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Prunnila, Mika. Single and many-band effects in electron transport and energy relaxation in 
semiconductors [Yhden ja monen vyön ilmiöitä sähkönkuljetuksessa ja elektronien energia-
relaksaatiossa puolijohteissa]. Espoo 2007. VTT Publications 666. 68 p. + app. 49 p. 

Keywords two-dimensional electron gas, mobility, many-valley systems, electron-phonon 
interaction, SOI 

Abstract 
In this Thesis different aspects of band degree of freedom are explored in 2D 
electron transport and electron-phonon (e-ph) energy relaxation in 2D and 3D 
electron systems. Here the bands of interest are the conduction band valleys of 
many-valley semiconductors and spatial sub-bands of two-dimensional-electron 
gas in a quantum well. 

The experimental studies of electronic transport focus on double-gate SiO2-Si-
SiO2 quantum well field-effect-transistors (FETs), which are fabricated utilizing 
silicon-on-insulator structures and wafer bonding. Double-gate FETs are 
intensively explored at the moment due to their prospects in microelectronics. 
The inclusion of a back gate electrode provides means to adjust the electron 
wave functions and the occupancy of the spatial 2D sub-bands. The contrast 
between single and two-sub-band transport is studied in low temperature 
conductivity/mobility and magneto transport. For example, the conductivity 
shows significant drop at the threshold of the second spatial sub-band due to 
inter-sub-band coupling and sub-band delocalization effect is observed at 
symmetric well potential. At room temperature several sub-bands are inevitably 
populated and the most relevant observed effect is the mobility enhancement 
towards symmetric quantum well potential. This mobility enhancement is one of 
the benefits of double-gate FETs in comparison to similar single-gate FETs. 

In the studies of e-ph energy relaxation we focus on the case where the phonons 
cannot directly couple the bands of the electron system. If the e-ph matrix 
elements depend on the band index then the band degree of freedom plays an 
important role. We developed a mean field theory, which allows elastic inter and 
intra-band scattering and also Coulomb interaction. Our model reproduces the 
long wavelength single-band energy loss rate results found in the literature. In 
the multi-band regime we find a set of new results, which suggest that the energy 
loss rate is strongly enhanced if the phonons couple asymmetrically to different 
bands and the single-band interaction is strongly screened. The effect is tested 
experimentally in heavily doped n-type Si samples by low temperature heating 
experiments. We find good agreement between the theory and experiment. Our 
findings enable a design of a novel electron-phonon heat switch. 
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Tiivistelmä 

Työssä tutkitaan elektronien energiavöistä aiheutuvan vapausasteen vaikutuksia 
2D-kuljetusilmiöissä ja elektroni-fononi (e-ph) -energiarelaksaatiossa 2D- ja 3D-
elektronikaasuissa. Tutkimukset keskittyvät lähinnä johtovyön laaksoihin monen 
vyön puolijohteissa sekä kvanttikaivojen 2D-alivöihin. 

Kuljetusilmiöiden kokeelliset tutkimukset keskittyvät erityisesti SiO2-Si-SiO2-
kvanttikaivoon perustuvaan kenttäefektitransistoriin (FET), jossa on kaksi hila-
elektrodia ja joka on valmistettu SOI-kiekolle suoraliittämistekniikalla. Kaksois-
hilalliset FET-komponentit ovat tällä hetkellä suuren mielenkiinnon kohteena 
johtuen niiden potentiaalisista sovelluksista mikroelektroniikassa. Nämä kompo-
nentit ovat myös erinomaisia 2D-kuljetusilmiöiden laboratorioita, sillä kaksi hilaa 
mahdollistavat spatiaalisten alivöiden ja elektronien aaltofunktioiden sähköisen 
kontrollin. Työssä tutkitaan yhden ja kahden alivyön efektejä matalissa lämpö-
tiloissa. Alivöiden välinen kytkentä heijastuu voimakkaasti Si-kvanttikaivon joh-
tavuuteen ja galvanomagneettisiin kuljetuskertoimiin. Huoneen lämpötilassa 
useat alivyöt ovat miehitettyinä, ja oleellisin havaittu ilmiö on kokonaisliikku-
vuuden kasvaminen, kun kvanttikaivon efektiivinen potentiaali asetetaan sym-
metriseksi ulkoisilla hiloilla. Havaittu liikkuvuuden kasvaminen on yksi ominai-
suus, joka tekee tutkituista FET-rakenteista houkuttelevia sovellusten kannalta. 

Elektronien energiarelaksaatiossa tutkimme tapausta, jossa fononit eivät kytke 
elektronikaasun vöitä. Tällöin vyöindeksillä on merkitystä vain, jos e-ph-matriisi-
elementit riippuvat vyöindeksistä. Väitöskirjassa kehitetään e-ph-energiarelak-
saatioteoria, joka sallii vöiden sisäisen ja vöiden välisen elastisen sironnan sekä 
varauksenkuljettajien välisen vuorovaikutuksen. Tämä teoria antaa erikoista-
pauksena kirjallisuudessa esiintyvät yhden vyön tapaukset. Monen vyön tapauk-
sessa havaitaan e-ph-relaksaation voimakas kasvu, jos fononit kytkeytyvät asym-
metrisesti eri vöihin ja yhdenvyönkytkentä on voimakkaasti varjostettu. Teoriaa 
testataan kokeellisesti n-tyyppisesti seostetussa piissä lämmittämällä elektroneja 
matalissa lämpötiloissa. Teoria ja kokeet antavat yhtenevän lämpötilavasteen 
elektroneille. Löydökset mahdollistavat esimerkiksi uudentyyppisen lämpökytkimen 
suunnittelun. 
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Chapter 1

Introduction

A free electron can be described by its momentum and spin. Conduction electrons in

semiconductor devices have one extra degree of freedom, namely conduction band or

valley index, which arises from the presence of the atomic lattice of the semiconductor.

The atomic lattice also determines the e¤ective mass of the electron. On the other

hand, if the e¤ective dimensions of the semiconductor device are tuned by con�ning

electrons by external �elds and/or structural manipulation down to the length scale of

the de Broglie wave length, then the electronic motion is spatially quantized leading to

existence of spatial sub-bands and sub-band index degree of freedom. If such con�nement

is created in one spatial dimension (and the electrons are allowed to move freely in the

remaining two), then the system is referred as two dimensional electron gas (2DEG) and

the con�ning potential as a quantum well. Multiple conduction band valleys and/or

2D sub-bands are present in many basic solid-state electronics devices. One example

is the bulk Si metal-oxide-semiconductor-�eld-e¤ect-transistor (MOSFET), where the

transistor channel can be sub-10 nm-thick due to e¤ective con�ning potential arising

from the gate oxide barrier and electrostatic �eld of the gate electrode. The thin channel

and many-valley conduction band of Si leads to coexistence spatial sub-band and valley

degrees of freedom.

Due to thermal excitation several spatial sub-bands and all conduction band valleys

are occupied in the channel of n-type Si MOSFET at room temperature. Note, however,

that the qualitative operation of this device by no means relays on such multi-band

e¤ects, but on electrostatics and the energy gap between the valence band and the

conduction band. At low temperatures typically only single 2D spatial sub-band in

the transistor channel is populated. Furthermore, if the crystal orientation of the Si-

gate oxide interface is the standard (001), then only two equivalent conduction band

valleys are occupied making the conduction band index degree of freedom irrelevant in

most cases. In other words, at low temperatures the electron system in the channel

of single-gate (001) Si MOSFET is a relatively ideal 2DEG whose electron density can
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be controlled by a gate electrode. These are the reasons why Si MOSFETs have been

broadly utilized as a laboratory for 2D physics. [1] Heterostructure FETs based on III-V

compound semiconductors provide some bene�ts in comparison to Si MOSFETs. [2] For

example, due lattice-matched interfaces (and modulation doping) the electrons can move

several orders of magnitude longer distances without scattering in III-V based FETs in

comparison to Si MOSFETs. Furthermore, advanced epitaxial techniques of compound

semiconductors have enabled realization of double-gate and/or bi-layer structures where

the population of spatial sub-bands can be easily controlled.

The quantum well system of interest in this Thesis is a SiO2-Si-SiO2 heterostruc-

ture, where single crystalline Si �lm is sandwiched between amorphous SiO2 layers. This

structure is provided by the silicon-on-insulator (SOI) technology [3, 4]. The SiO2-Si-

SiO2 quantum well is a unique material system with strong electronic (and optical)

con�nement, many-valley conduction band and indirect energy gap. However, above

all, the SiO2-Si-SiO2 structure enables insertion of both a metallic top gate and back

gate electrodes. This provides a double-gate SiO2-Si-SiO2 FET geometry, where spatial

low temperature sub-band population can be adjusted in the spirit of III-V couterparts.

Furthermore, the high break-down �eld of the SiO2 barriers enable carrier density con-

trol in a broad range. Si-based double-gate FETs are also attractive devices from the

viewpoint of microelectronics industry. They are regarded as a promising solution to

the problems faced when the device length is down-scaled into sub-50 nm regime due to

superior electrostatic gate control of the transistor channel charge. [4, 5]

The electronic transport studies of this Thesis are focused on single-gate (Paper I)

and double-gate (Papers II�V) SiO2-Si-SiO2 FETs. Fabrication of these devices exploit

wafer bonding techniques, which enables utilization of thermal SiO2 layers and results in

excellent electronic properties. For example, for a 17 nm-thick double-gate Si quantum

well we observe a maximum low temperature mobility above 2 m2/Vs. This value is

comparable to maximum mobilities found in high-mobility bulk Si MOSFETs. When

the quantum well thickness is below � 20 nm the presence of two Si-SiO2 interfaces start
to degrade the mobility [I]. The double-gate geometry enables control of the population

of the spatial sub-bands even at modest electron densities if the Si well thickness is above

� 10 nm and at the low temperature side the focus is on single and two spatial sub-band
e¤ects. The contrast between these two ranges of 2D transport is signi�cant. Population

of the second spatial sub-band can be recognized in conductivity/mobility [V], Hall e¤ect

[III] and high-�eld magneto transport [III, IV]. For example, the conductivity/mobility

shows a signi�cant drop at the threshold of the second spatial sub-band, which is due to

inter-sub-band coupling. At high electron densities with two populated spatial sub-bands

and asymmetric e¤ective quantum well potential the Coulomb interaction pushes the

electron wave functions related to di¤erent sub-bands against di¤erent Si-SiO2 interfaces.
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When the e¤ective potential is made symmetric (by adjusting the double-gate bias) the

wave functions delocalize across the Si well and we observe a drop in the conductivity [V],

which is similar to the resistance resonance e¤ect of bi-layer quantumwells [6�8]. At room

temperature several sub-bands are inevitably populated and the most relevant observed

e¤ect is a smooth mobility enhancement towards symmetric quantum well potential.

[II, IV] This mobility enhancement, sometimes referred as the volume inversion e¤ect,

is due to double-gate �eld adjustment of electron wave functions. It follows mainly

from minimization of surface roughness matrix elements and phonon form factors. The

mobility enhancement is another bene�t, in addition of boosting the gate control, of

double-gate FETs in comparison to similar single-gate FETs.

Besides electron transport the band degree of freedom plays a role in electron energy

relaxation as well, which is the second subject of this Thesis (Papers VI and VII).

Electron gas cools itself by radiating phonons and the more phonon-radiative transitions

are allowed the more e¢ cient is the cooling. Therefore, if band index (valley or sub-band

index) degree of freedom provides a larger phase space for such transitions one intuitively

expects enhancement of phonon cooling when many bands are present in comparison to

single-band case. [9] However, this is not of interest in this Thesis. We consider more

exotic case where the band index does not directly provide such extra phase space,

but still enhancement can occur if the phonons couple di¤erently to di¤erent bands

and single-band coupling is strongly screened due to electron-electron interaction. Here

we develop a theory for this type of electron-phonon (e-ph) energy loss rate. [VI, VII]

The theory allows elastic inter and intra-band scattering. Our model reproduces the long

wavelength single-band e-ph energy loss rate results found in the literature. [9�12] In the

multi-band regime we �nd a strong enhancement of the energy loss rate if phonons couple

asymmetrically to di¤erent bands. A canonical example of such many-band e-ph energy

loss occurs when conduction band electrons in a many-valley semiconductor radiate long

wavelength acoustic phonons. The e¤ect is experimentally explored in heavily doped

n-type Si samples at low temperatures. [VI]

This outline is organized as follows: �rst we introduce the experimental methods in

Chapter 2. We brie�y outline the device fabrication and characterization procedures

used in the appended Papers. Then in Chapter 3 we discuss basic physical properties

of many-band systems focusing on many-valley semiconductors and quantum wells. The

main results of this Thesis are given in Chapters 4 and 5. The former deals with transport

in quantum wells (Papers I�V) and the latter outlines many-band e-ph energy relaxation

in 2D and 3D systems (Papers VI and VII). As 2D transport in quantum wells and e-ph

energy relaxation are quite broad subjects of their own these Chapters begin with a brief

introduction to the respective topics. Finally, we conclude and summarize the Thesis in

Chapter 6.
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Chapter 2

Experimental methods

The solid-state device structures that are investigated in this Thesis are SiO2-Si-SiO2
quantum wells and heavily doped n-type Si �lms. The former structures are a single-

gate (Paper I) and double-gate (Papers II�V) metal-oxide-semiconductor-�eld-e¤ect-

transistors (MOSFET) where thin (� 5�20 nm) single-crystalline Si channel is sand-

wiched between amorphous SiO2 layers. The doped �lms are sub-100 nm-thick metallic

Si:P layers, which are utilized in electron-phonon (e-ph) energy loss rate studies of Paper

VI. All devices are based on the silicon-on-insulator (SOI) structure. [3, 4] They are

fabricated on the top Si layer of a SOI wafer by applying the standard procedures of

microfabrication. [13, 14] In this part of the Thesis we will �rst sketch the fabrication

processes and describe the physical device structures. Then we introduce the methods

that are used in the electrical characterization of the fabricated devices.

