different biasing voltages and the’,. . . . ! . . . L
resulting currents are also given in the figug. denotes the island charge dI.StI‘Ib.utlon, which is schematlcally shown in Fig. 1. Within
that is governed by Eq1). See the caption of Table | for other parameters. this picture, one can still use the concept of band structure,
The right frame illustrates the energy vs charge diagram used in the simithe interpretation being that valu€s=<e correspond to the
lations. The distribution at the Brillouin zone boundary illustrates the chargeﬁrst band, aan,ze to the second band. The band gaps,

fluctuations due to the resistive environment. Arrows indicate possible tun-

neling processes in the BOT: CPT—Cooper pair tunneling, ICPT—ineIasticWhere Zener tunnellng takes place, are now reflected in the

Cooper pair tunneling, SET—single electron tunneling, Zener—tunnelingprobabilities at which the junction may pass from the lower

up to higher energy band’.p denotes the tunneling rate for both CPT and to the higher bandsee below.

ICPT. The most critical assumption is made while computing
the Cooper pair tunneling rate, for which the lowest order

gain equaling the average number of electrons in the CIgheo(;y_B Vﬁ‘_“d WhelrEJP(Z)F()e\é)<1.~g%rEthe sadmples ana-

sequence. This kind of action is below referred to as regula‘yze in this article, mepP(2eV)]~0.3E¢ and maxk,)

BOT operation. ~1.7E., so that second order effects may be expected to be
small. The Cooper pair tunneling rate can then be computed
as

IIl. COMPUTATIONAL MODEL )

. . . T 7Ej
The above picture is, however, an overidealization in ' (V)= —=—P(2 eV]), ©)
most experimental cases. In a real situation all input elec- 2h
trons do not produce output current pulses, but rather causghere the functiorP(E) is defined as
intraband transitions. It is also hard to fabricate large enough )
thin film resistances to achieve coherent Bloch oscillations. P(E)= L fw dtexr{J(tH— I—Et). (4
Qualitatively, the picture of the two-level system still works, 27h ) - h

but the measured current gains are clearly less than the Ca+he phase correlation functioh(t) = ([ ¢(t) — ¢(0)]¢(0))

culated  valueS. When . Re becomes. relatl_vely small, _which takes into account the fluctuations of the pha¢g
~10Rq, charge fluctuations grow and inelastic Cooper pair,

. oo on the junction.J(t) is calculable from the real part of the
tunneling may take place clearly before the Brillouin zone

bound Thi kes the d ) licated Environmental impedancé Here we have also made the as-
oundary. This makes the dynamics more complicated an umption that the effect of the environment is exclusively

our present experiments and simulations are aimed at CIarHue to the collector resistan&&for which theP(E) function

fying this question.. _ __was calculated numerically.
In our computational model the island charge as function | - “wv - limit Rc/Ro>Ec/KT, the CP tunneling rate as

of time is ohtained by Integrating the equation given by Eq.(3) becomes a Gaussian distribution centered
dQ, Vc—V, (dQ|) (dQI aroundV,=e/Cy .* If furthermore,Ec /kT>1, the distribu-
NIS

T Re at dat (D tion narrows to a delta spikEsz(wEE/Zﬁ)ﬁ(Z eV—4E,.)
which equals the equation obtained from the band model by
where the first term represents the charge relaxation througheglecting the effect of the environméntHence, the basic
the collector resistor, and the last two terms represent tunnefeatures of the band model are embedded in the peaked tun-
ing current in the NIS and JJ, respectivelg(; /dt) s con-  neling probabilities. In a proper band model, however, the
tains only quasiparticle current whiledQ,/dt);; includes  capacitance of the JJ entering E#). would be nonlinear and
both quasiparticle and Cooper pair tunneling. The base junagiven by d?E/dQ?) 1. In our model, we take the capaci-
tion is current biased, as in the experiments, but the gateance as constant, which is valid in the lingi§—0 only.
capacitanc&€z~ 1 pF(see Fig. 1 converts it effectively into
voltage biasvg.°

To integrate Eq(1) in the presence of finite Josephson
coupling and electromagnetic environment, we compute the Our sample parameters are given in Table |. Details of
Cooper pair tunneling through the I{p) and quasiparticle sample manufacturing and experimental techniques can be

tunneling through both junctionsl’éJ ,FS'S) using the found in Ref. 6. Measured and computkeV curves for

1
JJ

IV. COMPARISON WITH EXPERIMENTS
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TABLE |. Parameters for our samples. Tunneling resistaricek()) of the
Josephson and NIS junctions are given®y and RY'S, respectivelyRc

denotes the environmental impedance of the Josephson junctions. The divi-

sion of capacitance between the two junctiofig,s andC,;, are estimated

on the basis of the measured resistances and geometrical dimensions. Th

last column indicates the minimu]™ and maximumE}]® values of the
Josephson energy jaeV.

