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1. Introduction  

 
Machines that are used under demanding loads are commonly subject to fatigue 
failure.  This failure is caused by the initiation and growth of small fatigue cracks 
from defects in the component that eventually result in the complete failure of the 
machine.  This problem is examined here from three viewpoints: 1) the defect that 
initiates small crack growth (in steels generally a non-metallic inclusion), 2) the ma-
terial surrounding the defect (in this case the microstructure), and 3) the effect of 
loading on initiation and small crack growth that makes up the majority of high and 
ultra-long cycle fatigue life. 
 
Non-metallic inclusions are intrinsic to steel components.  The cleanliness of the 
steel has been improved during the last 50 years due to the development of better 
production methods and technology that allow steel mills to minimize the impurities 
that result in defects and inclusions in the steel.  The use and application of steels 
has also increased and the demands and design requirements have called for 
stronger and harder steels for lighter and more efficient machine components.  This 
increase in the use of high-strength steels has resulted in the need for more specific 
and in-depth understanding of the challenges that are presented for harder and 
stronger steels.  A general rule is: the higher the tensile strength the lower the duc-
tility of the steel. This means that the size of defects or stress concentrators in the 
steel become more critical as the strength or hardness of the steel increases.  This 
problem is seen in the correlation of the fatigue strength of steels to the hardness.   
Generally the fatigue strength of the steel increases until around 400 HV after which 
the scatter increases and the correlation is no longer valid.  

 
Non-metallic inclusions can be of different types and sizes.  The location, size and 
distribution of the non-metallic inclusions needs to be understood so that it is possi-
ble to predict for large components with large volumes the largest non-metallic in-
clusion conservatively.  The theory that has been used to predict extremes (in this 
case maxima extremes) is called extreme value theory.  
  
The research relating to small crack fatigue growth has been ongoing for many dec-
ades. The commonly referred Kitagawa-Takahashi diagram defines the basic rela-
tionship between small cracks that arrest and long cracks that behave according to 
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Linear Elastic Fracture Mechanics [1]. The application of linear elastic fracture me-
chanics to small cracks as well as studies about small crack growth were made by 
Smith in ref [2] and Taylor in ref [3] as well as many others [4-9].  The general 
conclusion is that this area is challenging and many researchers have concluded 
that there are certain intrinsic factors such as the relationship of the crack size to 
the microstructure that dominate this portion of the crack growth.  The general un-
derstanding of the majority of the research is that the small cracks grow faster than 
long cracks and the explanation for this varies.  Certainly there are differences in 
material as well as test methods, however the fact remains that the successful mod-
elling of small crack growth is difficult and is also subject to many variables and 
interpretations.   

One of the main reasons why small crack growth has been difficult to study is due 
to the lack of proper tools to perform reliable and repeatable measurements of very 
small cracks that are tested for very long fatigue lives.  The in-situ high-speed optical 
microscopy combined with FIB notches and small drilled holes provides a novel as 
well as reliable and consistent method of measuring the growth of the small crack 
during long and continuous fatigue testing.  Furthermore, the experimental setup 
used here provides a window into the behaviour of small cracks under large com-
pressive fatigue loads in the high cycle fatigue regime.  This type of testing gives 
insight as well as data about the effect of compressive stress on the behaviour of 
small cracks initiating and growing in many industrial machine components that use 
various surface hardening production methods to improve the fatigue life of the com-
ponents. 