2.1 Device fabrication and structures

The starting material for all devices is a commercial 100 mm diameter SOI wafer with

(001) Si top layer. The SOI wafers utilized here are fabricated by the so-called smart-cut

process [15] by SOITEC company.

2.1.1 SiO2-Si-SiO2 quantum wells

The �ow of the fabrication process for the quantum well devices is schematically depicted

in Fig. 2.1. Details for steps (a)�(i) in the Figure are given below:

(a) Thermal dry oxide (SiO2) is grown at 1000 �C. The oxide thickness is 84 nm. This
layer will serve as the back gate oxide or as a "new" buried oxide (BOX).

(b) The oxidized SOI wafer is bonded to heavily doped n-type Si wafer, which will serve
as a "metallic" back gate. The wafer bonding is performed by dropping one wafer
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on the other in vacuum. The bonded interface is strengthened by annealing in wet
oxidizing ambient at 1100 �C for two hours, which produces a � 830 nm oxide around
the wafer stack.

(c) The oxide on the back side of the SOI handle wafer is removed by plasma etching
(CHF3/CF4/He plasma) and the whole handle wafer is stripped in 25% tetramethyl
ammonium hydroxide (TMAH) solution at 80 �C. The "old" BOX layer is stripped
in a bu¤ered hydro�uoric acid (BHF) and as a result we have a SOI wafer with
heavily doped handle.

(d) Thin stack oxide is grown at 1000 �C and nitride (SiN) layer is deposited by low
pressure chemical vapor deposition (LPCVD). The nitride is patterned utilizing UV-
lithography1 and SF6/O2 plasma etching. Local oxidation of Si (LOCOS) is per-
formed: the SOI layer is fully oxidized in the regions which are not covered by the
nitride. This step de�nes the active areas of the devices, which are bounded by the
�eld oxide regions.

(e) The nitride layer and the stack oxide are stripped by plasma etching and BHF,
respectively. Another LOCOS step is perform in order to make the areas where the
actual quantum well channels reside thinner than the contact regions.

(f) Gate oxide is grown by thermal dry oxidation at 1000 �C resulting in 45 nm oxide.
Next poly silicon top gate electrode is deposited by LPCVD. The gate layer is ion
implanted by high dose of As in order to provide metallic conduction. The gate is
patterned with UV-lithography and Cl2/He plasma etching.

(g) The contact regions are implanted with high dose of As while the gate electrode
masks the quantum well channel.

(h) A 500 nm-thick oxide is deposited by CVD. The implanted doses are activated and
di¤used by annealing at 950 �C for 30 min in nitrogen ambient.

(i) Contact windows are opened and Al is deposited by sputtering. The Al metallization
is then patterned and the device is annealed in N2/H2 ambient at 425 �C for 30 min.

This Thesis involves three batches of quantum well devices: two double-gate batches

(B and F) and one single-gate batch. The above description �ts to the double-gate

devices of batch F. Devices of batch B di¤er very little from F. The major di¤erence

between these batches is the de�nition of the active areas [Fig. 2.1(d)]. For batch B the

active area de�nition is performed by mesa etching instead of LOCOS. The double-gate

devices of batch B and F are explored in Papers II�V. Prior to batches B and F a batch

of single-gate FETs was fabricated. The fabrication process of these devices follows steps

(d)�(i) (with mesa etching). Properties of the single-gate devices are reported in Paper

I.

Figure 2.2(a�b) shows cross-sectional transmission electron microscopy (TEM) images

of a fabricated device (batch B). The recessed channel structure resulting from the second

1All lateral patterning is performed with UV-lithography.
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Figure 2.1: Schematic illustration of the fabrication of the double-gate Si quantum well
FET samples. See Sec. 2.1.1 for details.
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LOCOS performed in step (e) and the poly-crystalline structure of the top gate electrode

is evident from Fig. 2.2(a). This type structure is favorable in order to have small

source/drain series resistance arising from the n+ contacts. The high resolution image

[Fig. 2.2(b)] reveals the crystalline structure of the Si quantum well and amorphous gate

oxides. All experimental results given in this Thesis are measured from large lateral size

Hall-bar devices depicted in Fig. 2.2(c).

The SOI wafer fabrication process of SOITEC company generates some long length

scale variation to the SOI �lm thickness.(see Paper I) This variation is � 10 nm, which is
of the same magnitude as the targeted Si well thickness tw = 5�20 nm. Therefore, the SOI

thickness was always mapped with scanning photo re�ectance prior to gate oxide growth

as described in Paper I. If the Si well thickness tW,0 is known before oxidation and the

thickness of the oxide tOX is measured then the �nal tW can be unambiguously determined

by noting that stoichiometric SiO2 has 46% of Si (in volume), i.e., tW ' tW,0�0:46�tOX.
[13] However, the cleaning step performed before gate oxide process etches a thin layer

of silicon. The thickness of this layer is � 2 nm, but it may slightly vary from batch

to batch leading to some uncertainty in tW . The tW obtained from TEM analysis was

utilized to circumvent this problem.

n+ contact gate oxide

Si quantum well

poly Si top gate

BOX100 nm

10 nm

gate oxide, SiO2

BOX, SiO2
(a)

tW

(b)

(c)

Al
VXX

I

Wtop gate edge

Si channel

n+ Si

L

VXY

back gate

bonded interface

Figure 2.2: (a) TEM image of a double-gate Si quantum well FET illustrating the

recessed channel structure (batch B device). (b) High-resolution TEM image of the Si

well. Well thickness tW � 18 nm. (c) Schematic illustration of the lateral device geometry
(L=W = 4, W = 100 �m) used in the measurements including the external circuitry.
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2.1.2 n+ Si �lms

The cross-section of the n+ silicon samples of the electron-phonon coupling measure-

ments of Paper VI is identical to the n+ source/drain contact regions of the double-gate

transistors (see Figs. 2.1 and 2.2). The fabrication utilizes mesa etching to de�ne the

lateral geometry of the �lms and steps (g) and (i) (see above). The Si �lms are im-

planted with di¤erent doses of P in order to vary the concentration of charge carriers.

The selected doses and subsequent high temperature annealing produce active doping

(electron) concentrations in the range 3:5� 16� 1025 m�3, which is enough to make Si

a metallic conductor (see Sec. 3.1.1).

Lateral sample geometry together with biasing circuits in the experiments is depicted

in Fig. 2.3. The Figure contains also a Table of sample parameters. The mean free path

is determined from le = vF � ; where the relaxation time � is calculated from 4.2 (while

the electron density ne and resistivity �e = 1=� are determined experimentally). Small

n+ Si�Al contacts are used in electron temperature determination as will be described

below.

2.2 Device characterization

2.2.1 Electrical measurements

The electronic properties of the fabricated devices are measured using DC and lock-in

techniques. The diagonal, �xx = (L=W )Vxx=I, and non-diagonal/Hall, �xy = Vxy=I,

components of sheet resistance were obtained by adopting standard four-point measure-

 n   l e   r  d  ee
V t h 6 0  m m

n +  S i  f i l m

t h e r m o m e t e r  A l - S i  j u n c t i o n s
A l I t h

V I

Figure 2.3: (left panel) Schematic illustration of the n+ Si sample geometry and the
measurement circuitry. In the experiments the �9500 �m long n+ Si �lm is heated with

a DC current I while the electron temperature is determined using current biased Al-n+

Si-Al contacts. (right panel) The characteristics of the �lms: ne - carrier concentration,

�e = 1=� - 1.5 K resistivity, le - electron mean free path, d - n+ Si �lm thickness. All

samples have 400 nm thick buried oxide layer. After Paper VI.
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ments. Voltage Vxy results from perpendicular magnetic �eld, which is produced with

NbTi superconducting solenoid. In the case of the Si quantum wells the resistivity meas-

urements [see Fig. 2.2(c)] were performed with DC techniques at 4.2 K and at 300 K.

In detail, the linear transport coe¢ cients �xx;xy were obtained by applying few current
2

values and then performing linear �tting to Vxx;xy = �xx;xyI + O to remove possible o¤-

set O resulting from, e.g., bu¤er ampli�ers. In the sub-4.2 K case lock-in techniques

were adopted to obtain �xx;xy. In these measurements the DC excitations and resulting

responses are replaced by small amplitude AC signals. The lock-in scheme enables util-

ization of low signal levels even in the presence of noise. The lock-in ampli�ers that are

used in detecting the system response are phase locked to reference signal, which also

provides the excitation (here basically the current).Frequency of the reference signal was

set below 20 Hz in order to minimize the e¤ects arising from stray capacitances.

The characterization of the Si wells involves also (di¤erential) gate-to-channel capacit-

ance measurements. Capacitance can be conveniently measured with lock-in technique

by applying an AC voltage and detecting the current component that is in 90 degrees

phase shift with respect to the voltage. Gate capacitance is measured as a function of a

gate voltage, which requires relatively high DC gate bias under the small AC excitation.

Therefore, the gate capacitance measurements were performed with Agilent 4294A pre-

cision impedance analyzer. The gate-to-channel capacitance is utilized in determining

the total carrier density ne at T = 300 K by numerical integration. In order to connect

the measured capacitance to physical carrier density in the Si channel the capacitance

must be free from components arising from substrate (or second gate in double-gate

structures). This is why it is precisely the gate-to-channel capacitance that is measured

and not, e.g., the total gate capacitance or gate-to-ground capacitance. This type of

technique is sometimes referred as split-capacitance voltage measurement. [16]

The measurements of the n+ Si �lms aim to determination of thermal electron-phonon

response, i.e., the rise of the electron temperature Te in the Si �lm vs. uniform input

DC power density P = V I=V olume = �eJ
2 (J being the current density). The input

power is determined again by four point measurement as depicted in Fig. 2.3. The local

electron temperature is measured by the tunnel junction method described below.

2.2.2 Sample cooling and temperature

The devices are characterized at room temperature (T = 300 K) and at low temperat-

ures. Low temperature measurements utilize various refrigeration techniques, such as,

2Even though we declare here that current is applied quantity we always also measure the current

when determining �xx;xy, i.e., the value of the current is not based on a known bias resistor and applied

voltage.
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immersion to liquid helium, 3He sorption cryostats and dilution refrigerator based on
3He/4He mixture. The immersion produces substrate temperature of T = 4:2 K. 3He

sorption cryostats enable base temperatures down to � 250 mK and 3He/4He dilution

refrigerators can provide temperatures as low as few tens of mK. A detailed description

of these standard refrigeration techniques can be found, e.g., in the text book of F. Pobell

[17].

In the sub-4:2 K measurements the substrates of the devices are mounted to the

metallic sample holder of the cryostat. The substrate temperature in these experi-

ments is determined by calibrated RuO2 thermometers of the sample holder. In the

e-ph thermal coupling experiments reported in Paper VI (see also Sections 5.1 and 5.3)

the electrons are heated above the substrate temperature by electric current I as depic-

ted in Fig. 2.3. The increase in the electron temperature due to this heating is measured

by n+ Si-superconducting Al contacts. Due to the Schottky barrier (and possible native

oxide residuals) the behavior of these contacts resemble those of normal metal-insulator-

superconductor (NIS) junctions. Thanks to the superconducting gap the current voltage

characteristics of the NIS junctions provide good sensitivity to the electron temperat-

ure of the normal electrode and, at the same time, thermal isolation. These properties

make NIS junctions attractive electron thermometers and they have been broadly used in

various experiments. [18] The electron thermometers are calibrated against the sample

holder thermometer by slowly adjusting the cryostat temperature. An example of such

calibration curve is shown in Fig. 2.4. Similar, electrically isolated, tunnel junction

thermometers were also utilized to monitor the substrate over-heating on the top of the

chip in the e-ph coupling measurements (they are omitted from Fig. 2.3 for the sake of

clarity).
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Figure 2.4: Calibration curve of the n+ Si - Al double junction thermometer depicted
in the inset. The junction area is 6� 6 �m2 and the current bias Ith = 1 nA.
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Chapter 3

Basics of single and many-band
systems

In this part of the Thesis we review some basic properties of single and many-band

electron systems formed in the conduction band of semiconductors. First we introduce

the electron systems that are relevant to this work, namely, many-valley semiconductors

and 2D sub-bands in quantum wells. Then we discuss about elastic scattering mechan-

isms and phonon scattering in the framework of golden rule formula and, �nally, discuss

screening.

3.1 Bulk semiconductors and quantum wells

3.1.1 Preliminary concepts

Periodic crystal gives rise to energy bands, i.e., allowed energy E versus wave vector k
relationships E = E lk, where l is the band or (valley) index.1 Close to the conduction
band edge (low energies) the electron dynamics can be typically approximated using the

e¤ective mass model [19]

Elk = ~k
1

2m
~k + El; (3.1)

where m is the e¤ective mass tensor (the free electron mass is denoted by me), which in

general depends on the band index. The energy El is the conduction band edge energy.