R%J R#“S Rc Cuis (fFF) Cyy(fF) EJmin/EJma><
1 8.1 27.3 23 0.28 0.95 22/78
2 7.8 5.8 50 0.6 1.0 83/83

sample | with various ; are shown in Fig. 2, each at several
values oflg. Whenlg=0, a weak Coulomb blockade is

visible at zero bias. The peak in current at nonzero voltages
reflects Cooper pair tunneling processes, which are enhanced
by single electron current through the base. The current ga
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.FIG. 3. (Colon I cV curves for sample 2 witk;/E-=1.7 at base currents
pB:O, 0.4, 0.8, 1.2, and 2.0 nA. The upper set represents data measured at

B is found to be maximized in the region with negative T=100 mK (see Ref. & The lower set is the result of simulation using the

slope: Bnax=3.2 atV<0 (Ig=3.3nA) andB,,=3.0 atV
>0 (Ig=2.5nA). From our simulations we geBmax
=2.8(1z=1.7nA) and 2.5(g=1.7nA), respectively. The

experimental parameters. It is offset by 10 nA for clarity.

fluctuations owing toRc=23 k(). Figure 3 displayd V¢

similar to the original BOT operation even though incoherent

curves for sample Il withE;/Ec=1.7. Both the measured tunneling phenomena modifies it strongly. Wheg>0, on

datd and the simulated.Vc curves display hysteretic be- the contrary,lg tends to drive the system into the second
havior. The computed curves in the regular BOT regime ardand, which leads to a suppression of 2e oscillations as seen
seen to display growing hysteresis with increasing base cut Fig. 4(b). The recovery of 2e oscillations now takes place
rent, in accordance with the measured data. Especially witfrough incoherent 2e tunneling, the tunneling probability of
largeE;, the current peak is at slightly lower voltages in the Which is determined by the “tail” of(E) function.

computed curves than in the measured data indicating that

Time domain plots ofQ, for the two hystereticl ¢

the computed probability of Zener tunneling is larger than inbranchessee Fig. 3are shown in Figs. @) and 4d). On the
reality. This is a sign that our simplified picture of the energyUPper branchFig. 4(c)] the dynamics is again regular BOT

band structure fails for largg; .

dynamics, essentially similar to that of Figlalt Now it is

The nonsymmetrical nature of the curves in Fig. 2 sug-Oobvious that the system almost never relaxes to its stationary

gests that the mechanism for current gain is different at opState, since the inverse BCy time constant is small com-
posite biasing polarities. This is illustrated in the time tracegPared to the tunneling ratéy;s. Single electron tunneling

of Q, in Figs. 4a) and 4b). In the regular biasing case
[Vc<0, Fig. 4a)] single electron tunneling is seen to drive

the system downwards from the upper band and, thus, it tries

250 0 -250 -500

500
Ve (uV)

FIG. 2. Sets ofl V¢ curves measuredleft) and computedright) at T
=90 mK on sample 1. Josephson coupling has been varied EyiflE
=1.2 at the topmost:;/E-=0.7 at the middle, ané ;/E.=0.35 at the
lowest set. In each set the base currdgts 0, 0.4, 0.8, 1.2, 1.6, 2.0, 2.4,
2.8, 3.2, and 3.6 nAin order from bottom to top The topmost set is offset
by —20 nA and middle set by-10 nA for clarity.
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FIG. 4. Time traces of charg®, at the operating points denoted by solid
circles in Figs. 2 and 3(a) regular BOT operation(b) inverted BOT opera-
tion, (c) regular BOT operation in the hysteretic region, &ddoperation in
the hysteretic region with only intraband transitions inducedl py The
arrows indicate single electron tunneling events.
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still clearly enhances Cooper pair tunneling. At the lowerV. CONCLUSION
branch, the system seldom returns to the lowest band, and
the base currerit; mostly consists of tunneling events caus- In summary, we have shown that devices can be con-
ing intraband transitions only. Therefore, Cooper pair tunnelstructed using interlevel transitions, driven by single electron
ing is less likely and the collector current remains small. Twotunneling. The single electron current can be used either to
stable solutions can coexist sintg>x(Vg—V;). Now, due drive the JJ into the blockade state, or out from the blockade.
to the current biased base electrog, and V,; can each Both methods are seen to yield substantial current gain,
dynamically assume two different average values, while theithough at slightly different values of bias voltage. Compari-
difference remains the same leading to equal base currents §bn of our experimental and theoretical results show that
both cases. time-dependen(E) theory can be employed quite success-
In our simulations, the transition from nonhysteretic tofyjly to model the behavior of such devices. The essential
hysteretic behavior can be crossed by increa&ingThis is  features of BOT dynamics were found to be recovered even
because increasing, enhances the stability of the type of i, the presence of relatively strong incoherent Cooper pair
solution presented in Fig.(¢) by increasing the rat€'ce  ynneling and the JJ could still be understood as a two-level
according to Eq(3). Near the hysteresis point, the ratio of gystem, whose switching is controlled by single charge tun-
base tunneling currents, /15, made of contributions caus- qjing. Furthermore, our simulations indicate that intraband
ing either interband transitionsg) or intraband transitions  transitions play a significant role in these three terminal de-
(Ig,) is found to vary steeply, for example, as a function ofvices. The devices may give substantial gain by conversion
Ilg. Consequently, a small change in the input current in-of base current between interlevel and intraband types. This
duces a large change in the output current, because of theads to noise powers that are substantially less than the val-
conversion of base current between the typ@lsand lg,- ues obtained from the input shot noise approximation.
Large gain may then be obtained with ultralow noise. The
output noise current is independent of source impedance if
Cg>Cs . In this case the noise temperature can be written
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Theory of the Bloch Oscillating Transistor

J. Hassel, and H. Seppa
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Abstract. The Bloch oscillating transistor (BOT) is a device, where single elec-
tron current through a normal tunnel junction enhances Cooper pair current in a
mesoscopic Josephson junction leading to signal amplification. In this paper we de-
velop a theory, where the BOT dynamics is described as a two-level system. The
theory is used to predict current-voltage characteristics and small-signal response.
The transition from stable operation into hysteretic regime is studied. By identifying
the two-level switching noise as the main source of fluctuations, the expressions for
equivalent noise sources and the noise temperature are derived. The validity of the

model is tested by comparing the results with simulations and experiments.