1.1 Non-metallic inclusions in steel and fatigue endurance 
limit 

The fatigue endurance limit of steels is calculated or estimated using different as-
sumptions for the mechanism causing fatigue crack initiation. The steel can be de-
fect free which would mean that a fatigue limit of this type of steel would be the 
upper limit, or as is generally the case a steel can have defects of varying sizes in 
its matrix which would result in a lower fatigue limit.  The fatigue life or fatigue limit 
for steels is often studied with respect to the distribution of non-metallic inclusions 
in the steel.  The connection between the distribution of defects in metallic materials 
and their fatigue properties has been discussed in many publications (see refer-
ences: [10-33]).  The general approach that has evolved to deal with this problem 
is based on the probabilistic modelling of the distribution of the inclusions.  The 
occurrence of the largest inclusions in the steel is predicted by studying different 
cross-sections of steel and recording the sizes of the maximum inclusions found.  
Then by applying the theory of extreme values it is possible to predict the occur-
rence of the largest inclusion that will cause fatigue failure.  The inclusion distribution 
model is then applied in a crack growth rate model which is used to calculate the 
distribution of cycles to failure or the decrease in the fatigue limit of the material.  
This kind of a predictive model is outlined in refs: [19] [20] [28]. 
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1.1.1 Inclusion analysis  

Non-metallic inclusions that occur in steels can be divided into two categories; in-
digenous and exogenous.  Indigenous inclusions occur in steels as a result of the 
reactions that take place between the chemical compounds present in the steel as 
it cools and solidifies.  The exogenous inclusions are inclusions that occur in steels 
due to the result of mechanical incorporation from the slag or other materials and 
impurities that the molten steel comes into contact with. 
 
The forming of the indigenous inclusions happens by precipitation that is a result of 
the reactions occurring in the molten steel. The formation of these indigenous inclu-
sions which are composed mostly of oxides and sulphides can be controlled by the 
use of additives to the steel, or by changes in the solubility during the cooling and 
solidification of the steel. 
 
Exogenous inclusions are more variable in their occurrence and composition.  Some 
of the main characteristics of these types of inclusions are greater size, increasing 
randomness in occurrence, irregular shapes and complexity in structure.  The com-
positions of exogenous inclusions are typically oxides, which is due to the nature of 
the source of the inclusions such as the slag. [34] 
 
During the production of wrought steel components there is a large degree of ani-
sotropy that is produced depending on the amount of forging that is performed.  The 
forging strengthens the component by refining the grain structure, but also can have 
an effect on the size distribution and direction of the non-metallic inclusions in the 
steel.  This effect of anisotropy is studied in publication (I) and the difference in the 
sampling direction can be seen in the inclusion distribution. This effect is then re-
flected in the fatigue limit and its scatter.  There is clearly a larger population of 
inclusions that are found when sampling perpendicular to the forging direction than 
parallel to the forging direction. 
 
The data about the inclusions in the steel that is gathered from testing and analysis 
can be described using different types of distributions.  Some of the typical parent 
distributions that are used are: normal, Poisson, binomial, exponential, and lognor-
mal distributions.  The method of extreme value analysis takes either the maximum 
or minimum values from the different types of original or parent distributions that 
were listed.   

 
The largest inclusions found in steels can be considered to be the extreme maxi-
mum of the general population of inclusions.  To choose which type of extreme 
distribution model to use the GEV, Fréchet, and Gumbel extreme value distributions 
were tested with a Kolmogorov–Smirnov test using the inclusion data. In publication 
(I) the best fit of these three was found to be the Gumbel distribution which is the 
extreme value distribution for the normal distribution.  This extreme value distribu-
tion is given as follows: 
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    (1) 

where the values  and  are the location and scale parameters  [32] [35].  For the 
Gumbel distribution the mean ( ) is calculated as follows: 

 
     (2) 

where  is calculated as: 

   (3) 

The standard deviation ( ) for the Gumbel distribution is: 

    (4) 

The distribution parameters of a Gumbel distribution for the inclusion populations 
studied were estimated by using the Maximum Likelihood Method (MML).  This 
method uses the probability density function to directly calculate the parameters of 
a distribution by calculating whether a certain probability distribution function can 
describe a set of data.  The parameters of the probability distribution are fitted to 
maximize the likelihood which is calculated as follows:  
  

     (5) 

In equation (5) the function  is the Probability Density Function (PDF). The 
Gumbel probability density function is given as: 

 
   (6) 

To estimate the parameters  and  of the distribution by MML method the logarithm 
of the MML is usually used for simplicity.  This equation is called the log likelihood 
and is given as: 

 
    (7) 

The maximization of equation (7) is done with an iterative process. The two param-
eters  and  are manipulated to maximize ln(L) in equation (7).  Once the maximum 
log likelihood ln(L) is known then the parameters  and  that produced the MML 
are the parameters that best fit the distribution according to MML method. 