It is customary to measure the energy from the respective band edge. This is achieved by

substitution Elk �! Elk�El. For isotropic s-symmetric band the energy vs. wave vector
relationship can be approximated by scalar e¤ective mass m, whence Ek = ~2k2=2m,
which di¤ers from classical kinetic energy of a free electron only by the appearance

of the e¤ective mass instead of me. The isotropic description works, for example, for

1As momentum is de�ned by p = ~k typically k is also loosely referred as momentum.
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GaAs (m � 0:067me), which has single conduction band minimum at � point in the �rst

Brillouin zone of reciprocal space (k-space origin). This makes GaAs a single-valley (or

single-band) semiconductor. In many-valley semiconductors, such as Si, Ge or AlAs, the

conduction band edge consists of several equivalent minima. In Si the bottom of the

conduction band is close to the X-point and it has six-fold degeneracy. This degeneracy

is visualized in Fig. 3.1, where the constant energy ellipsoids in the vicinity of the Si

conduction band edge are shown in k-space (reciprocal space). The shift of the minima

from the � point along the [100] axes is approximately k0 = 0:85(2�=a) (a = 0:5431

nm is the lattice constant). [21] All the Si valleys have similar dispersion relations. For

example, the dispersion relation for the [001] valleys is

Ek =
~2k2z
2ml

+
~2(k2x + k2y)

2mt

; (3.2)

where the transverse mass mt = 0:191me and the longitudinal mass ml = 0:916me.

Momentum k and band index l are quantum numbers, which describe the state of

electron. The actual quantum mechanical wave function can be considered as a product

of a so-called Bloch part, which has periodicity of the crystal lattice, and long wave

length envelope wave function, which in 3D systems is a "free electron" plane wave

exp(ik � r). Often the knowledge of the envelope wave function is enough to understand
the properties of the system. If the electrons are con�ned in a narrow potential well

then the electron motion is quantized in the dimension perpendicular to the well layer

(z-direction). Now the envelope wave function di¤ers from simple plane wave along

z-coordinate, momentum kz is now longer a good quantum number and discrete 2D sub-

band energies En appear. This kind of system is referred as two-dimensional electron

[ 0  1  0 ]

[ 1  0  0 ]

[ 0  0  1 ]

t 2

t 1

Figure 3.1: Schematic illustration of the constant energy ellipsoids of Si conduction
band valleys. For a detailed band structure see, e.g., Ref. [20]. We have also included

(for future purposes) scattering rates 1=� 1 and 1=� 2 that couple the di¤erent classes of

the valleys.
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Figure 3.2: (a) Illustration of 3D, 2D and bi-layer electron systems and envelope wave
functions. (b) Single-band and multi-sub-band density of states in 3D and 2D, respectively

[see Eq. (3.4)].

gas (2DEG) and the potential well is referred as a quantum well. [1] The envelope wave

functions and related energies En can be determined from Schrödinger-like equation

(see next Sub-section). The dispersion relations in 2DEG are given by Enkk = En +

~kk 12m
�1
k ~kk; where mk (kk) is the e¤ective mass (wave vector) in the plane of 2DEG.

As in 3D, the dispersion relations are often referred to the threshold En by substitution

Enkk �! Enkk � En. Note that the properties of the 2DEG and, therefore, also Enkk
should obviously depend also on the band index if the 2DEG is formed in a many-valley

semiconductor.2 The notations are simpli�ed if we de�ne a general band index l = (b; n),

where b refers to the k-space band index and n to spatial sub-band, and permit that in

Eq. (3.1) k is either the 3D momentum or 2D momentum kk. Now the dimensionality

d = 2; 3 of the electron system is revealed by the context or some parameter which

depends on d. Many-valley based 2DEGs with single spatial sub-band can be considered

as 2D multi-layer layer systems with full spatial overlap. On the other hand, if two

2DEGs are brought in close proximity we have a similar situation, but now the bands

are separated spatially. In the case of two layers these kind of systems are referred as

bi-layers. 3D, 2D and bi-layer electron systems are illustrated in Fig. 3.2(a).

In electronic devices and systems we are eventually interested in measurable proper-

2Con�nement can also create coupling between the bands. Discussion of such e¤ects in the case of Si

MOSFETs can be found, e.g., from Ref. [22]. We will come back to this so called valley-splitting e¤ect

in Sec. 4.2.3.
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ties such as electron density, current, or heat �ux. These quantities are obtained from

microscopic variables taking into account all occupied electron states, which is done by

summing over such states. The summation is changed into integral over quasi continuos

part of k or related energy according to [2, 19]

1

Ve

X
states

=
1

Ve

X
l

X
k

�!
X
l

Z
ddkl
(2�)d

=
X
l

Z
dElk�l(Elk) =

Z
dE�(E): (3.3)

Here Ve is the d-dimensional volume of the electron system. The two latter equalities

introduce the important density of states functions �l(E) and �(E) =
P
l

�l(E). These are
the density of states per band and the total density of states, respectively. The density

of states describes the number of states per unit energy per unit volume around energy

E . For an ideal parabolic systems �l(E) is given by [2]

�l(E) = 2�
mde

2�~2

�
2mde (E � El)

�2~2

� d�2
2

� (E � El) ; (3.4)

where � (x) is the step function, the factor 2 arises from spin degeneracy and mde is the

density of states mass. In isotropic systems mde = m, whereas, for example, in bulk

Si mde = (mlm
2
t )
1=3 � 0:32me [l refers to longitudinal as in Eq. (3.2)]. [23] Energy

dependency of the density of states is illustrated in Fig. 3.2(b).

One important quantity of interest is the total electron density ne. At thermal equilib-

rium the average occupation of an electron state is given by the Fermi-Dirac distribution

function f 0(E) = 1=
�
1 + e(E�EF )=kBT

�
, where EF is the Fermi energy3 and T is the tem-

perature of the electron system. [24] The electron density is now obtained by operating

the integral of Eq. (3.3) to f 0(E) giving

ne = 2�
X
l

mdekBT

2�~2

�
2mdekBT

�2~2

� d�2
2

�(d=2)IFd�2
2

�
EF�El
kBT

�
; (3.5a)

IFj (x) =
1

�(j + 1)

Z 1

0

dt
tj

1 + et�x
; (3.5b)

where �(x) is the Gamma function [25]. Note that in 2D ne has a closed form expression

because the Fermi integral IF0 (x) = ln (1 + ex). Closed form expressions for ne exist

also for d = 2; 3 in two important special cases: at the limit of Fermi statistics (low

temperatures, EF�El
kBT

� 1) and Boltzmann statistics (high temperatures, EF�El
kBT

� �1).
At these limits f 0(E+El) tend to a step function � (E � (EF�El)) and to an exponential
function exp(EF�El

kBT
), respectively, whence the electron density is given by

ne =

8<: 2�
P

l
mde

2�~2
�
2mde

�2~2
� d�2

2 d
2
(EF�El)d=2 ; EF�El

kBT
� 1

2�
P

l
mdekBT
2�~2

�
2mdekBT
�2~2

� d�2
2 �(d=2) exp

�
EF�El
kBT

�
; EF�El

kBT
� �1

(3.6)

3We follow the widespread practice of semiconductor literature where the Fermi energy is equivalent

to the chemical potential at all temperatures.
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At the low temperature limit the density can be written as ne = 2� �l(2=3�2)d�2kdF=4�
(�l is the number of equivalent bands), where the Fermi wave vector kF =

q
2mde

EF�El
~2 .

Fermi velocity vF = ~kF=2mde gives the speed of the electrons at Fermi surface (or

average speed if mde 6= m). This is a useful quantity as it, e.g., links the mean distance

between collisions (mean free path) le to the scattering rate ��1according to le = vF � .

The expressions for ne have an "unknown parameter" EF . In intrinsic (un-doped)
systems the value of EF (T ) is basically determined by the existence of the valence band,
which resides the gap energy Eg (1:1 eV for Si) below the conduction band edge. In other

words, electrons are thermally excited from the valence band to the conduction band.

This leaves empty electron states in the valence band, which are referred as holes. Holes

behave as if they were positively charged electrons and their contribution to all processes

must be taken into account if their density nh is su¢ ciently large. In intrinsic system EF
is in the middle of the energy gap at low T resulting in exponentially small ne;h [26] and,

therefore, insulating behavior as T ! 0. Additional electrons/holes can be introduced

to the conduction/valence band by impurity doping. A single donor atom has, e.g., one

extra electron which is not contributing to the crystal bonds of the host lattice. Similarly

acceptor atom requires one extra electron for crystal bonds creating a hole. Good dopants

are such that the energy level of the additional carrier is close to the respective band

edge (few meV �few tens of meV). Thus, the carrier is relatively weakly bound to the

impurity atom and introduction of large quantities of such impurities adjusts EF , ne and
nh. If the donor consentration ND is very high and acceptor concentration NA � 0, then
the low temperature Fermi level is above the conduction band edge resulting ND � ne

and nh = 0. [27] The opposite case is realized with high NA, whence NA � nh and

ne = 0. If the Fermi level is above (below) the conduction (valence) band edge the

semiconductor behaves like a metallic conductor, which is the case for the highly doped

n-type samples in Paper VI. In 2DEGs (Papers I�V) the carrier density is controlled by

external gate electrodes as will be discussed below. Note that in this Thesis we study

systems where the acceptor consentrationNA and/or nh is negligible and, therefore, holes

are be excluded from all considerations.

3.1.2 2D sub-bands and charge control in quantum wells

Canonical example of 2D electron system is the one in bulk MOSFET channel where the

quantum well is formed due to external gate potential and the potential barrier at the

Si-SiO2 interface. [1, 28] Another type of quantum wells are compound semiconductor

heterostructure quantum wells. [2] In this work the quantum well is a Si layer, which is

sandwiched in SiO2 (see Fig. 2.2). This type of system resembles both bulk MOSFET

and heterostructure system. The eigen energies En of the discrete spectrum and envelope
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wave functions are solved from the e¤ective mass Schrödinger equation [29, 30]�
�~

2

2

@

@z

1

mz

@

@z
+ Veff (z)

�
 n(z) = En n(z); (3.7)

where Veff (z) is the e¤ective potential felt by the electron gas. This form of the e¤ective

mass Schrödinger equation requires that the e¤ective mass is isotropic in the plane of

the 2DEG. More general form can be found from Refs. [28, 31]. The isotropy condition

is ful�lled in the case of the [001] valleys (see Fig. 3.1). Their eigen energies (En)

are also lower than those of the other valleys (E 0n) due to heavier perpendicular mass

mz = ml and, therefore, at low temperatures typically only the [001] valleys are occupied.

The total electron wave functions normalized to area A are now
��nkk� = 	n(z; rk) =

 n(z)A
�1=2 exp(ikk � rk).

The e¤ective potential Veff (z) in Eq. (3.7) consist of a potential due to the band

edge Vb(z), external gates Vext(z) and electron-electron interactions Vee(z). Here we take

into account only direct Coulomb interactions (Hartree approximation) whence Vee(z) is

given by the Poisson equation and

Veff (z) = Vb(z) + Vext(z) + Vee(z) (3.8a)
@

@z
"b
@

@z
Vee(z) = �e2n(z): (3.8b)

Here "b is the background dielectric constant and n(z) =
P

lNl j n(z)j
2 is the electron

distribution. The factors Nl are the sub-band densities per unit area given by the ele-

ments of the sum in Eq. (3.5a). Device cross section, Veff (z) and n(z) are schematically

illustrated in Fig. 3.3. The conduction band o¤set between Si and SiO2 is several eV

and, therefore, the electron wave functions have very small (negligible) penetration into

SiO2.

Equations (3.7) and (3.8) can be solved numerically (self-consistently) in order to

�nd the electron wave functions and the sub-band structure. Figure 3.4 shows results

of such calculations for a symmetric e¤ective well potential de�ned by gate bias VBG =

VTGtBOX=tOX. Figures 3.4(a) and (b) show the electron wave functions and Veff (z) in

a SiO2-Si-SiO2 quantum well with tW = 14 nm at T = 1 K. Only two spatial sub-bands

are populated and they originate from the Si valleys who reside along [001] direction,

i.e., mz = ml and mjj = mt. The shape of Veff (z) inside the Si well is due to Coulomb

interaction [Vee(z)]. Note that the barrier increases in the middle of the well as a function

of the carrier density and well width. Therefore, at high ne and/or su¢ ciently large

tW the system is driven towards spatially separated bi-layer. We have followed the

convention where the lowest symmetric sub-band is referred as bonding sub-band ( B)

and the second sub-band the anti-bonding sub-band ( AB). These wave functions are

related to sub-band densities nB and nAB, respectively. Left vertical axis of Fig. 3.5

shows experimental densities nB, nAB and ne = nB + nAB as a function of the top gate
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Figure 3.3: (a) Schematic cross-section of a double-gate Si quantum well and gate

biasing. (b) Illustration of the energy band diagram of the device together with the electron

distribution n(z). See also Figs. 2.2 and 2.1.
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Figure 3.4: (a),(b) Self-consistent bonding 	B and anti-bonding 	AB electron wave
functions together with the e¤ective potential Ve¤ in the 14 nm thick Si well at balanced

gate bias within the Hartree approximation at 1 K. The wave functions are o¤set so that

	B,AB = 0 is equal to the corresponding eigen energy EB,AB: The total electron density is

(a) ne =1.0�1016 m�2 and (b) ne = 2.8�1016 m�2: (c) Self-consistently calculated multi-
sub-band electron distributions n(z) in the Si well at di¤erent electron density values at

symmetric gate bias at 300 K. After Papers IV and V.
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voltage VTG along the balanced gate bias line. The right vertical axis shows the bonding

anti-bonding energy gap �BAB = EAB � EB, which is obtained by substituting nB and
nAB to Eq. (3.6) with mass mde = mt and valley degeneracy of two. The slope VTG
vs. ne = nB + nAB in Fig. 3.5 corresponds accurately to the total gate capacitance,

i.e., ne=e = CTGVTG +CBGVBG, where CTG = "0"ox
tOX

and CBG = "0"ox
tBOX

are the geometrical

capacitances of the top gate and back gate oxides (per unit area), respectively. This type

of linear relationship requires a relatively high positive bias at both gate electrodes as

is experimentally demonstrated in Fig. 3.6, which shows normalized room temperature

CTG(VTG; VBG) = e@ne(VTG; VBG)=@VTG. When VTG is below zero and VBG is su¢ ciently

high CTG is below unity (but �nite) because the electron gas is pushed against the Si-

BOX interface while the Si-OX interface is depleted.