PACS numbers: 74.78.Na, 85.25.Am, 85.35.Gv

I. INTRODUCTION

The Bloch oscillating transistor (BOT)!~? is based on tuning the probability of interlevel
switching in a mesoscopic Josephson Junction (JJ). The equivalent circuit is shown in Fig.
1(a). The current I at the collector(C) -emitter(E) -circuit is controlled by the base current
I leading to transistor-like operation. The physics is based on controlling the state of the
JJ by means of quasiparticles tunneling through the normal tunnel junction connected to
the base electrode (B).

The state diagram as function of the (quasi)charge @Q; is shown in Fig. 1(b)%, where also
the transitions are illustrated. It is assumed that the Josephson coupling energy E; is smaller
or of the same order as the charging energy Ec = ¢?/2Cy, and that R, Rr1, Rra 2 Rg. Here
Cy, = 1 + (5 is the total capacitance of the junctions, R is the collector resistor, and Rp
and Rpo are the tunnel resistances. The quantum resistance Rg = h/4e* =~ 6.5 k2. We
assume that C is biased at a point, where Vo 2 e¢/Cx. The charge tends to relax through
the collector resistor Ro towards VoCys. Here Vi is the collector voltage. If the system is
initially at the lowest band (|@Q;| < e in the extended band picture we are using), at Q; = e
it is likely that a Cooper pair (CP) tunneling through the JJ returns the system back to
Qr = —e. Repeating this cycle, the Bloch Oscillation®, leads to a net current through the
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C-E circuit. We call the lowest band with allowed Cooper pair conduction the "first level”.

6 T T T T T /
\3 ) le intralevel /£
N tunneling

ElE]
) -lk
1
L

2 -1 0 1 2CVe
O, [e]

FIG. 1: (a) Schematic circuit of a BOT connected to a source and a load. Source Rg is connected
to the base electrode B and load Ry to the collector electrode C. The lead capacitances from the
electrodes to the ground are Cg and Cc. The BOT itself consists of a Josephson Junction (JJ) con-
nected to E, a normal tunnel junction connected to B and large Rc > R resistor connected to C.
All three components are further connected to a superconducting node, which has small capacitance

to the ground. (b) The state diagram of the JJ and the possible transitions.

A competing process with the CP tunneling is the Zener tunneling”, which provides a
mechanism for an upwards transition. Zener tunneling takes the system to the upper bands
(|Qr] > e). Cooper pairs are allowed to tunnel only near the band gaps |Q;| = ne, where n is
an integer. However, in the limit of small E;/Eq the Zener tunneling probability increases
very rapidly as function of the band index n. Therefore CP tunneling is virtually blocked
for |@Qr] > e. This enables us to treat the system as a two-level system. The ”second level”
consists of the higher bands with blocked CP tunneling. Downwards transitions are induced
by one or more quasiparticles tunneling through the base junction (see Fig. 1(b)). Tuning the
quasiparticle tunneling probability by changing base voltage or current leads to the control
of average current through the C-E circuit, and thus to transistor-like characteristics.
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The BOT was recently experimentally realized®, and simulations showed that its prop-
erties can be quantitatively predicted with a computational model®. It is potentially useful
in cryogenic applications such as readout circuits of radiation detectors, or measurement of
small currents in quantum metrology. The aim of this article is to gain more insight into
the BOT and to study the noise properties. To be able to do so, we derive an analytic the-
ory, and study its applicability by comparing the results to computational and experimental
data.

II. ANALYTIC THEORY

In the theory derived below, BOT is modelled as a mapping of voltages Vz and V¢ into
currents Iz and Io. We assume that a single tunneling event will not affect the voltages.
This is the case, since Cg, Cc > Cy; in a practical experimental setup.

We assume that 1 < E¢/kT < Re/Rg and E; < E¢, which means that the Cooper
pair tunneling rate reduces to a delta spike centered at |Q;| = e . This recovers our inter-
pretation of the two-level system. We also assume that Cy > ' and neglect quasiparticle
tunneling through the JJ. Below unnecessary subscripts for capacitances and charges are
dropped, i.e. C =Cy =Csx, R= Re, Rr = Ry and (Q = 7 = Q2. We analyze only the
regime, where Vo > e/C and V}; < 0, since this is interesting for the amplifier operation.
Here we have defined Vj, = Vg — V.

The collector and base currents are written as

yn
- 1Ty +1/T

(Ne)e
1T+ 1T @)

The transition rates between the two levels are I'y and I'|. The "saturation current”, i.e.

Io Is —Ip (1)

Ip =

current through the JJ at the first level, is Is = 2efp, where fp is the Bloch oscillations
frequency. The number of electrons needed to induce a downwards transition is (N.). Here
we have neglected the possibility of single-electron tunneling, when the system is at the first
level. This is justified, since typically the voltage |V;] is below the gap voltage in that case.
The Eqgs. (1) and (2) give general IV characteristics for the BOT.

Between tunneling events dQ/dt = (Vo —Q/C) /R. By integrating from @ = —e to
@ = e, i.e. over one Bloch period one gets fg, and consequently

where we have defined Vi =¢/C.

The upwards tunneling rate (the Zener tunneling) can now be written as'®
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where

(N) = exp <i> -1 (5)

is the average number of Cooper pairs in one sequence of Bloch oscillations. One sequence
here means the time between tunneling down to the first level and tunneling back to the
second level. The Zener avalanche current is I, = meE?/8hE.,.