 
When the maximum likelihood estimates for the Gumbel distribution are 
known these values are used to estimate the maximum size of the inclusion  

 with a return period T and it is given as: 
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    (8) 

where y = -ln(-ln[(T-1)/T]) with the return period T being defined as V/Vo, where Vo 
is the inspection volume and V being the volume of the part for which the maximum 
inclusion is being predicted. In this case Vo is calculated as follows: , where 
ho is the average of the maximum inclusion distribution obtained from the 
inspection.  The calculation of V for a test bar that is placed under rotating bending 
loading is considered to be the volume where the local stress is greater than 90% 
of the nominal stress.  Murakami proposes in Ref. [28] the following volume: V = 
0.05πd2l, where d is the diameter of the gauge length and l is its length for rotating 
bending fatigue test specimen used in publication (I).   

1.2 The statistical aspects of fatigue for high-strength steels 

The scatter in the fatigue strength of high-strength steels is mostly caused by the 
scatter of the size of the inclusions that are in the specimen [28]. The scatter in the 
size of the inclusions present in the steel is caused by two main factors. The first 
factor is the volume of steel that is in question, and the second is the distribution of 
the inclusion sizes in the steel.  
 
The distribution of inclusion sizes has been researched and a method for inclusion 
rating based on extreme value statistics has been developed [36,37]. This method 
can also be found in the ASTM standard E 2283-03 and can be implemented as 
follows: 
 
The maximum size  of the largest inclusion is determined for a standard 
inspection area So or volume Vo.  This process is repeated n times and the resulting 
maximum inclusions are ranked as follows:

. The cumulative distribution function Fj(%) as well as the reduced vari-
ates yj for the inclusion distribution are then calculated according to the following 
equations: 
 

   (9) 
 

   (10) 
 
The maximum size  is then ploted according to the ranking that was done 
on a probability plot with the abscissa coordinates as  and the ordinate 
axis being either Fj or yj. An example of this kind of a plot is shown in Figure 1. 
 
As can be seen in Figure 1 the reduced variate plotted against the  has 
a linear relationship.  This relationship can be used to predict for a larger volume of 
steel.  The linear relationship can be written as follows: 
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    (11) 

 
where . To predict the maximum inclusion in an area S or 
volume V we get: T = S/So or V/Vo and since we know that T=1/(1-F), so by using 
the previous equations we can write equation (11) as: 
 

   (12) 
 
This equation can be used to predict the largest inclusion in a given volume of steel. 
The parameters A and B are determined experimentally [28]. 

 

Figure 1. The results show the improvement in production quality for SAE52100 
steel for different years with respect to the distribution of the maximum inclusions in 
the steel [28]. 

This standard method has been in use for many years, however there are improve-
ments and changes that could be done to improve it.  Some possible improvements 
are proposed in publication (VI).   
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1.3 Fatigue endurance limit prediction 

The fatigue limit of steel is empirically estimated with fatigue tests.  The staircase 
test method is used to estimate the fatigue limit of the steel.  Two different methods 
are used for the analysis of test data.  The first is the Maximum Likelihood Method 
(MML) that has been developed by Dixon and Mood for the staircase test [38], which 
uses the method of least squares to estimate the fatigue limit and its standard devi-
ation from the data.  The second method analyses the data with the binomial prob-
ability theory to estimate the fatigue limit of the steel.  This method has been devel-
oped by Wallin [39].  