3.2 Scattering mechanisms and screening

In this Thesis we deal with phenomena that require knowledge of transition rates between

di¤erent states of the electron system (or coupled electron-phonon system). The micro-

scopic transition probability per unit time or the scattering rate can be calculated from

the golden rule formula [32]

Wf;i = Wi!f =
2�

~
jhf jH jiij2 �(Ei�Ef ); (3.9)

Figure 3.5: Left axis: Experimental total electron density (n) and sub-band densities
(nB; nAB) as a function of the top gate voltage along the balanced gate line of a 14 nm

thick Si well at 270 mK (device F-E42). Right axis: Sub-band energy spacing calculated by

substituting nB and nAB to Eq. (3.6). The densities are determined from the Shubnikov-

de Haas oscillations, which are described in Section 4.2.3. After Paper V.
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Figure 3.6: Normalized top gate capacitance of a 17 nm-thick device with tOX � 42 nm
and tBOX � 82 nm. Data measured at 300 K.

where jii is the initial state with energy Ei and jfi is the �nal state with energy Ef .
Operator H describes the interaction or perturbation which causes the transition i! f .

3.2.1 Elastic scattering

In elastic scattering H is a static potential. Now the states jii in Eq. (3.9) are (single-
particle) electronic states and jhf jH jiij2 is the square of scattering matrix elementMf;i =

Mi�!f =
R
d3r	�f (r)H	i(r). In this Section we focus on quasi 2D electron systems in

quantum wells (see, e.g., Ref. [33] for bulk systems). The relevant elastic scattering

mechanisms in quantum wells are charged impurity (Coulomb) scattering and surface

roughness scattering. For the former mechanism H is simply the Coulomb interaction

potential. If the scattering charges form an in�nitely thin plane at z0 with uncorrelated

lateral distance and average 2D density NC then the total Coulomb scattering overlap

integral is given by [1, 34]

��MC
n;n0(q)

��2 = NCV
2
2 (q)

����Z dz eGq(z; z0) �n(z) n0(z)����2 ; (3.10)

where

Vd(q) = e2=4"b � (2=q)d�1 (3.11)
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is the d-dimensional Fourier transform of the Coulomb interaction (here d = 2) and

"b is the "background" dielectric constant. The momentum q = k0 � k describes the
momentum transfer in the 2D plane. Normalized Green�s function eGq(z; z0) is the Fourier
transform of the electrostatic Green�s function Gq(z; z0) divided by V2(q). The Green�s

functionGq(z; z0) can be solved from Poisson�s equation with �-function source term. For

example, for uniform media we have eGq(z; z0) = exp(�q jz � z0j). On the other hand, if
we are dealing with a system consisting of two di¤erent materials with dielectric constants

"1 and "2 joint at z = 0 the Green�s function eGq(z; z0) = 1
2
("1+ "2)"

�1
2 exp(�q jz � z0j)+

1
2
("2 � "1)"�12 exp(�q jz + z0j) and "b = ("1 + "2)=2. Note that here the latter term gives

rise to the so-called image charge e¤ect. This type Green�s function can be utilized in

inversion layer calculations by substituting "1;2 = "ox;Si. In principle analytical solution

for eGq(z; z0) can be found in a multilayered material. However, even for three layers the
functional form of eGq(z; z0) is rather complicated. [35]
Surface roughness can be described by roughness amplitude�(r). Following Ando [36]

the perturbation Hamiltonian can be written as H = V0 [�(z)� �(z ��(r))], where V0 is
the potential step due to band o¤set at the interface (�uctuating interface resides at z =

0). The overlap integral is
R
d2rdz	�n(r; z)H	n0(r; z) ' V0

R
d2r�(r)	�n(r; 0)	n0(r; 0)

and the square of the matrix element is��MSR
n;n0(q)

��2 = V 2
0 j�(q)j

2 j �n(0) n0(0)j
2 : (3.12)

Here j�(q)j2 is the power spectrum of the surface roughness. Assuming that for all

occupied 2D sub-bands V0 � En applies [En being the eigen energy in Eq. (3.7)] we

can �nd an analytical approximation for  n(z) close to z = 0 [1]. This limiting form is

 n(z) / V �1
0 @ n(0)=@z which cancels out V0 and Eq. (3.12) reduces to��MSR

n;n0(q)
��2 = j�(q)j2 ���� ~22mz

@ �n(0)

@z

@ n0(0)

@z

����2 ; (3.13)

as originally proposed in Ref. [37]. Note that this form of
��MSR

n;n0(q)
��2 gives the well-

known average e¤ective �eld dependency MSR
n;n(q) = �(q) hVeff (z)=@zi in the case of

single interface quantum wells, such as bulk inversion layers and modulation doped het-

erostructures [38].

In the early works the correlation of the surface roughness at the Si-SiO2 interface

was assumed Gaussian [1]. However, Goodnick et al. [39] showed that the roughness is

better described by exponential correlation, which leads to power spectrum

j�(q)j2 = ��2L2c

(1 + q2L2=2)3=2
; (3.14)

where � and Lc are the rms amplitude and the correlation length, respectively. Typical

values for � and Lc are � 0:1 nm and � 10 nm, respectively. [1, 39, 40]
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3.2.2 Phonon scattering

Phonons are quanta of lattice vibrations. They introduce a spatially and temporarily

varying lattice displacement and strain. This strain alters the lattice potential seen by

the electrons, which is the source of the electron-phonon interaction. Now the initial jii
and �nal states jfi, which are coupled due to this interaction, consist of phonon states
and electronic states. The golden rule expression for the e-ph scattering rate between

these states is given by [33]

W�q
lk;l0k0 =

2�

~

���M�q
lk;l0k0

���2 (Nq + 1
2
� 1
2
)�(Elk � El0k0 � ~!); (3.15)

where q (! = !q) is the phonon wave vector (frequency) and Nq is the average of the

phonon occupation number. All expression which depend on the wave vector q also de-

pend on the phonon mode index, but this is not written explicitly for the sake of clarity.

Electron quantum numbers l0k0 (lk) correspond to the initial (�nal) state. In equilibrium

Nq is given by the Bose-Einstein distribution Nq = NTph(!) = [exp(~!=kBTph)� 1]�1,
where Tph is the phonon temperature. [24] The plus and minus sign in Eq. (3.15) cor-

respond to phonon emission and absorption processes, respectively. The single-particle

e-ph matrix element is de�ned by

M�q
lk;l0k0 =

Z
d3r	�lk(r)Vq(r)	l0k0(r) =

�
M+q

l0k0;lk

��
; (3.16)

where 	lk(r) is the electron wave function. The interaction potential Vq(r) depends

on the phonon system and also on the "choice" of 	lk(r). [33] Here we work in a

picture where 	lk(r) is the envelope wave function and, therefore, Vq(r) is de�ned by

such "macroscopic" e¤ects as the deformation potential coupling and/or piezo electric

potential. In this picture the part of Vq(r) which is due to deformation potential coupling

depends on the point or region in the Brillouin zone, i.e., it depends on k-space band

index. The potential Vq(r) is proportional to the complex conjugate of strain of a

quantum eigen mode of lattice displacement. In the case of bulk continuum (volume

Vph) the eigen modes are of the form u =
p
~=2�!Vpheq exp(iq � r) = uq exp(iq � r),

where eq is polarization vector (jeqj = 1) and � is the mass density of the crystal. We
follow the notations of Papers VI and VII and de�ne the strain component vector as � =h
�xx �yy �zz �xy �xz �yz

iT
, where ��� = 1

2
(@u�=@� + @u�=@�) are the symmetric

strain components of displacement. Now the Fourier components of � can be written as

�q = iq bSuq; (3.17)
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where the conversion matrix is de�ned by

bS = 1

2

26666666664

2eqx 0 0

0 2eqy 0

0 0 2eqzeqy eqx 0eqz 0 eqx
0 eqz eqy

37777777775
: (3.18)

Here eqi = qi=q are components of propagation direction vector. If we assume deformation

potential type of interaction the potential shifts due to strain can be written as

�vq = b��q = iqb�bSuq; (3.19)

where b� is the deformation potential matrix consisting of the deformation potential

constants and f�vqgb is the band shift for band b. For example, in the case of conduction
band of Si [41] b� can be written as

b� =

0BBBBBBBBB@

�d + �u �d �d 0 0 0

�d �d + �u �d 0 0 0

�d �d �d + �u 0 0 0

�d + �u �d �d 0 0 0

�d �d + �u �d 0 0 0

�d �d �d + �u 0 0 0

1CCCCCCCCCA
; (3.20)

where �d(u) are the dilatational (uniaxial) deformation potential constants.

The scattering potential for the k-space band b is now Vq(r) =
�
�v�q
	
b
exp(�iq � r).

If we split the band index l in Eq. (3.16) as l = (n; b) , where n describes spatial 2D

sub-band and b is again the k-space band index, we �nd

M�q
lk;l0k0 =

(
�k0�k;q

�
Mq

b;b0

��
; 3D

�k0q�kq;qq
�
Mq

b;b0Fn;n0
��
; 2D

(3.21a)

Mq
b;b0 = f�vqgb �b;b0 (3.21b)

where the ��factors arise from the spatial integration over free electron states and give

the rule of momentum conservation.4 The e-ph form factor Fn;n0 is de�ned by 1D overlap
integral

Fn;n0 =
Z
dz �n(z)e

iqzz n0(z): (3.22)

If  n(z) are plane wave electron states then the 2D matrix elements are equal with the

3D ones, i.e., the e-ph form factor gives the conservation of z-direction momentum.

4Note that as we have written Eq. (3.21a) for the envelope wavefunctions we haveMq
b;b0 = 0 if b 6= b0.
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3.2.3 Density response and screening

The response of all electrons to a perturbation, which is the source of scattering, plays

an important role. This response together with electron-electron interaction a¤ects the

overall perturbation felt by the electron gas. In other words, the bare perturbation and

matrix elements are screened, which typically tends to reduce the transition rate of Eq.

(3.9). A common approach is to assume that the electronic system can be described

with the response of the non-interacting system under the external �eld plus the induced

�eld of all electrons ignoring all cross-correlations. This method is a standard mean �eld

approach, which is often referred as the random phase approximation (RPA).5

In the case of a single band under external �eld (perturbation), which couples to the

system through a potential vext(q; !), the dielectric function can be de�ned as "(q; !) =

veff (q; !)=vext(q; !), where veff (q; !) is the screened mean �eld potential, which is the

sum of the external and induced potentials. The matrix elements are screened in a similar

fashion and in the many-band case the screened matrix elements are given by

M scr
mm0(q; !) =

X
nn0

Mnn0(q; !)["
�1(q; !)]nn0mm0 ; (3.23)

where the RPA dielectric function can be written as

"nn0mm0(q; !) = �nm�n0m0 � Vnn0mm0(q)�0mm0(q; !): (3.24)

Here �0mm0(q; !) is the density response function of non-interacting electron system and

element Vii0jj0(q) describes the electron-electron Coulomb interaction. For a strictly 2D or

3D system Vnn0mm0(q) = Vd(q) [see Eq. (3.11)]. Finite span of the electron wave functions

in z-direction in quantum wells introduces the Coulomb form factors Fnn0mm0(q)[34, 44]

Vnn0mm0(q) = Fnn0mm0(q)V2(q); (3.25a)

Fnn0mm0(q) =

Z
dz

Z
dz0 eGq(z; z0) �n(z) n0(z) �m(z0) m0(z0); (3.25b)

where eGq(z; z0) is the electrostatic Green�s function, which was already discussed in
connection with the Coulomb matrix elements, and  j(z) are the solutions of Eq. (3.7).

In the long wavelength limit and/or zero coupling between the bands Eq. (3.24) can be

simpli�ed to matrix relation (see, e.g., Refs. [34, 45�47])

b"(q; !) = b1� bV b�0(q; !): (3.26)

5RPA and screening in 3D systems is broadly discussed, e.g., in Refs. [42, 43]. Transparent analysis

of 2D sub-bands can be found from Refs. [34, 44]. RPA typically works best at high densities, but also

generally speaking it provides a useful tool to investigate interacting electron gas. Further discussion

about the range of validity of the RPA can be found from Refs. [42, 43].

34



The elements bVij = Vij = Vd(q)F
ij
d (q), where in 2D (3D) F

ij
d=2(q) = Fiijj(q) (F

ij
d=3(q) =

1). Note that if the electron system consists of fully overlapping 2D/3D sub-systems or

two 2DEG layers separated by distance z0, then the Coulomb form factor can be written

as F ij
d (q) = [�ij + (1� �ij) exp(�qz0)]3�d (provided that 1=q greatly exceeds the width

of the individual layers in 2D).