The downwards tunneling at low temperatures and for large R is exclusively due to single
electron tunneling through the base junction. It is generally impossible to calculate exact
analytic expressions for (N,) and I'|. We proceed, however, by giving approximations in
two limits. For Vi < 2V one electron always suffices to induce a downwards transition.
Assuming further the low-temperature and large resistance limit of base electrode tunneling
rates, and that the transient is short compared to the inverse of the tunneling rate, it

follows!t

(Ne) =1 (6)
1 [(Vh o1
Fi:_ORT <V_Q+§>' (7)

If Vo > 2V the first electron tunneling through the base junction does not necessarily

cause a transition to the first level, but some of but intralevel transitions occur instead. In
this limit we have solved the problem numerically, and searched for a proper fitting function.
The result is'’.

(N.) = 0.04 (%)2 (8)

Ve Ve V! 1%
X exp (O.Sexp (1.8% +0.27 VgB — 0'272 +1
_ R+ R
Iyt =12e—-— (1 - (No)) (9)
B

Ry Vo)’
RC (252 +11)(-2) .
! < R )<%)

The fit is accurate, when Ry < R. The weaker dependence indicated by the unity term in Eq.
(8) and (2.5Ry/R +1.1) (V}/Vp)” term in Eq. (9) dominate at Vi & 2V, and large |V4]. In
this case only one quasiparticle is needed to induce a downwards transition. This is possible,
if the tunneling occurs during the transient immediately after the Zener tunneling, while still
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Q (t) < 2e. The exp(0.3 exp(...))-term dominates, when several tunneling events are needed
to induce an interlevel transition. The very strong dependence is roughly explained as
follows. Let us assume that 2V < Vi < 3V and the island charge is initially Q) ~ C'V (see
Fig. 1). Now at least two quasiparticles tunneling rapidly one after another are needed to
induce a downwards transition. The quasiparticle tunneling probability is at its maximum,
when ) ~ C'Vo. However, after the first tunneling event () drops down to CVy — e and
therefore the probability also drops. Hence the probability for the second quasiparticle to
tunnel before the charge relaxes back to () > 2e is small. The charge therefore tends to
oscillate between ) ~ C'Vy and Q) = C'Ve — e for a long time before the rather improbable
event at () < 2e happens. This generates a large quantity of intralevel transitions thus
increases (N.) and decreases I'|.

III. COMPARING NUMERIC, ANALYTIC AND EXPERIMENTAL IV CURVES

In this Section we compare the results with the numerical model® based on the phase-
correlation theory®?. Earlier, it has been found to agree well with experimental results.
Thus we believe that it provides evidence on the applicability of the analytic theory, though
in the limit of large R, a simpler quasiclassical theory® should work as well. Also a direct
comparison to experimental data is performed below.

In Fig. 2(a) we show a simulated set of Io — Vix curves (open circles), where the base
is voltage biased. The base voltage V}, is varied, while other parameters are R = 1.5 M(),
C =02f1F, Rpr =12 MQ, E;/Ec = 0.1, T = 40 mK and A = 1.5 mV. Corresponding
analytic curves (solid lines) are calculated from Eq. (1) using the approximation of Egs.
(6) and (7) when calculating (N,) and I'|. The agreement is reasonably good. An error
is caused by the finite temperature and the superconducting energy gap, when calculating
the quasiparticle tunneling rate of the base junction. If the tunneling rates are computed
numerically from the phase-correlation theory, the agreement is improved especially at low
values of V}, as denoted by the dashed lines in Fig. 2(a).

The remaining disagreement is related to the temperature dependence of Cooper pair
tunneling probabilities. Even if Eq/kT is as high as about 120, incoherent Cooper pair
tunneling enhances Cooper pair current at Vo ~ Vo = 800 V. The lower value of simulated
Io at larger values of Vo was found to be due to the fact that after a Cooper pair tunnels
through the JJ, it can immediately tunnel into the opposite direction due to incoherent
Cooper pair tunneling. This effectively suppresses (V) , or equivalently enhances I'y. The
effect is especially visible in Fig. 2(b), where a set of simulations with a current biased base
electrode is performed for the same device. The simulated curves (solid circles) fall below
the theoretical curves (lines) Io = (2 (N) + 1) I (see also Section IV), i.e. the current gain
is suppressed. However, if we artificially forbid the ”Cooper-pair back-tunneling” in the
simulation (open squares in Fig. 2(b)) the agreement is clearly improved. This shows that
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FIG. 2: (a) Computed Ic—Ve plots with R = 1.5 MQ, C = 0.2 fF, Rp =12 MQ, E;/Ec = 0.1, T =
40 mK and A = 1.5 mV (open circles). The base voltage has been varied as Vi, = —2.5¢/C, -3.0e/C,
-3.5¢/C, -4.0e/C, -4.5¢/C from down to top. Solid lines represent analytic values calculated from
Eq. (1) together with approzimations from Egqs. (6) and (7). Dashed lines are corrected analytic
curves, which take base junction nonlinearity at the finite temperature into account. (b) Computed
Ic— I plots for the same device (solid circles) at Vo =1.25¢/C, 1.5¢/C, 1.75¢/C' from up to down.
The open squares shows the same simulation without ”Cooper pair back-tunneling” and lines show

analytic predictions.

the effect indeed is the main factor suppressing the current gain in the point of operation
governed by approximation given in Eqs. (6) and (7). Another mechanism due to sponta-
neous downwards transitions was discussed in Ref.?, but it was found to be insignificant in
this case.