1.3.1 Maximum likelihood analysis 

The calculation of the fatigue endurance limit is done using a special case of the 
Maximum Likelihood Method, which is commonly called the method of least 
squares.  This method is the minimization of the following equation which is called 
the sum of the squares: 

 

    (13) 

The average  and the standard deviation  are assumed to be from the normal 
distribution and are fitted to the data so that equation (13) is minimized.  This method 
has been developed by Dixon and Mood and is used for the analysis of the staircase 
test results. [38]   

1.3.2 Binomial probability analysis 

The results of the staircase test resemble a binomial distribution because the test 
specimen either fails at the stress level or it survives. The probability of having a 
certain number of failures at a certain stress level can be calculated according to 
the binomial theory as: 

 
   (14) 

 
where 

    (15) 
 
Equation (14) gives the discrete probability that there are (r) failures in (n) trials. In 
a staircase test the probability of the event p is not known. This probability can be 
calculated with a certain confidence (Pconf) with the following equation: 
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   (16) 

The results can then be ranked according to binomial probability which starts at 
zero.  The ranking gives the Pconf level of 5%, 50%, and 95 % for each stress level. 
[39,40]  

1.3.3 The Murakami-Endo model 

The Murakami-Endo Model predicts that when the location of the fracture origin is 
a small defect or non-metallic inclusion then the fatigue limit of the material can be 
determined by the Vickers hardness of the microstructure surrounding the non-me-
tallic inclusion and the square root of the projected area  of the defect nor-
mal to the stress. [28] 

 
The model treats the inclusions or defects that are smaller than   
as small cracks and it has been tested to be valid for high-strength steels (HV  
400). The general equation is given as: 

 
   (17) 

where C is 1.43 for inclusions on the surface of a test specimen, 1.41 for inclusions 
in touch with the surface and 1.56 for inclusions underneath the surface.  The  
is the predicted fatigue limit (MPa), HV is the Vickers hardness of the matrix around 
the inclusion (kgf/mm2),  is the square root projected area of the inclusion on 
the plane normal to the stress (μm).  This method for calculating the lower fatigue 
limit has also been applied and used successfully for steels and metals with a micro 
hardness that is less than 400 HV. [28] 

1.4 Small crack growth in high cycle fatigue 

The study of small crack growth has been approached from different viewpoints.  A 
general approach has been to examine the fatigue endurance limit with respect to 
the defect or size of the crack.  This approach is schematically illustrated using the 
Kitagawa-Takahashi (KT) diagram shown in Figure 2.  The x-axis is the size of the 
crack, and the y-axis is the threshold stress range. This graph shows that for the 
smallest cracks as the size approaches zero there is no longer any correlation be-
tween the stress range and crack size.  This means that for many steels there is a 
part of the curve where the size of the crack will cause failure independent of the 
loading.   
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Figure 2. A schematic of the Kitagawa-Takahashi diagram. [1] 

 
The KT diagram shows the fatigue endurance limit for small cracks and the fatigue 
crack growth threshold for long cracks.  The existence of a fatigue endurance 
threshold can be interpreted to mean that below a certain size of defect or crack 
found in the material, in this case a1, the material will fail if a stress range above the 
endurance limit is applied.  An interpretation of these results was done by El Haddad 
et al. who proposed an intrinsic crack length ‘ l ’ to be added to short cracks [41].  
This publication offers a possible theoretical explanation to the short or small crack 
portion of the KT diagram, it does not however explain the phenomena itself, nor 
does the theory of an intrinsic crack length have any basis in the material itself.   
 
Using the KT diagram assumes that there is actually a true threshold for fatigue 
endurance.  This has usually been typically set at 107 fatigue cycles which is con-
sidered to be the runout limit for High Cycle Fatigue (HCF).  With many machine 
components this amount of loading cycles is achieved early in the design life.  This 
has led to more research into what is known as Ultra-High Cycle Fatigue (UHCF) or 
Giga Cycle Fatigue (GCF) which is fatigue cycles of more than 107 as well as up to 
and beyond 109 cycles.  The KT diagram has to assume an endurance limit for the 
crack growth.  If a higher number of cycles are assumed for an endurance limit it 
can be that this would also eliminate or reduce the small crack portion of the KT 
diagram.  
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1.4.1  Small crack growth and loading 

The designer of machines or mechanical components that experience numerous 
loading cycles needs to understand the material response to the loads and possible 
defects or cracks that can grow or initiate fatigue cracks.  This has given rise to 
many studies about small fatigue cracks and unique phenomena that occur in their 
initiation and growth. The effect of the compressive portion of the fatigue cycle on 
the behavior of small cracks is important for many industrial components that, for 
example, use various surface hardening treatments to improve their fatigue strength 
or endurance. Many fatigue improving treatments cause high compressive stresses 
on the component surface. This can prevent fatigue, but if not used properly, cause 
failure. 
 