The polarization function of a clean non-interacting system is de�ned by [34, 43]

�0ij(q; !) = lim
��!0+

V �1
e

X
k

f 0 (Eik)� f 0 (Ejk+q)
~! + Eik � Ejk+q � i~�

; (3.27)

Ve being the d-dimensional volume of the electron system. The well-known zero-Kelvin

expressions for diagonal terms �0ii(q; !) were �rst obtained by Lindhard [48] in 3D and by

Stern in 2D [49]. Expressions for the non-diagonal terms in 2D can be found, e.g., from

Refs. [50, 51]. We will often encounter a symmetric form of �0ij where the diagonal �d
and and o¤-diagonal �od elements are equal, respectively. In this case we write �

0
ij(q; !)

in matrix form as b�0(q; !) = �00(q; !)b1 + �01(q; !) bQA; (3.28)

where bQA = b1� bQS with f bQSgij = 1=L (L is the number of bands) and these matrices
have a useful property bQi

bQj = �ij bQi. The functions �00(q; !) and �
0
1(q; !) are de�ned

through relations �00 = �d + (L� 1)�od and �01 = �L�od.

Diagonal terms �0ii(q; !) of Eq. (3.27) at T = 0 can be approximated by a useful and

illustrative small-q formula

�0(q; !) � �0ii(q; !) ' ��("F )
�
1 + i

!

qvF
Kd

�
(
!

qvF
+

q

2kF
)2 � 2~!

"F

��
; (3.29)

where Kd(x) = (�=2)d�2� (1� x) (1� x)(d�3)=2 and all variables are evaluated at the

Fermi level "F of the particular band. The static diagonal response �0(q) = �0(q; 0) is

given by [48, 49]

�0(q) = ��("F )�
( h

1
2
+ x2�1

4x
ln
��x�1
x+1

��i ; 3D�
1� Re

p
1� x�2

�
; 2D

(3.30)

where x = q
2kF
. For x� 1 the response function �0(q) = ��. Whereas, in the opposite

limit it goes to zero. Finite temperature and/or disorder smears the sharp features

of (especially 2D) �0ij(q; !) and �0ij(q; 0).
6 The �nite temperature correction can be

calculated from �0ij(q; !)
��
T=0

by the method of Maldaque. [53] In the limit of Boltzmann

statistics [f 0 (E) ' e�(E�EF )=kBT ] the static diagonal polarizability is given by (d = 2; 3)

[54, 55]

�0(q) =
n

kBT
g1(x); (3.31)

g1(x) =
4
p
�

x
e�x

2

Z x

0

dtet
2

;

6Note that the e¤ects of disorder and temperature are not additive. [52]
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where x = q� and � = (2�~2=mkBT )1=2 is the thermal wave length (n = ni). The static

polarizabilities of Eqs.(3.30) and (3.31) are plotted in Fig. 3.7.

In addition of broadening e¤ects the disorder slows down the response of the electrons,

i.e., disorder a¤ects the dynamical properties of polarizability. The e¤ect of disorder

can be phenomenologically taken into account by Mermin�s relaxation time approach

[56], where the disorder included in a phenomenological relaxation rate 
 = 1=� . In a

multi-band system one should distinguish between intra-sub-system and inter-sub-system

scattering rates, which we denote by 
0 and 
1, respectively. For L equivalent bands the

total scattering rate is given by 1=� = 
 = 
0 + (L � 1)
1. Components of Eq. (3.28)
in the di¤usive (hydrodynamic) limit !�; qle � 1 are given by the many-band version of

Mermin�s relaxation time response function [57]

�00(q; !) = �� iD0q
2

! + iD0q2
; (3.32a)

�01(q; !) = �0(q; !)
!

iD0q2
i


(! + i
) + iD0q2
; (3.32b)

where D0 =
1
d
v2F � =

1
d
vF le is the di¤usion constant and 
 = L

2

1is the total elastic

inter-valley/band scattering rate.

If we assume single (or degenerate) band and Fd(q) = 1 then from Eq. (3.24) we

obtain the the standard RPA dielectric function "(q; !) = 1 � V (q)�0(q; !). If we

consider the static limit [Eq. (3.30)] and further assume q
kF

� 1 we �nd the well-

known Thomas-Fermi dielectric function "(q) = 1+(�=q)d�1, where � = 2 [e2�=4"b]
1=(d�1)

is the Thomas-Fermi screening wave vector. In the limit of Boltzmann statistics [Eq.
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Figure 3.7: Normalized static polarizability �0(x; 0)=�0(0; 0) as a function of normalized
wave vector x. Curves with x = q

kF
and x = q� correspond to Eq.(3.30) and Eq. (3.31),

respectively.
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(3.31)] at q� � 1 we obtain the Debye-Hückel screening wave vector by replacing � by

nl=kBT in �. Note that the length scale 1=� is the distance where electrons can screen

a static long wave length potential. More generally we can write "(q; !) = 1 + (e�=q)d�1
where e� = �� [�0(q; !)=�0(0; 0)]1=(d�1), which introduces the frequency and wave vector
dependent screening wave vector e� (see also Fig. 3.7).
The inversion of the RPA dielectric function in the general many-band case is a

formidable task for an arbitrary system, even for the simpli�ed model of Eq. (3.26).

A physically transparent and useful model for arbitrary number (L) of sub-systems (or

bands) is such where we assume the form of Eq. (3.28) for b�0(q; !). If we further assume
that all intra-band interactions and all inter-band interactions are similar, respectively,

[Vij = �ijV11 + (1� �ij)V12] we �nd from Eq. (3.26)

b"�1(q; !) = "�1S (q; !)
bQS + "�1A (q; !)

bQA; (3.33)

where the scalar dielectric functions are "S(q; !) = 1 � [V11 + (L� 1)V12]�00(q; !) and
"A(q; !) = 1 � (V11 � V12) [�

0
0(q; !) + �01(q; !)]. We can recognize that these both have

a similar form as the standard RPA dielectric function. Dielectric functions "S;A(q; !)

often appear in context to bi-layer Coulomb drag e¤ect [58]. The poles of "�1S;A(q; !) are

related to symmetric (optical) and asymmetric (acoustic) plasmons, respectively. [59, 60]

Note that if there exists asymmetric coupling to the external �eld then it may be

that the charge responses of the bands are in opposite phase (due to inter-band Coulomb

interaction), which tends to reduce the total density response and, therefore, also reduce

the overall screening. This phenomenon resembles the conventional image charge e¤ect

and, therefore, it was referred as "internal image charge e¤ect" in Paper VII. This e¤ect

quantitatively follows from Eq. (3.33) (from the properties of matrices bQi) and it is

schematically illustrated in Fig. 3.8.
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Figure 3.8: Schematic cross-section of a 2D two-component electron system and illus-

tration of reduction of screening under asymmetrically coupling �eld. The electron gases

have thickness t and they are separated by a distance z0. Note that z0 > 0 describes a

bi-layer, where as z0 = 0 describes a many-valley/band system, where the components

are separated in reciprocal space. The solid curves describe the external (vextl ) and e¤ect-

ive (veffl ) scalar coupling potentials in the plane of electron gas l = 1; 2. The � signs

describe the charge build up due to the external (and e¤ective) �eld in the two electron

gases. After Paper VII.
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Chapter 4

Transport in quantum wells

This part of the Thesis is based on Papers I�V and it deals with 2D electronic transport

phenomena in quantum wells. Electronic properties of 2D systems has been a topical

subject since the early studies on bulk Si MOSFETs in the 1960�s. [28] The under-

standing gathered from the subject from 1960�s up to early 1980�s is reviewed in Ref. [1].

Since then a lot of e¤orts have been concentrated around III-V compound semiconductor

heterostructure based 2D systems due to their excellent electronic properties. In hetero-

structure quantum wells the low temperature mobility can exceed 1000 m2/Vs leading to

electron mean free paths of tens of microns. [61] Whereas, in Si MOSFETs the mobility

seems to be fundamentally limited (due to the properties of the Si-SiO2 interface) below

10 m2/Vs, the record being around 7 m2/Vs [62].

Ultra-high mobility is not always a necessity and profound e¤ects can also be due

to disorder. Therefore, both heterostructure quantum wells and Si MOSFETs are still

utilized as a laboratory of 2D transport physics. High mobility of carriers means also

high switching speed for the particular FET and for the circuit. Even so, compound

semiconductor FETs are typically utilized only in high speed analog devices, while com-

mercial integrated digital circuits, such as processors, are build from Si MOSFETs. This

distribution of work between III-V�s and Si is due to advanced silicon device processing

technology, robust material properties of Si and existence of stable SiO2 gate oxide. They

have enabled reliable large scale integration of the transistors and FET scaling.

The quantum well system of interest here is the SiO2-Si-SiO2 structure introduced

in Sections 2.1.1 and 3.1.2. This Si heterostructure, where single crystalline Si �lm is

sandwiched between amorphous SiO2 layers, is enabled by the development of silicon-on-

insulator technology. [3, 4] The SiO2-Si-SiO2 heterostructure provides a new quantum

well system, which enables insertion of both a metallic top gate and back gate electrode

forming a double-gate Si MOSFET. Si-based double-gate FET structures are intensively

explored at the moment. [4, 5] They are regarded as a promising solution to the problems
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faced when the device/gate length is down-scaled into sub-50 nm regime. Double-gate

geometry gives a superior electrostatic gate control of the transistor channel charge,

which reduces the so-called short channel e¤ects. In addition of boosting the gate control

such devices provide also another bene�t in the form of enhanced electron mobility in

comparison to similar single-gate FETs. [63] From the viewpoint of low temperature

2D transport physics development double-gate Si MOSFETs provides a Si quantum well

system where spatial sub-bands and electron wave functions can be easily adjusted.

Here we �rst review simple Drude-Boltzmann transport theory, which provides qual-

itative understanding for the experimental �ndings at low magnetic �elds. Then we

discuss the experimental low temperature transport properties of double-gate SiO2-Si-

SiO2 FETs with � 5�20 nm Si layer. The maximum single-sub-band mobility of the

fabricated devices is found to be above 2 m2/Vs, which is comparable to maximum mo-

bilities found in high-mobility bulk Si MOSFETs. The double-gate structure enables the

occupation the second spatial sub-band even at low electron densities and it is demon-

strated that the number of quantum mechanical spatial 2D sub-bands has a strong e¤ect

on the transport. Such e¤ects are washed away at elevated temperatures. The most rel-

evant e¤ect at room temperature is the above mentioned mobility enhancement, which

we demonstrate at the end of this part.

4.1 Conductivity and mobility within Drude-

Boltzmann picture

At small driving electric �elds E we expect that the current density J is given by Ohm�s

law

J = �E; (4.1)

where � is the conductivity. Simplest model for the conductivity is known as the Drude

model. It assumes that the density of current carrying electrons is ne and that there

exist a (some kind of) frictional damping force. The damping is described by parameter

� in such a way that the model gives exp(�t=�) decay of the electron velocity if we set
E = 0 at t = 0, which gives the name relaxation time for � . The Drude model gives for

the conductivity [19]

� = e�ne (4.2a)

� = e�=m; (4.2b)

where � is the mobility and it relates the average (drift) velocity vD of the carriers to

electric �eld according to vD = � jEj.

40



The above model merely introduces an extra parameter (the relaxation time), which

is used to determine the conductivity. More complete picture requires the knowledge

electron distribution functions fl(k) (of band l) under driving electric �eld, whence we

can calculate the current density from the microscopic de�nition

J = �e
Z

ddk

(2�)d

X
l

vlkfl(k); (4.3)

where vlk is the electron velocity. The distribution functions can be obtained from a

set of coupled continuity equations in 2d-dimensional phase space known as Boltzmann

transport equation (BTE) [33, 34]

@fl(k)

@t
+ v � rrfl(k) +

1

~
F �rkfl(k) =

�
@fl(k)

@t

�
c

: (4.4)

Here F = �eE is the force acting on carriers. The term on the right-hand-side of BTE

is the collision integral, which introduces (internal) scattering events in the BTE and

coupling between the bands. The collision integral is given by the balance equation [33]�
@fl(k)

@t

�
c

=
X
l0k0

�
[1� fl(k)]Wlk;l0k0fl0(k

0)� [1� fl0(k
0)]Wl0k0;lkfl(k)

	
; (4.5)

where Wlk;l0k0 are the transition rates introduced in Section 3.2. Factors fli(ki) and

1� flf (kf ) guarantee that the initial and �nal states are �lled and empty, respectively.

Approximate analytical solution to BTE can be found at small �elds by linearization.

The solution which is linear in F is given by [64]

fl(k) = f 0(Elk)�
@f 0(Elk)
@Elk

vlk � F � l(k); (4.6)

wheref 0(E) is the Fermi distribution. At this point we set d = 2, whence the relaxation
time � l(k) in the case of elastic or quasi-elastic scattering is de�ned by system of linear

equations [1, 64, 65]

� l = k�1l
X
l0

n bK�1
o
ll0
kl0 (4.7a)

bKll0 = �ll0
X
m


qulm � 
qull0 + 
trll0 (4.7b)


qulm =
mk

2�~3

Z 2�

0

d� jM scr
lm (q)j

2 (4.7c)


trlm =
mk

2�~3

Z 2�

0

d�(1� cos�) jM scr
lm (q)j

2 : (4.7d)

Momentum q is de�ned by in plane momentum transfer in the 2DEG and we have

assumed ideal 2D density of states. Angle � is the scattering angle and M scr
lm (q) is

the screened scattering matrix element. The time scales 1=
qulm and 1=
trlm are typically
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referred as quantum life time and transport life time, respectively. By substituting Eq.

(4.6) into Eq. (4.3) leads to [64]

� = e
X
l

�lnl (4.8a)

�l =
e�l
mknl

Z
d2kl
(2�)2

[Elk � El]

�
� @f 0

@Elk

�
� l; (4.8b)

where �l is the number of equivalent bands and � l(k) = � l(Elk). At low temperatures
[(EF � El)=kBT � 1] the sub-band mobility is given by

�l =
e

mk
� l(kF;l); (4.9)

which resembles the standard Drude result with the exception that the transport relax-

ation time � l is evaluated at Fermi level EF;l = EF � El = (~kF;l)2 =2mk.