As the tunnel resistance of the base electrode is decreased and the Josephson coupling
increased in simulations and experiments citedell,’, the active bias region moves towards
higher V¢ indicating that the approximation of (N,) and I'| given in Eq:s (8) and (9) becomes
relevant. In Fig. 3(a) a set of simulations with parameters similar to those considered above,
with exceptions Ry = 375 kQ2, E;/Ec = 0.2 and A = 0 for the base junction (i.e. we have
assumed that the base junction is a NIN junction here). At the upper set it is again shown a
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set of simulated and analytic /o —V curves showing a reasonable agreement. The agreement
is again further improved by forbidding the ” Cooper-pair back-tunneling” in the simulation,
which is shown in the lower set of curves.

Fig. 3(b) shows the situation for a dataset with decreaced E. The topmost set consists
of analytic curves, where at Vi < 2V &~ 270 pV approximation of Egs. (6) and (7) and
at Vo 2 2V approximation of Egs. (8) and (9) is used. The two lower sets are simulated
at T'= 20 mK and 7" = 300 mK. Although again qualitatively similar, at T" = 20 mK the
main source of disagreement is the enhancement of I'; at a finite temperature. At T = 300
mK the spike is spread, since at relatively large temperatures (now E¢/kT =~ 2.6) also I'| is
increased due to incoherent Cooper pair tunneling in a same sense as indicated in Ref.?.

Fig. 4 shows a comparison of experimental (see Refs.? and® for detalis) and calculated IV
curves. The experiment (Fig. 4(a)) was performed with a current biased base electrode, and
the characteristic curves have also been solved for constant I in Fig. 4(b). The calculated
data is discontinuous at Vo = 2Vj, due to the different dynamics of downward transitions
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0.4

0.2
| L , T N 300 mK (Isimulated)
0.0 ' ' ' 0.0
1600 2400 3200 150 300 450 600
Ve [uV] V. [uV]

FIG. 3: (a) Computed Ic— Vi plots for a device otherwise similar to that of Fig. 3 except Rp = 375
kQ, Ej/Ec = 0.2 and A = 0 (an NIN base junction). The base voltages are Vi, = —1.0e/C, -
1.5e/C, -2.0e/C, -2.5¢/C from down to top (open circles) . Analytic IV curves (solid lines) are
calculated from (1) together with approximations from Egs. (8) and (9). The upper set (lifted by
1.5 nA for clarity) shows the result with the full simulation model, while the lower set shows the
result without ”Cooper pair back-tunneling”. (b) Analytic and computed Ic — Vi plots for a device
having R = 500 kQ, C = 1.2 fF, Ry = 250 kQ, A =200 pV and Ej/Ec = 0.3. The two topmost
sets have been lifted by 0.5 nA and 0.8 nA for clarity.
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FIG. 4: Comparison of (a) experimental’ and (b) calculated data. The parameters are R ~ 23 kS,
C= 1.2 fF Rp =~ 27.3 k) and Ej/Ec = 0.7. The base current is varied from -3.6 nA to -0.4 nA

from up to down.

as explained in Section II. The experimental data is not quite in the validity range of the
theory, mainly due to the small value of R ~ 23 k). Now R/Rg ~ 0.4E¢c/kp. Thus the
experimental data is partially washed out by fluctuations not included in the theory.

IV. LINEARIZED MODEL AND AMPLIFIER PROPERTIES

To analyze the BOT as an amplifier, we next linearize the model around a point of

operation. The linearization is formally given as

Z-C’ . Gout Im (el (10)

B 9z Gin Up

where i¢,ip,vc,vp are the small-signal components of collector and base currents and
voltages, i.e. small variations around the point of operation. The definitions of small-
signal parameters are Gy, = (0Ip/0VB)y,, gm = (01c/0VB)y,., 9. = (015/9Vc)y,, and
Gou = (01c/0Ve)y,- By using the definitions and Eqgs. (1) and (2) one now obtains the
small-signal responce as function of device and bias parameters. Note that Vz is kept con-
stant in the last two partial derivations. This is the natural choice, if the circuit shown
in Fig. 1(a) is used. However, if the emitter is voltage biased instead of the collector, V}
should be fixed instead. The choice does not have an effect on the analysis below, since
we will be assuming small Ry, whence Vi is constant (see Fig. 1(a). This renders g, and
Gout redundant. In other words, we assume here that the BOT is read out with a current
amplifier.

For some purposes it is also useful to define the current gain. 8 = — (0lc/01p)y,, =
—9m/Gin. By evaluating g,, and Gy, from the definitions, this is given as
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FIG. 5: A graphical representation of the small signal model of the BOT in the limit of small Ry,.

The noise added by the BOT is represented with equivalent noise sources i, end e,.

1 Is

S AT R "
Here we have defined
_ @+t (9(N,) o
b = I (N) < Vg avB) (12)

In the approximation of Eq. (6) g is zero, since (N_) is constant. Using Eqgs. (8) and (9)
instead makes values g =~ 1 possible. We call g the ”hysteresis parameter” of the BOT.
The noise model for the BOT in the limit of small R is shown in Fig. 5. The signal
and the noise from the source are described as current generators iz, and i, ¢ in parallel
with the source resistance Rg. The input and output impedances are R;, = 1/G;, and
Rout = 1/Goyi. The current generator Big at the output accounts for the gain. The noise
added by the BOT is represented in a standard fashion (see e.g.!®) by equivalent voltage
and current noise generators (e, and i,, respectively) at the input. According to Fig. 5 the
output noise of the BOT excluding the contribution of the source (i, s = 0) at the output is

1 1/R; 1/2
S = B8 4 B 13
1,0ut Rm + Rsﬁ en + 1/Rzn + 1/RS mn ( )
where S,,, and .S;,, are the spectral density functions corresponding to e,, and i,,, respectively.
Note that e,, and i,, and are fully correlated with equal phases in our model. We next choose

21 N
—Gm (FT + Fl)g

21 rr
St = S | — . (15)
B\ (T +T))

Physically, the noise current at the output of the BOT S; 5, is obtained by assuming that the

Sz — (14)

dominant noise mechanism is the two-level switching noise due to collector current switching

between values Ic =~ 0 and I = Ig. It can be shown, that with selections of Eqs. (14)
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and (15), Eq. (13) produces the output noise in accordance to the theory of a two-level
fluctuator(see e.g.'?). Furthermore, the generators are independent of Rg. However, the
backaction noise (i.e. the noise current igs through or voltage accross Rg) is not correctly
predicted by the model.