One important factor to consider is the impact of different mean stresses on the 
growth of small cracks.  This area of research has been concentrated more on the 
positive portion of the R-ratio.  In this study we observe what impact an increasing 
and large compressive loading ratio has on the initiation and growth of small cracks.  
 
The general focus of most small crack growth research has been in the range of 
tension - tension loading (R > 0), symmetric loading at R = -1, and other researchers 
have studied also the initiation and arrest of short cracks from notches under fully 
compressive loading [5,42-50].  An interesting question is the amount of crack clo-
sure in small cracks because the original studies done on crack closure by Elber 
were performed on large cracks in soft metals  [51,52].  More recently Silva studied 
the effect of compressive loading on crack growth. One of the main focuses of his 
research was the inability to explain some of the effects of compression on the crack 
growth in fatigue by crack closure [53].  The research showed that there is a signif-
icant effect of compressive loading on the crack growth and this varies from material 
to material. It was concluded that some intrinsic material properties should be incor-
porated into models that were previously developed [54].  A recent study demon-
strated using finite element analysis that the largest effect of underloads or com-
pressive loading was the reduction of retardation effects and acceleration of crack 
growth [55].  
 
The focus on the effect of compressive loading on the growth of small fatigue cracks 
in the quenched and tempered steel is studied in publication (V). More specifically, 
the effect that the compressive part of loading has on the small cracks and their 
growth rates near and at the threshold for crack growth. The measurements are 
performed at the HCF regime and introducing very small surface notches, which 
can initiate cracks close to or even below the fatigue endurance limit (Nf > 107) of 
the specimen. 
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1.4.2 Small crack growth and microstructure 

Fatigue crack initiation and growth from surface or subsurface non-metallic 
inclusions in high-strength steels is of importance in many industries. This has been 
the focus of many studies and, in particular, a book by Murakami [28].  Some studies 
have found that hydrogen trapped around non-metallic inclusions provides an ex-
planation for a cause of failure in ultra-long fatigue life of high-strength steels [28,56-
63]. However, there are yet questions about the characterization and prediction of 
initiation and growth of microstructurally small cracks from inclusions in high-
strength steels. Some reserachers have shown other factors such as the fact that 
cracks grow in a vacuum inside the test specimen or changes in the microstrucure 
around the inclusion [64-66].  Other studies have used Focused Ion Beam (FIB) 
milling to create cross-sections, after which FIB imaging is used to make ion 
channeling contrast pictures of the microstructure [67- 73]. This imaging technique 
has been applied to small cracks in steels to study the profile in depth [68, 74]. 
Researchers have recently used the FIB tools to show how the size and crystal 
orientation of the grains affect the growth and direction of small cracks from notches 
and inclusions in steel [67,68,75,76].  These tools and techniques are used to study 
the role the martensite sub-grain microstructure has on the initiation and growth of 
small fatigue cracks in high-strength steels from inclusions and notches.  

 
Non-metallic inclusions in steel promote subsurface crack initiation, which means 
that the direct observation of initiation and early growth of cracks is extremely 
challenging.  One solution is to introduce FIB-milled semielliptical notches to 
simulate a case, where fatigue relevant inclusions are on the specimen surface, and 
so the path and growth of the small crack can be observed.  The small cracks which 
have grown from the FIB notches can then be compared with the small cracks from 
non-metallic inclusions that failed at or near the endurance limit.  In the past there 
have been various definitions used to define small cracks, however, for the 
purposes of this study we consider small cracks to be those that are less than 
around 1 mm in length. 
 