4.2 Low temperature transport

4.2.1 Single sub-band conductivity and mobility

If the quantum well width is su¢ ciently small and/or electron density is low only single

2D sub-band is populated, in which case the conductivity is de�ned by the transport

relaxation rate ��1 = 
tr11:

��1 =
mk

2�~3

Z 2�

0

d�(1� cos�) jM scr(q)j2

=
mk

2�~3

Z 2

0

dxp
1� (x=2)2

�x
2

�2
jM scr(xkF )j2 : (4.10)

The relevant scattering mechanisms at low temperatures are surface roughness scattering

and Coulomb scattering, which are described by Eqs. (3.10)�(3.12). If we assume that

these scatterers are statistically uncorrelated the total screened matrix element entering

Eq. (4.10) is given by the sum jM scr
tot (q)j

2 =
��MSR(q)="(q)

��2 + ��MC(q)="(q)
��2. We

exclude the e¤ect of inter-valley scattering, which has been a widespread practice in the

studies Si based 2DEGs.1

For screened Coulomb matrix element we have
��MC(q)="(q)

��2 = (NCe
2=2"b) �

jF (q; z0)= [q + �F (q)]j2 ; where the form factors F (q; z0) =
R
dz exp(�q jz � z0j) j (z)j2

and F (q) =
R
dz j (z)j2 F (q; z) (we have assumed uniform dielectric background). Si

based 2DEGs are strongly screening systems (� > kF ) for realistic carrier densities (ne
1However, recently some progress has been made: a theory of quantum corrections of resistivity,

which includes inter-valley scattering, has been developed and utilized in interpretation of experimental

data. [66]
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below � 50 � 1016 m�2). This suggests that the q dependency of the screened Cou-

lomb matrix element is determined by the ratio F (q; z0)=F (q), which decreases as a

function of q. [1] As a result Coulomb scattering limited mobility �C increases as a

function of kF or ne. This makes the Coulomb scattering most e¤ective scattering mech-

anism at low carrier densities. From Eq. (3.12) for surface roughness scattering we have��MSR(q)="(q)
��2 = V 20 j�(q)j

2j (0)j2

j1+F (q)�=qj2 (for interface at z = 0). The magnitude of the electron

wave function j (0)j increases at the barrier-well (SiO2-Si) interfaces as a function the
carrier density due to electron-electron interaction and/or external gate potential. Now

as j�(q)j2 = ��2L2c
(1+q2L2=2)3=2

[Eq. (3.14)] the screened surface roughness matrix element has

relatively weak q-dependency and, as a result, the kF -dependency is actually dominated

by j (0)j. This leads to opposite density dependency in comparison to Coulomb scatter-
ing: surface roughness scattering limited mobility �SR decreases as a function of kF or

ne.

The very di¤erent density dependency of �SR and �C leads to well-known behavior of

the total mobility � = �SR�C=(�SR + �C) in a FET: the mobility �rst increases at low

carrier densities and then decreases at higher densities. This behavior is experimentally

demonstrated in Fig. 4.1 which shows low temperature mobility of two devices in a single

sub-band regime. The mobility of the thicker device with tW = 16:5 nm is plotted as a

function of the carrier density [Fig. 4.1(a)]. The two curves in the Figure are obtained by

controlling the electron density by the top gate (back gate) while keeping the back gate

(top gate) at zero, which pulls the 2DEG against the top gate oxide -Si interface (back

gate oxide -Si interface). The top interface maximum mobility goes above 2 m2/Vs

below 1 K. The di¤erence in the top/back interface mobility curves arises mainly from a

larger interface roughness of the back gate oxide -Si interface. If �nite bias is applied to

both gates second sub-band gets populated even at relatively low carrier density in thick

Si wells (see next Sub-sections). If tW is su¢ ciently small single sub-band transport is

maintained at arbitrary gate balance. Figure 4.1(b) shows mobility and carrier density

contours as a function of the top and back gate voltages measured from such a device

( tW = 7:0 nm). Note that if we adjust the gate voltages along an arbitrarily chosen

straight line (direction) in Fig. 4.1(b) in such a fashion that ne increases the mobility

shows exactly the similar �(ne) behavior as the thicker device which is due to the interplay

of surface roughness and Coulomb scattering. However, the peak mobility in the thinner

device is signi�cantly lower than in the thicker one due reduced average distance to the

elastic scatterers. See Paper I for tW dependency of the peak mobility.

4.2.2 Two sub-band conductivity and mobility

If thermal and disorder broadening are su¢ ciently small the onset of the second sub-

band can have a strong e¤ect on the conductivity and mobility. In fact, in the ideal
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Figure 4.1: (a) Top and back interface mobility � as a function of carrier density ne at
4.2 K. The di¤erence between the curves re�ects the di¤erent disorder the top and back

gate oxide�Si interfaces. (b) Contour plot of � (black thin curves with black labels) and

ne (gray thick dashed curves with gray bold labels) measured from the 7.0 nm thick Si

well at 1.6 K. The contour spacing for � above (below) 0.4 m2/Vs is 0.02 m2/Vs (0.05

m2/Vs). The dashed line is the symmetric gate bias line VBG = VTGtBOX= tOX. Carrier

density is dermined from the Hall e¤ect and quantum oscillations of resistivity in (a)

and (b), respectively [see Section 4.2.3]. After papers III and IV.

case of zero broadening (and temperature), a discontinuity in the conductivity/mobility

is expected due to the jump in the density of states [see Eq. 3.4]. This can be observed

by inverting bK in Eq. (4.7b) and thereby obtaining � 1 and � 2: 
� 1

� 2

!
=

1

K11K22 �K2
12

 
K22=k1 �K12=k1

�K12=k2 K11=k2

! 
k1

k2

!
: (4.11)

If the Fermi level is just above E2 we have 0 < k2 � k1. Furthermore, it is expected

that the intra-band terms K11;22 dominate over inter-band term K12 and we �nd from

Eq. (4.11) ��11 ' K11 = 
tr11 + 
qu12 . When k2 is close to zero 

qu
12 '

mk
~3 jM

scr
12 (k1)j

2, which

gives the magnitude of the jump in ��11 at the threshold of the second sub-band. At

the threshold n2 = 0 and the total conductivity � = en1�1 = e2n1� 1=mk, which results

in an abrupt drop also in �. Figure 4.2 shows sub-band densities and conductivity

as a function of the back gate voltage at constant top gate bias VTG = 1:75 V of a Si

well with tW = 17 nm. The data exhibits the suggested conductivity degradation when

the second sub-band starts to populate. A similar e¤ect has been observed in a III-V

heterostructure quantum wells. [67] Note that despite the low temperature there is no

sudden drop in �. The smooth behavior is most likely due to disorder broadening.
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Even though we explained the conductivity drop in Fig. 4.2 by BTE-based consider-

ations (Sec. 4.1), it should be noted that for very small n2 BTE-description is actually

expected to fail. This is because at low n2 we inevitably have for the 2nd sub-band

kF le . 1, which indicates strong disorder, and the validity of the semiclassical BTE-

approach requires the opposite limit (weak disorder) kF le � 1. [34] In the limit of strong

disorder close to n2 = 0 the carriers in the 2nd sub-band are expected to reside in the

localized band tail states. [68�70] Therefore, close to n2 = 0 we can actually view the

behavior of the total system in such a way that due to electron-electron interactions the

electrons in the localized band tail states of the 2nd sub-band scatter the mobile electrons

in the �rst sub-band, which leads to reduction in �1 (and �) as originally discussed by

A. B. Fowler [68] in context with bulk MOSFET mobility experiments.

Figures 4.3(a) and 4.3(b) show contour plot of conductivity as a function of gate

voltages measured from a thin well device with tw = 7 nm and a thicker well device

with tw = 14 nm, respectively. The �(VTG; VBG) contours of the single sub-band thin
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Figure 4.2: Left axis: Symbols are experimental sub-band densities (n1; n2) measured
as a function of the back gate voltage from a 17 nm thick Si well (device B-E711) at

constant top gate bias VTG = 1:75 V at 270 mK. The dotted curve is a spline �t to n1
and it serves as a guide to the eye. The dashed line is a least of squares �t to n2. The

densities are determined from the quantum oscillations of diagonal resistivity [see Section

4.2.3]. Below VBG � 1 V n2 cannot be detected due to large level broadening. Right axis:

Experimental conductivity as a function of the back gate voltage.
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well device, which here serves merely as a reference, behave perfectly smoothly [Fig.

4.3(a)].The conductivity of the thicker device [Fig. 4.3(b)] shows strong non-monotonic

features, e.g., close to VTG � 0 and VBG � 0, which are due to the onset of the 2nd sub-
band population as discussed above. There is also another feature which distinguishes

�(VTG; VBG) of the thin and the thicker device. Around balanced gate bias line (VBG =

VTGtBOX=tOX) some extra curvature develops above VTG � 1:5 V in the � contours of

the thicker device, while again no such e¤ect is observed for the thinner one. The origin

of this feature is related to the sub-band wave function delocalization in the Si quantum

well: at balanced gate bias the e¤ective self-consistent potential in the well forms a

symmetric double well structure and the sub-band wave functions spread throughout

the well [see Figs. 3.4(a) and (b)]. If the external gates are not biased according to

VBG = VTGtBOX=tOX then the e¤ective potential is asymmetric and, according to the

rules of quantum mechanics, the wave functions are localized to the di¤erent sides of the

Si well. The reason why this localization/delocalization leads to such a strong feature

in �(VTG; VBG) is due to the fact that the di¤erent Si-SiO2 interfaces have di¤erent

disorder; at VBG = VTGtBOX=tOX both sub-bands feel the higher disorder Si-back gate

oxide interface leading to reduction in conductivity. This e¤ect has been observed also
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Figure 4.3: Contour plot of conductivity as a function of the top and back gate voltages
of devices (a) F-E73 (tw = 7 nm) and (b) F-E42 (tw = 14 nm) at T = 270 mK. The

contour spacing is 10�41=
 and the dashed curve is � = 10�31=
 contour. The outer

axis in (b) show the carrier density of F-E42 along VTG,BG = 0. The carrier density of

device F-E73 is roughly the same [exact values with mobility are plotted in Fig. 4.1 (b)].

(b) is After Paper V.
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in III-V heterostructure bi-layer quantum well systems and it is often referred as the

resistance resonance [6�8]. In the III-V systems the double well potential is (mainly) due

to stacking materials with di¤erent band gaps, whereas here it is solely due to Coulomb

interaction.

4.2.3 Magneto transport

At low magnetic �elds the e¤ect of �nite magnetic �ux density B can be included within

the BTE picture by introducing a Lorentz force term �evlk �B in the force F in Eqs.

(4.4) and (4.6). In the case of isotropic bands the components of the resistivity tensor

for a 2DEG are given by [65]

�xx =
mk

e2
Re

8><>: 1

Tr bN � bK � i!cb1��1
9>=>; ; (4.12a)

�xy =
mk

e2
Im

8><>: 1

Tr bN � bK � i!cb1��1
9>=>; ; (4.12b)

where the elements of matrix bN are f bNgij = �kikj=2� =
p
ninj (� is the valley degen-

eracy) and !c = eB=mk is the cyclotron frequency. Here T is 0 K, B = Bez, E = Eex,

and ni (ki) is the density (Fermi momentum) of sub-band i. In the case of single occupied

2D sub-band Eq. (4.12) reduces to the familiar form

�xx = ��1 = (ene�)
�1 (4.13a)

�xy = �B=ene: (4.13b)

The above equation for the Hall resistance �xy results also by simply calculating the �eld

which cancels Lorentz force �evD � B. The Hall resistance depends only on B and

ne, which provides the standard method to determine the carrier density by measuring

�xy = Ey=Jx.2 Generally we de�ne that the Hall carrier density is de�ned through

nH = �B=e�xy. It should be noted, however, that Eq. (4.13b) is only a special case
where nH just happens to be equal with the physical total density. For example, if two

2D sub-bands with di¤erent mobilities (�1 and �2) are occupied then Eq. (4.12b) gives

in the limit B �! 0 [65]

nH =
(�1 + �2)

2

(�1 + �2)2 + e2n1n2(�1 � �2)
2
ne; (4.14)

where �i = e�ini (i = 1; 2) are the separate conductivities of the sub-bands (total

conductivity � = �1+�2). This equation gives nH = ne = n1+n2 only if �2 = �1, which

2Jx is produced by Ex and Ey is measured while Jy = 0.
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is seldom the case, or if the second sub-band has zero population. Note that we can

obtain Eq. (4.14) also by considering two parallel channels which produce independently

Hall �elds �JxB=en1;2 and performing a standard circuit analysis to this system.

Figure 4.4 shows nH measured as a function the gate voltages from Si well with

tw = 16:5 nm. When VBG . 0:4 V or VTG . 0:1 V the Hall density is a linear function
of the both gate voltages and the Hall density corresponds accurately to the physical

electron density ne. In the bias window VBG & 0:4 V and VTG & 0:1 V nH behaves

strongly non-monotonically and seems to be less than the physical total ne. The behavior

of nH can be understood on the basis of Eq. (4.14): in the linear gate bias windows there

is only single sub-band populated and in the non-monotonic bias window there are two

sub-band populated with di¤erent mobilities. This interpretation is consistent with Sec.

4.2.2.