The noise figure, defined as the ratio of total noise at the output divided by the noise
contributed by the BOT, is F = 1+ S [(BRs)® (Rin + Rs)? Sins] , where Sis =
4kTy/ Rs is the spectal density function of i, g and T} is a reference temperature. One gets
optimum impedance R, and corresponding minimum noise temperature 7,, by minimizing
F with respect to Rg and using the definiton F =1+ T,,/T,. It follows

Sen
Ropt == S@ == ’Rzn’ (16>
1= L Gy - el S )
kg kg

The correlation of the two sources shows in Eq. (17) in such a way that the prefactor is
1/kp instead of 1/2kp, which is the case for uncorrelated sources. The difference stems from
the fact that now the amplitudes of the two sources rather than the powers are summed.

If the approximation of Eqgs. (6) and (7) is used to evaluate (N.) and I'| (whence also
Bp = 0), one gets for some gain and noise parameters

B=2(N)+1 (18)
-3
2 [_de (v Ve Iy
=y (v ) (1 1) 19
Ropt = Ry (1+T/T)* (20)
e (Vo r, !
S YAEARS @1)

In this mode the BOT acts as a simple ”charge multiplier”, where one electron trigs (N)
Cooper pairs, thus § = 2(N) + 1. The current noise can also be expressed as S},{Q =
2v/elp (1+T/T1)~". In the limit of small T'; /T'; the Bloch oscillation sequences are short
compared the total length of the "duty cycle” 1/I') + 1/I";. Then the equivalent current
noise can be understood to be simply the shot noise of the input current. In that case
S% = 2,/el. The prefactor 2 instead of more familiar /2 is due to the random length
of charge pulses as opposed to the standard shot noise. With large I'|/T';, or with long
Cooper pair sequences, the noise drops. The impedance also increases because single electron
tunneling is forbidden during the Bloch oscillations. One should remember, however, that
this is strictly true only in the absence of base junction leakage current.

7/10



As noted above, the spectral noise density of the backaction noise current (igs in Fig.
5) in general differs from S; ;,,. It can be shown, that for either I'; /T < 1 or I't/I'] > 1,
it is exactly that of the base current shot noise, i.e. y/2elg. The maximum suppression
of ips occurs at I'} = I'|, where the fano factor is 1/2. The reason for the difference in
the equivalent current noise and the backaction noise is, that in the limit of large I'| /T’y
the output current noise becomes fully anticorrelated with igs. Thus ig4 does not directly
determine the current resolution, or vice versa. To minimize the backaction noise, the
device should be operated at a low base current. The low limit is here is set by spontaneous
downwards transitions due to incoherent Cooper pair tunneling®.

If the approximation from Egs. (8) and (9) is used instead of Egs. (6) and (7) for
calculating I'| and (NV.), the dominating terms are in many cases those dependent on (g
especially if g ~ 1. Here we give estimates of some gain and noise parameters. The
derivation details and other parameters are shown in Ref.!!. The hysteresis parameter is

R\’ me’R (E; 2
Or = 0.02 <R—T) exp < 6h (E) ) , (22)

while some other quantities of interest are

Br1.2(1—-08)" (23)
1/2 12e @ _1
R
Ropt ~ Eﬂ (25)
_50Ec (Rr\* .,
na e () o 20

As g — 1 the current gain [ diverges. However, the trade-off is that the optimum
impedance R, also diverges. The fluctuation at the output does not depend on Bg, so
the current noise Sz-lf and the noise temperature 7;, decrease at the same time.

The physics in this limit can be understood as follows. With very large Gp the main effect
of increasing Vg is increasing the number of electrons (N.) needed to cause a downwards
transition (see Eq. 12). This leads to decreasing I, i.e. negative input conductance. With
very small Sp the only effect of increasing Vi is decreasing I'j. This leads to increasing
Ig, i.e. positive input conductance'. At intermediate values, i.e. B =~ 1, the input
conductance is close to zero. The effect is that a small change in Iz causes a large change in
V. Consequently I'|, and thus also I- change considerably. This leads to the enhancement
of the current gain. Since the noise at the output is not enhanced comparably, this leads to
decrease of the equivalent current noise and the noise temperature.

A set of simulated I — Ip and Ig — Vp-plots with a varying Josephson coupling are

shown in Figs. 6(a) and (b). The parameters were chosen so that the device is realizable
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with Al-tunnel junctions (see the Caption of Fig. 6). Current biased base electrode was
assumed. This shows how the current gain and the input impedance increase without limit,
as (g approaches unity. As (g exceeds unity the curves become hysteretic. If the source
resistance Rg is large, hysteresis is a manifestation of negative input conductance. Therefore
a sufficient stability criterion for all source resistances is fp < 1. For small source resistances
the device is stable independently of Fp. The simulated IV curves become hysteretic at
E;/Ec ~ 0.25. According to Eq. (22) E;/E¢ =~ 0.32 leads to Gg = 1. It is also worthwhile
to compare the stability criterion to experiments. In Ref.® the two samples have 35 ~ 0.07
and (g ~ 1500 according to Eq. (22). The first one does not show hysteresis, whereas the
second one does.

The current noise and the minimum noise temperature are shown as the function of
the optimum resistance in Fig. 6(c) and (d). The computational noise data was obtained
by performing a Fast Fourier Transform for the output current and averaging the low-
frequency part. This together with computed small signal paramters gives the equivalent
noise parameters. A correct form of dependencies, i.e. Sl-lf X R;plt and 7T, R;plt are
correctly reproduced as compared to Eqs. (24) - (26). Differences in absolute levels can
partially be explained through the inaccuracy of the approximation. To some extent the
differences can also be understood with reference to excess noise mechanisms discussed in
Section V. However, correct forms of dependencies and the order of magnitude are correctly
predicted by the theory.

V. SUMMARY AND DISCUSSION

We have developed an analytic of the BOT based on a two-level system. The two-level
picture has some limitations. It excludes the effect of additional noise due to the finite
band width of Bloch oscillations with finite R or 7. It also excludes the additional noise
of the leakage current (due to intraband transitions) through the collector resistance. Also
the evaluation of transition rates at the limit of low 7" and large R introduces some error.
The agreement with finite temperature data was, however, generally good suggesting that
the approach is sufficient to yield quantitative predictions in the limit under discussion.
Expressions for amplifier properties such as gain, stability, impedance levels and noise pa-
rameters were derived enabling amplifier optimization for a given purpose. It was shown
that equivalent current noise spectral densities below 1 fA/ vHz and noise levels below 0.1
K can be obtained with optimum impedance levels of order a few M{2. According to finite-
temperature simulations the noise temperature of the BOT can also be brought below its
physical temperature.

Most other well-known mesoscopic amplifiers, e.g. single-electron transistor (SET)' or
single Cooper pair transistor (SCPT)!® are based on controlling a current flow by charging
a gate electrode. The BOT is, on the other hand based on controlling the state of a JJ
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by means of quasiparticle tunneling events. This makes it insensitive to bakcground charge
fluctuations, whence 1/f noise is smaller. This makes it potentially better in low-frequency
applications.

BOT was generally found to work in two modes. The first one is a simple quasiparticle
- (N) Cooper pair converter. In the second mode intraband transitions play a role. These
can be utilized to enhance amplification and suppress equivalent noise, but make the device
potentially unstable. A stability criterion was derived and quantified by the hysteresis
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FIG. 6: (a) and (b) Computed Ic— Vo and Ip—Vp curves (R =500 k2, C = 1.2 fF, A =200 u'V,
T =20 mK and Ry/R = 0.5) The Josephson coupling Ej/Ec is varied from 0.18 to 0.28 (from
left to right in (a) and down to up in (b)). (c¢) The current noise spectral density Si, referred to
input and (d) the minimum noise temperature Ty, as function of Rop. Within each dataset E;/Ec
(or equivalently Bp) is varied. In (c) and (d) the parameters are as above with the exceptions of
varying Rp/R and T as shown in the legend. The bias point in the simulations with T = 20 mK
is Vo = 3.5e/C and Vo = 4.5¢/C' for those with T' = 300 mK.
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Theory of the Bloch Oscillating Transistor: Derivation details

Appendix A: Downwards tunneling probabilities

To calculate (N.) and I'| we first derive an approxi-
mation for the quasiparticle tunneling rate through the
base junction as function of charge 'gp; (Q). Neglecting
the thermal rounding we get

1 V; 1
Lopi(t) = " (V_; - 5) (1)
1 Q1) Vo4V o 1\ .
= RTC ( . VQ 5 ) if |V1| > Va

Top1 (t) =0, if |V1| < Vg,

where the gap-voltage is Vi, i.e., we neglect the leakage
current at the subgap voltages. In the most straightfor-
ward experimental realization the base junction is a NIS
junction. In this case Vi = A + Vp/2 including the con-
tribution of both superconducting and Coulomb gaps. In
principle it is also possible to realize the base junction as a
NIN junction, i.e. with suppressed superconductivity on
the other electrode. Then the gap voltage is Vg = Vi /2.
In general, I'gp; is a function of time due to the time
dependency of charge.

We next separate two different regimes to find analytic
approximations for (Ne) and I'}. If Vo < 2V one elec-
tron always suffices to return the system to the first level,
i.e., (Ne) = 1. In this case the probability distribution
of the first quasiparticle tunneling event after the Zener
tunneling is

t/At
P(t)=Tqop1 (1) lim H (1 -Tor1 (§AL)), (2)

which is the probability that an electron will tunnel at
time ¢ times the probability that it has not tunneled at
earlier times. The charge in Eq. (1) before the first
quasiparticle event obeys simple RC-relaxation, i.e.

Qt)=CVe (1 + (% - 1> e—%t> , (3)

C

where we assumed that Zener tunneling occurs at ¢ = 0
(or equivalently that @ (0) = e). The average rate I'} is
the inverse of the weight of the distribution given by Eq.
(2). Thus
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FIG. 1: Computed data for (N.) and I'| obtained by solving
Egs. (1) and (3) numerically (open circles). In each frame the
base voltage is varied as Vg = —1.0e/C, -1.5¢/C, -2.0e/C, -
2.5¢/C, -3.0e/C from left to right. The lines correspond the
fits, i.e. Egs. (7) and (8).