If the cyclotron frequency !c is larger than the relaxation rate ��1 electrons can oscil-

late several periods on the cyclotron orbit without scattering and Landau level formation

[with eigen energies ~!c(N+ 1
2
)] starts to a¤ect the transport. In the ideal case !c� !1
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Figure 4.4: Contour plot of Hall electron density measured as a function of the top gate
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(ignoring all broadening e¤ects) the step-like 2D density of states changes into [71]

�(E) = 2�eB

h

1X
N=0

�

�
E � E1 � ~!c(N +

1

2
)

�
; (4.15)

where E1 is the threshold of the �rst 2D sub-band (� arises from valley degeneracy and

factor 2 comes from spin degeneracy). In reality the Landau levels have �nite width and

the �-function spikes are smeared. For example, if !c� is not too high �(E) shows only
small oscillations whose amplitude depends level broadening. These quantum oscillations

are also seen in �xx;xy and they are referred as Shubnikov-de Haas (SdH) oscillations.

[72] The period of the main component of the SdH oscillations is equal to the one in Eq.

(4.15), which suggests oscillations with period ~!c. As a result if we change the electron
density ne by �ne in such away that �xx makes one full cycle then �ne = e2�B=h. If, on

the other hand, we alter B instead of ne then �xx(1=B) oscillates with period 2�e=hne
due to factor 2�eB=h in �(E). Furthermore, if there are several sub-systems present
in the 2DEG, which have di¤erent densities ni, they cause oscillating components to

�xx(1=B) with periods 2�ie=hni (see Ref. [73] for higher order e¤ects). This feature is

extremely useful as it enables determination of the carrier density of a 2DEG in the

multi sub-band regime, where Hall method typically fails.

SdH oscillations measured from a Si well in single and two sub-band regime are shown

in Fig. 4.5. If we look at the low �eld region we clearly observe only single oscillation

in �xx(B) with monotonic increase in the oscillation amplitude in the upper curve. In

the lower curve the amplitude varies as a function of B (see, e.g., the maximum close

to B = 1 T), which suggest that there are more oscillating components present. By

performing Fourier transform to �xx(1=B) (see the inset in Fig. 4.5), we indeed see that

there are two components in the lower curve and only one in the upper curve. The peaks

in the Fourier transform amplitude give the corresponding densities. The SdH densities

presented in Figures 3.5 and 4.2 are simply positions of such peaks.

Above B � 1:5 T the magnetic �eld starts to generate signi�cant energy di¤erence

between di¤erent spin orientations (Zeeman e¤ect) which splits the maxima in �xx(B). [1]

The last minima in the upper �xx(B) in Fig. 4.5 goes to zero. When !c� � 1 �(E) indeed
shows the gaps suggested by Eq. (4.15) and if Fermi level EF lies in such gap �xx = 0 and
�xy is equal to quantized value h=e

2�f , where �f is integer describing full Landau levels

referred as Landau level (LL) �lling factor. [74] This is the integer quantum Hall e¤ect

discovered in 1980. [75] Figure 4.6 shows the diagonal resistivity �xx as a function of the

voltages measured from two devices F-E73 (tW = 7:0 nm) and F-E42 (tW = 14 nm)

at strongly quantizing �eld of B = 9.0 T.The bright and dark color correspond to low

and high �xx, respectively. In the white regions �xx � 0 and Hall resistance �xy is equal
to quantum Hall value h=e2�f . Note that the positions of constant LL form continues

trajectories (the �xx minima ) in the thinner device F-E73 [Fig. 4.6(a)], which is the
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Figure 4.5: Diagonal resistivity of device B-E711 (tW = 17 nm) as a function of

magnetic �eld at two gate biasing points at 290 mK. Inset: Fourier transform (FT)

amplitude of �xx(1=B) as a function of the electron density (in units 10
15 m15). The FT

frequency is converted to density (per degeneracy) by multiplying by e=h. Taking into

account the spin and valley degeneracy the peaks in the FT give n1 � 8:2 � 015 m15 for
the single sub-band curve (VBG = 0:1 V). For the two sub-band curve (VBG = 2:5 V) we

�nd n1 � 8:3� 015 m15 and n2 � 5:8� 015 m15.

indication of single sub-band transport. These trajectories are constant carrier density

contours.3 The thick sample F-E42 [Fig.4.6(b)] behaves similarly in single sub-band bias

regimes (when electron density is low or VBG . 0:5 V or VTG . 0:25 V). In the bias region
where VBG & 0:5 V, VTG & 0:25 V and �f > 4 the constant �f trajectories are broken into
a 2D pattern in Fig. 4.6(b) , which is due to appearance of the second spatial sub-band.

In single sub-band regimes the trajectories with �f = 4(k + 1) (here k = 0; 1; 2:::) are

related to the cyclotron gaps ~!c of Eq. (4.15) (the factor 4 arises from two valleys and
two spins). Large B splits the spin degeneracy (as already pointed above) and also the

valley degeneracy, which introduces more oscillatory components in �xx(B) in the spirit

of the two sub-band case discussed above. If valley and spin splittings are of the same

magnitude as in bulk MOSFETs then �f = 2k + 3 and �f = 4k + 2 can be related to

valley and spin gaps, respectively. [1] Finite valley splitting has been investigated and

observed in bulk Si MOSFET devices also at low magnetic �elds (and at high �f). [76]

Furthermore, in high disorder (low mobility) SiO2-Si-SiO2 systems with thin Si layer

(� 8 � 10 nm) valley splitting can depend strongly on the position of the electron gas

3The carrier density in Fig. 4.1(b) is determined on the basis of similar trajectories at B = 2:5 T.
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The gray scale is proportional to �xx: dark and light color correspond to high and low

resistance, respectively. The regions showing the grid are excluded in the measurements.

The numbers inside the axis indicate the Landau level �lling factors �f . Only few �f are

indicated in (b) and missing values can be simply obtained by counting the minima. Note

that conductivity of these devices is plotted in Fig. 4.3 and mobility of F-E42 (together

with carrier density) is shown in Fig. 4.1(b).After Paper IV.

inside the Si well [77, 78] and splitting has been observed even at zero �eld [79].

4.3 Room temperature transport

In addition of the elastic scattering mechanisms discussed above a signi�cant electron-

phonon momentum relaxation is present due to thermal phonon population at room

temperature. At low carrier densities phonon scattering is the most e¤ective mechan-

ism limiting the mobility; at higher densities also surface roughness starts to limit the

mobility. Typical approach to estimate the magnitude of the acoustic phonon limited

mobility at elevated temperatures is to make the so-called quasi-elastic approximation

~!q � kBT; Enk; En0k0 in Eq. (3.15). [29, 33, 80] Under these assumptions the e-ph
transition rate reduces to4 W q

nk;n0k0 =
4�
~
kBT
~!q

���M+q
nk;n0k0

���2 �(Enk � En0k0) . Thus, Mnn0(q)

4Note that the total transition rate is W q
nk;n0k0 =W

+q
nk;n0k0 +W

�q
nk;n0k0
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entering Eq. (4.7) is given by [81]

jMnn0(q)j2 =
~
2�

X
q

4�

~
kBT

~!q

���M+q
nk;n0k0

���2 = kBT

(2�)2~�v2s
�2 eFn;n0 (4.16a)

eFn;n0 �
Z
dqz
2�
jFn;n0j2 =

Z
dz j n(z)j

2 j n0(z)j
2 : (4.16b)

We have assumed standard linear dispersion relations !q = vsq and, for the sake of

simplicity, an isotropic deformation potential constant fb�bSeqgbb = �.5 Furthermore, we
neglect screening which is a common approximation for room temperature e-ph scatter-

ing in 2DEG [29]. As jMnn0(q)j2 / eFn;n0 the e-ph scattering depends strongly on the
electron con�nement: the smaller is the width of the electron gas the larger is the phonon

scattering rate (provided that  n(z) and  n0(z) have su¢ cient overlap). The situation

is transparently illustrated in the case of single sub-band, whence the (acoustic) phonon

limited mobility is �ph / � phl / 1= eF11. The dependency of the e-ph scattering on the
con�nement of the 2DEG can viewed as a consequence of Heisenberg uncertainty rela-

tion: the smaller space in the z-direction the 2DEG occupies the more uncertain is the

z-direction momentum, which enables larger phase space of phonons to interact with the

electrons.

At room temperature several 2D sub-bands from di¤erent valleys of Si conduction

band are occupied even in devices with sub-10 nm Si well thickness. [63] This complicates

the analysis of the mobility. However, still the electron density dependency of Coulomb

and surface roughness scattering limited mobility (and its magnitude) is roughly the same

as at low temperatures [29, 63]. Furthermore, these elastic scattering mechanisms are at

minimum at symmetric bias VBG = VTGtBOX= tOX [63, 82] as in the case of single sub-band

transport at low temperatures (see Sec. 4.2.1). Thus, all scattering mechanisms at room

temperature are at minimum at symmetric bias and mobility enhancement is expected.

Note that the population in the valleys with heavier transport mass increases towards

the symmetric bias, which reduces the mobility, but this is a minor e¤ect. [63, 82]

Figure 4.7 shows experimental total electron density ne =
P

l nl and e¤ective Drude

mobility � = �=ene contours of two double-gate devices with tW = 6.8 nm (F-E741) and

tW = 17.3 nm (B-E742) as a function of top gate voltage V TG and back gate voltage VBG
at 300 K. This data clearly shows the predicted enhancement of mobility towards VBG =

VTGtBOX= tOX. Despite the large di¤erence in tW both devices behave qualitatively in

same fashion. Note that due to thermal broadening the sub-band coupling e¤ects, which

were evident at low temperatures, can not be distinguished in Fig. 4.7.

5Eq. (4.16b) follows from Parseval�s theorem. [25]
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Chapter 5

Electron-phonon energy relaxation

In this part of the thesis we deal with electron-lattice energy loss in 3D and 2D semi-

conductor systems (Papers VI and VII). This topic has attained a great deal of interest

during the last few decades. [9] One reason for the extensive studies of electron-phonon

(e-ph) energy relaxation arises from device applications. For example, at high temper-

atures e-ph energy loss processes are directly linked to transistor performance. In low

temperature bolometer and microcooler applications thermal e-ph coupling is the key

parameter of interest. [18] Another driving force for the energy relaxation studies is that

it is connected to the versatile physics of microscopic electron-phonon interaction. Here

the main focus is on the low temperature e¤ects and acoustic phonons.

The e-ph energy loss is highly sensitive to various parameters of the coupled e-ph sys-

tem. The most important parameter is of course the nature of the electron-phonon inter-

action. In single-valley semiconductors the electron-phonon interaction can be typically

described by deformation potential or piezoelectric coupling constants. [2] In quantum

wells also other types of coupling due to heterointerface [83] or electric �eld [84] induced

quantum con�nement may be important. In the above-mentioned electron lattice coup-

ling mechanisms the dependence of the e-ph matrix elements on the electronic variables,

such as momentum, can be typically ignored. The situation is di¤erent, e.g., in metals

where momentum dependency must be included due to the high Fermi level. [33, 85]

However, by simply setting the e-ph matrix elements to a constant is not the whole story

even for deformation potential coupling in semiconductors as discussed in Section 3.2.2.

The fact that certain strain components lift the valley degeneracy lead to important role

of the valley degree of freedom in elastic and ultrasonic properties of bulk many-valley

semiconductors. [45, 86�88]

Interaction between electrons and phonons is strongly a¤ected also by the disorder

of the electron system and, therefore, the problem is commonly divided into two special

cases: pure and impure (or di¤usive) limit of e-ph interaction. The cross-over between
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these two regions is de�ned as qT le = 1, where qT = kBT=~vs is the thermal phonon wave
vector (T is the temperature of the lattice and vs the sound velocity) and le is the carrier

mean free path. Recent theory for single-valley semiconductors [12] predicts that the

e-ph energy relaxation is strongly enhanced when the system enters from the pure limit

(qT le > 1) to the di¤usive limit (qT le < 1). The behavior is the opposite in comparison

to metals where it is well known, since the pioneering work by A. B. Pippard [89], that

the disorder of the electron system tends to suppress the e-ph energy relaxation (see

also Ref. [90]). The disorder dependency of the e-ph energy loss also depends strongly

on microscopic nature of the interaction, which explains the di¤erence between isotropic

semiconductors and metals. [12]

Here we discuss on e-ph energy relaxation in semiconductors on the basis of Papers

VI and VII. We �rst introduce some general aspects of the problem and give heuristic

derivation for the power loss. Then we sketch a more detailed theory and give microscopic

many-band power loss formula for the case where phonons cannot directly couple di¤erent

bands. We show some special cases of the formula and, �nally, view the experimental

data of Paper VI on n-type Si.

5.1 Carrier-lattice thermal resistance and energy re-

laxation time

We are interested in the total steady state e-ph energy �ow rate (or power �ow) between

coupled carrier and lattice sub-systems. We assume that these sub-systems are in sep-

arate internal equilibrium, respectively. Within this so-called temperature model[10, 91]

the total energy loss rate can be quite generally described by a symmetric power loss

formula

P = F (Te)� F (Tph); (5.1)

where Te and Tph are the electron and phonon temperatures, respectively (see Refs. [9�

12, 92], Papers VI,VII and also next Sub-section). The energy loss rate (function) F (T )

can be easily linked to the e-ph energy relaxation time � e�ph by heuristic approach. This

time scale is roughly equivalent to the thermal RC time constant de�ned by Re�phCe,

where R�1e�ph = �F (T )=�T is the macroscopic electron-phonon thermal resistance and

Ce is the electron heat capacity (see Fig. 5.1). At low temperatures ��1e�ph / T pe and

Ce / Te[19], which leads us to well-known power law

F (T ) / T n; (5.2)

where n = p+2. This type of temperature dependency has been experimentally veri�ed

in various semiconductors [9, 93�98, VI] and also metals [99�101]. The prefactor and

power n depend on the microscopic physics of the coupled e-ph system.
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Figure 5.1: Illustration of the power �ow between coupled electron and phonon systems.
Re�ph is the e-ph thermal resistance. Power �ow P induces a temperature di¤erence

�T = Re�phP .

5.2 Microscopic power loss formula

When electron system emits a phonon with frequency ! = !q it looses energy ~! to
the phonon system. In the absorption electrons gain ~! from the phonon system. The

power absorption/emission is the occurrence rate of the event multiplied by this energy.

Therefore, the total power loss is

P =
1

Ve

X
q

~!q [Wem(q)�Wab(q)] ; (5.3)

where Wem(q) and Wab(q) are phonon emission and absorption rates. Equivalently P

could be viewed as the energy average of the electron-phonon or phonon-electron collision

integral. [102] In the former case the collision integral would be the one given by Eq.

(4.5) with e-ph scattering rates of Eq. (3.15). The rates Wem;ab(q) can be obtained from

the golden rule formula Eq. (3.9) in the spirit of Refs. [10, 91] and Paper VII, whence

we obtain

F (T ) =
X
q

!qNT (!q)2e
y
q
cM y
qImf�b�(q; !q)gcMqeq (5.4)

with P = F (Te)�F (Tph) [Eq. (5.1)], where b�(q; !) is the density response function. This
result relies on the long wavelength assumption where the phonons cannot couple di¤erent

bands. In other words, we assume that the e-ph matrix elements satisfyMq
l;l0 =M

q
l;l0�l;l0,

when we need only the intra-band matrix elementsMq;l �Mq
l;l. We have introduced a

matrix notation where the coupling matrix cMq is related toMq;l through relation

Mq;l =
X
i=x;y;z

fcMqgl;iei; (5.5)

where ei are components of the phonon polarization vector eq (jeqj = 1). Note that if
Mq;l =Mq;m for all l;m or the number bands L = 1 then Eq. (5.4) reduces to power
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loss formula of Refs. [10, 91].1 In the case of deformation potential coupling to bulk

acoustic phonons (in a volume Vph) the coupling matrix is determined by Eqs. (3.19)

and (3.21a) resulting

cMq = i

s
~

2Vph�!
qb�bS; (5.6)

where we have set the e-ph form-factors [Eq. (3.22)] to unity.

The response function b�(q; !) can be expressed using the mean �eld result b�(q; !) =b�0(q; !)b"�1(q; !) in the spirit of Refs. [45, 47] (see also Sec. 3.2.3). If we further assume
that b�0(q; !) and b"(q; !) are given by Eqs. (3.28) and (3.33), we can divide F (T ) [Eq.
(5.4)] into symmetric (FS) and asymmetric (FA) terms:

F (T ) = FS(T ) + FA(T ); (5.7a)

Fi(T ) =
X
q

!qNT (!q)2Imf��ig
M2

i

j"i(q; !q)j2
(5.7b)

M2
i = eyqcM y

q
bQi
cMqeq (5.7c)

where i = S;A , �S = �0(q; !) and �A = �00(q; !) + �01(q; !) [see Eq. (3.28)]. This

equation introduces yet another notation: the e¤ective matrix elements M2
i , which are

de�ned by quadratic forms and screened with the scalar dielectric functions "i(q; !) of Eq.

(3.33). The matrix elements compactly describe the contributions of symmetric (M2
S)

and asymmetric (M2
A) e-ph coupling. Note that from the properties of bQi it follows that

the e¤ective matrix elements obey M2
i � 0 and, therefore, also Fi(T ) � 0. If the e-ph

interaction is mediated through deformation potential coupling [Eqs. (3.19), (3.21a) and

(5.6)] then quadratic form �2S;A = eyq
bSyb�y bQS;A

b�bSeq can be interpreted as a square of
the deformation potential "constant". The asymmetric part FA(T ) arises from many-

band nature and it can be non-zero even with diagonal b�0(q; !), which follows from the

inter-band Coulomb interaction as discussed in Sec. 3.2.3 and Paper VII.

5.3 Single and many-valley semiconductors

Table 5.1 shows asymptotic low temperature expressions of Eq. (5.7) deep below the

Bloch-Grüneisen limit qT = 2kF for di¤erent systems.2 We have divided the results in

Table 5.1 into four category: 3D pure, 2D pure, 3D di¤usive and 2D di¤usive. These are

described with a common FS(T ), respectively. In the pure limit qT le � 1 the formulas

1Sometimes the single-band version of Eq. (5.4) is referred as Kogan�s formula after the Author of

Ref. [10].
2The dielectric function "A(q; !) is set to unity. Therefore, the results of Table 5.1 apply for single and

many-valley semiconductors, with full spatial overlap of the electronic states for the latter. Furthermore,

linear dispersion relations !q = vsq are assumed.
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for FS;A(T ) are obtained by utilizing Eq. (3.29). In the di¤usive limit qT le � 1 they are

obtained by utilizing Eqs. (3.32). The sound velocity vs refers to both transversal and

longitudinal modes of the crystal and, therefore, all expressions must be summed over

these modes (if coupling to both type of modes exists). The dimensionality a¤ects the

Coulomb interaction (as described in Sec. 3.2.3) and as a result the screening wave vector

� = 2 [e2L�=4"b]
1=(d�1). Note that FS(T ) is calculated assuming strong screening, but

in many cases FA(T ) is simply the weak/zero screening limit of FS(T ). The symmetric

component FS(T ) is equivalent to the conventional single-band energy loss rate in the

literature. Indeed, if we assume coupling only to longitudinal phonons all symmetric

energy loss rates FS(T ) agree with the expressions given in Refs. [9�12]. Note that

the importance of the dynamical e¤ects in the di¤usive �0(q; !) are determined by the

threshold !=D0q
2 = 1 or equivalently by qT ls = 1, which introduces the length scale

ls = levF=vsd.

Let us next inspect the asymmetric part of F (T ), which is the novel result. First

notice that in pure cases the ratio FA=FS = (�=qT )
m where m = 4(2) in 3D (2D).

Thus, if screening is strong FA � FS, as we would intuitively expect. In the di¤usive

limit there are two competing internal relaxation mechanisms in the electron system,

elastic inter-valley scattering and di¤usion. When di¤usion dominates over inter-valley

scattering
p

=
qT le � 1 and in the opposite situation

p

=
qT le � 1. Note that

despite the �nite mean free path and inter-valley scattering rate FA � FS still holds in

Table 5.1. Furthermore, actually all FA depend only very weakly on dimensionality, and

when inter-band scattering dominates (
p

=
qT le; kBT=~
 � 1) the 3D and 2D rates

are similar with FA(T ) / vF


h�2Ai q6T / T 6. This type of temperature dependency is

experimentally demonstrated in Fig. 5.2, which shows power density P as a function

of the electronic temperature response Te in n+ Si. By assigning F (T ) = FA(T ) in Eq.

(5.1), using the typical free electron values for the density of states (see Sec. 3.1.1), and

acoustic properties of bulk Si we can estimate the intervalley relaxation rate 
. This

rate is related to the time � 2, which is the scattering time between the di¤erent classes

of Si valleys (see Fig. 3.1), according to ��12 = ��1iv =6 = 
=3. For carrier densities

ne = 3:5 � 16:0 � 1025 m�3 we �nd that � 2 � 0:2 � 0:35 ps . These values �t well to
the � 2 values obtained from ultrasonic attenuation data of Ref. [88]. Further details can

found from Papers VI and VII.

Finally, we want to point out that Eq. (5.7) and the results of Table 5.1 qualitatively

describe also closely spaced electron-electron/hole bi-layers with di¤erent deformation

potential coupling constants.3 One such system is the 2DEG bi-layer realized in a

double AlAs quantum well [103, 104], where the two electron gases are from conduction

3In this case we assume that (V11 � V12) � 0 ["A(q; !) � 1] and b�0(q; !) is diagonal, whence
Im�S;A ' Im fTr[b�0(q; !)]g .
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Figure 5.2: The heating power density P vs. T 6e � T 6ph for n
+ Si samples with di¤erent

carrier concentrations at bath temperature of 265 mK. The experiments were performed

adopting the power �ow scheme depicted in Fig. 5.1. After paper VI.

band valleys with di¤erent symmetry. Such a 2DEG bi-layer systems can also be tuned

between two component and single-component systems by external gate(s) in the spirit of

the devices discussed in Chapter 4. Provided that screening is strong and the sub-systems

(or layers) have di¤erent deformation potential coupling constants, the external gate can

strongly tune the thermal e-ph resistance. This kind of system is a heat switch. If we, e.g.,

assume clean 2D system the switching ratio according to Table 5.1 is� (�=qT )2 � 1. This

line of thought suggests that actually any charge carrier system, which can be adjusted

between single and multi-component �phase�by some external parameter, works as such

a switch. The carrier coupling to environment (lattice) can be tuned provided that (i)

screening is strong (ii) there exists a strongly asymmetric e-ph coupling in the multi-

component �phase�.
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Chapter 6

Summary

Electronic properties of semiconductor based systems and devices depend on the host

lattice of the semiconductor and quantum con�nement. We can loosely say that the

atomic lattice gives rise to energy bands and the con�nement leads to spatial quantization

of the electronic motion and spatial sub-bands. In this Overview the bands of interest

were the conduction band valleys of many-valley semiconductors and spatial sub-bands

of two-dimensional-electron gas in a quantum well. Di¤erent aspects of band degree of

freedom were explored in 2D electron transport and electron-phonon energy relaxation

in 2D and 3D electron gases.

In the studies of 2D electronic transport the experiments were focused on the single-

gate (Paper I) and double-gate (Papers II�V) SiO2-Si-SiO2 quantum well �eld-e¤ect-

transistors (FETs), which links this Thesis also closely to silicon-on-insulator (SOI) tech-

nology. The Si quantum well thicknesses in this Thesis were in the range � 5�60 nm.

The device fabrication utilized wafer bonding, which provided thermal SiO2 layers and

resulted in excellent electronic properties. For example, the maximum low temperature

mobility of the SOI FETs fabricated in this Thesis is comparable to the values meas-

ured from high-mobility bulk Si inversion layers. SOI-based FETs and, especially, the

double-gate devices are intensively explored at the moment due to their prospects in

microelectronics. On the other hand, from the viewpoint of 2D physics, the SiO2-Si-SiO2
structure provides a quantum well system with strong electronic (and optical) con�ne-

ment, many-valley conduction band and indirect energy gap. However, most importantly,

the inclusion of the back gate electrode enables the adjustment of the electron wave func-

tions and the occupancy of the spatial 2D sub-bands inside the Si quantum well. The

contrast between single and two-sub-band transport was studied at low temperatures.

Population of the second spatial sub-band can be recognized in conductivity/mobility

[V], Hall e¤ect [III] and high-�eld magneto transport [III, IV]. For example, the con-

ductivity shows a signi�cant drop at the threshold of the second spatial sub-band, which

is due to inter-sub-band coupling. Furthermore, the high break-down �eld of thermal
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SiO2 enable 2D carrier density control in a broad range and at high carrier densities

Coulomb interaction drives the e¤ective potential inside the Si well towards that of a

bi-layer quantum well. When the e¤ective potential is made symmetric (by adjusting

the double-gate bias) the sub-band wave functions delocalize across the Si well and we

observed a local minimum in the conductivity of a 14 nm-thick Si well. [V] This behavior

resembles the resistance resonance e¤ect observed in III-V bi-layer quantum wells. At

room temperature several sub-bands are inevitably populated and the most relevant ob-

served e¤ect was the mobility enhancement towards symmetric quantum well potential.

[II, IV] This mobility enhancement, sometimes referred as the volume inversion e¤ect, is

due to double-gate �eld adjustment of electron wave functions. It follows mainly from

minimization of surface roughness matrix elements and phonon form factors. The en-

hancement is one of the bene�ts of double-gate FETs in comparison to similar single-gate

FETs.

In the studies of electron energy relaxation we explored the situation where 2D/3D

electron gas cools itself by radiating long wavelength acoustic phonons. (Papers VI and

VII) We especially considered the case where the phonons do not directly couple the

bands of the electron system. Now if the microscopic electron-phonon interaction is the

same for di¤erent bands the band degree of freedom is irrelevant. However, in many

systems the situation is the opposite: the interaction depends on the band index, which

leads to interesting results. We developed a mean �eld theory for this type of electron-

phonon (e-ph) energy loss rate. [VI, VII] The theory allows elastic inter and intra-band

scattering and Coulomb interaction. Our model reproduced the long wavelength single-

band e-ph energy loss rate results found in the literature. In the multi-band regime

we found a set of new results. In this regime there exists a strong enhancement of the

energy loss rate if phonons couple asymmetrically to di¤erent bands and the single-band

interaction is strongly screened. The latter condition is ful�lled provided that the thermal

phonon wavelength exceeds the screening length of the electron system. A canonical

example of such many-band e-ph energy loss occurs when conduction band electrons in

a many-valley semiconductor radiate long wavelength acoustic phonons. The e¤ect was

experimentally explored in heavily doped n-type Si samples at low temperatures. [VI]

In the experiments the electron gas was heated above lattice temperature by electrical

current while the electron temperature was measured with tunnel junction thermometry.

The experimental temperature response of the electrons agreed with the theoretical

predictions. Finally, we pointed out that our �ndings enable a design of a novel electron-

phonon heat switch.
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