(Ne) =1 (4)

P () dt )

I
In general, the downwards rate has to be evaluated
numerically from (5). However, if we further assume that
the transient in Eq. (3) is short, Eq. (2) reduces to
a simple exponential distribution. This is equivalent to
assuming that Q (t) = CV¢ at all times, and thus Eq. (1)
also becomes time independent. Now simply I'| = I'gp1,
and it follows

1 V! 1
ro—__+ (Ys 1y
L= " CRr (VQ+2) (6)

If Vo > 2Vg it is possible that the first electron tunnel-
ing through the base junction does not cause a transition
to the first level, but some of the single quasiparticle
events lead to intralevel transitions instead. To solve
(Ne) and T'| analytically from Egs. (1) and (3) in this



case is unfortunately impossible. To find a sufficient ap-
proximation for our purposes, we have solved the problem
numerically and searched for a proper fitting function.
For simplicity we have assumed an NIN junction at the
base electrode, i.e. Vo = Vp/2 in Eq. (1). Some fits are
shown in Fig. 1 and the result is

5 =001 ()

Vi VeV V!
X exp (0.3 exp (1.8‘/—2 +0.27 ;23 _ 0.2_B>> +1
Q

_ ol R+ Rp
1 _ [ ZC _ o
rt= <0IB)V(, 126 (1= (Ne)) (8)
Ry Vo’
+ RC <2.5 R +1.1> (VE’;) .

Appendix B: Hysteresis and noise parameters

In this Appendix we show the derivation of hysteresis
and noise parameters in the limit S5 ~ 1. The starting
points are the definitions

@y +ry) oV, or
Pe = Ty (N) Vg / oVy )
ry or
m=Is——1— L + Gy 10
! “(C+1,)° Vs (o)
1 Ig
e R 11
P T N (=) (D
56}7/12: 21g rr ; (12)
—9m \ (U1 + 1)
S},{Q _2s LT&" (13)
I54 (FT +Fl)
Sen
Ropt = 5. (14)
Tn - ki V SenSin~ (15)
B

The main task is to get sufficient estimates for Ig, I'|,
Ty, (Ne), 0(N.)/0Vp and OI'| /0Vp near an interesting
point of operation. We note that for the approximation
from Eqs. (7) and (8) used for (N,) and I'| to apply the
collector voltage must satisfy Vo 2 2Vg. For simplicity
we assume that Vo = 2Vp. When the system is at the
second level, the voltage across the JJ is Vo 2 Vi and
the collector current consists of the leakage current only,
ie. Ic = —Ip. Assuming that Vo = Vg and that the
base junction roughly acts as a linear resistor we get by
analyzing the circuit of Fig. 1(a) and noting that by def-
inition Vg = V} + Vo the result V; = -V (1 4+ Rr/R),
i.e. we have found estimates for the bias parameters.
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Using these and Egs. (??), (??7) and (7) we can readily
write:

2e
~ 1
"~ RCIn3 (16)
1 mRC E?
"~ RCm3 P (‘ 8h E_gEC) (17)
2
(N.) ~ 100 (R—RT> . (18)

In the last Equation we have also utilized the assumption
Rr <R.

To find an estimate for I'j we can use physical intuition
and insight learned from simulations. Since the operation
is based on switching between the two states, the system
spends roughly as much time in both states. Thus

r |~ FT' (19)
Although some error may be introduced by doing this,
it is not too severe, since most properties depend more
strongly on the derivative 9T') /0Vp, which will be calcu-
lated separately.

The derivative 0 (N.) /0Vp is obtained by direct dif-
ferentiation of Eq. (7), inserting the bias parameters Vg,
Ve from above and applying the approximation Ry < R:

O(Ne) 270 (&)2_ (20)

Vs Vo \ R

To obtain 0I'|/OVp we first note that I'| de-
pends on Vg both through the explicit dependence
in Eq. (8) and through (N.). Since (N.) depends
very strongly on Vp we will approximate OI'| /0Vp =~
(T /O (Ne)) (0(N) /0Vp). By differentiation of Eq.
(8), application of the bias parameters Vp and V¢ from
above and using Eq. (20) we get

or, o R+ Rr 9 (Ne)

— =~ 1.2¢l .
v YTV ove

By using Eqgs. (19) and (17) we now get

ory 290 1 (Re\*( ( mRCEj . \\*
Vs~ Vo RC\ R P\ 7sn B279)) -
(21)

By inserting Eqs. (16)-(21) into Eq. (9) we get the
estimate

2 - 2 2
85 = 0.02 <R%) exp< 1665 (%) > (22)




The exponent (or (N)) in Egs. (17) and (21) affects  now follow by inserting Eqs. (16), (18), (19), (20), (23)
on the device parameters mainly through Bg. For other and (24) into the definitions of interesting quantities, i.e.
purposes we may assume it roughly constant and solve  Egs. (10), (11), (12), (13), (14) and (15).
it by setting Sp = 1 in Eq. (22), whence Eqgs. (17) and
(21) are simplified into

0.015 / R \?
or, 008 1 ( R\ (24)
dVe Vg RC\Rr) ~
The results
B~12(1—p88)"" (25)
2
9m ~ 7? (26)
12e R _
S’ NI (%)ﬂ ! (27)
2
S~ J%RT (28)
R
Ropt ~ Eﬁ (29)
50Ec [ Rr\>
T, ~ kBC (%) B! (30)
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controlling the Cooper pair current in an ultra small Josephson junction by
means of quasiparticles tunneling through a normal junction. As part of the
thesis work, the principle of operation is first demonstrated computationally.
The model is then refined to yield quantitative predictions of the
characteristics. Finally, an analytic theory for the device is developed and
the properties as an amplifier are derived.
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