 

1.4.3 ODA, inclusions, and small cracks  

Research into the cause of ultra-long life fatigue failure in high-strength steels has 
revealed that fatigue crack initiation occurs at subsurface non-metallic inclusions.  
Next to these subsurface inclusions a dark area is observed that is called Optically 
Dark Area (ODA). The presence of an ODA is not observed on fracture surfaces of 
specimens with short fatigue lives. The appearance of the ODA next to subsurface 
inclusions has been researched and documented in the following references: 
[22,56-58,60,77-79].  The failure of test specimen at ultra-long fatigue lives (Nf > 
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107) and the effect caused by the size of the test specimen can be united by under-
standing the role that non-metallic inclusions play in causing fatigue failure in ultra-
long fatigue.  
 
To predict fatigue failure due to the presence and role of the ODA and its growth 
from non-metallic inclusions, the work in publication (II) reviews the research that 
has been performed by Murakami and his co-workers in references [58,59,61,62]. 
The results of these studies reveal that there are several factors that have to be 
considered. These factors are:  
 
1) The growth of the ODA with respect to the fatigue life of the specimen and internal 
hydrogen in the specimen.  
2) The statistical aspect of fatigue due to the difference in volumes tested and the 
distribution of the maximum inclusions in the steel. 
3) The dependency of the threshold stress intensity factor range ∆Kth on crack size. 
 
Publication (II) reviews these three main factors involved in ultra-long life fatigue 
failure in high-strength steels from internal inclusions viewpoint and proposes a fa-
tigue design approach for ultra-long fatigue lives of high-strength steel components.  
This design approach incorporates the effect of the volume as well as the distribu-
tion of the inclusions in the steel, along with the growth of the ODA from the inclu-
sions in ultra-long fatigue life regimes. This design approach is only meant to be 
used for ultra-long life fatigue failure in high-strength steels caused by subsurface 
non-metallic inclusions.  This design approach does not take into consideration 
other factors in fatigue such as mean stress, environmental effects, surface effects 
or notch effects. 
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2. Aims of the study 

 
The goal of this thesis is to focus on the interaction of the non-metallic inclusions 

with the microstructure and the fatigue loading with small cracks in high-strength 
steels.  The experiments and analyses of the results approach this problem from 
three perspectives: 

 
-What is the effect of the distribution and size of the non-metallic inclusions in the 
steel with respect to fatigue? 
This is the perspective that is studied in publications: (I), (II), and (VI). 
 
-What is the interaction of the microstructure, inclusions, and small fatigue 
cracks? 
Using FIB milling and imaging this perspective is investigated in publication (IV). 
 
-What is the interaction of small fatigue cracks, loading and defects? 
The research on the growth of small cracks in high cycle fatigue is investigated 
with special high-speed microscopy combined with small FIB notches and drilled 
holes in publications: (III) and (V). 
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3. Material and experimental methods 

3.1 Material properties 

3.1.1 Rotating bending fatigue testing  

The test bars studied in the fatigue tests were taken from an industrial forged steel 
roll. The approximate dimensions of the roll are around 1 m in diameter and 6 m 
long.  The chemical composition of the steel is given in Table 1. 

Table 1. The chemical composition (wt %) of the forged steel. 

 
The manufacturing process of the steel roll starts with the casting of a steel ingot, 
after which it is forged to a degree of deformation that ranges from 4 to 7. The forged 
steel is pre-machined after which it is quenched and tempered, and the surface is 
then induction hardened and machine finished. The microhardness of the steel test 
bars is 320 HV.  

3.1.1 Axial fatigue testing  

Different batches of two steel types were studied in publications (III) - (VI). One is a 
bearing steel of type 100Cr6 quenched and tempered at 180 ºC to hardness 720 
HV (tensile strength 1630 MPa) and the other is a quenched and tempered 
34CrNiMo6 steel with a hardness of 380 HV and with 1065 MPa and 1180 MPa 
yield and tensile strength, respectively. In publications (III, IV and VI) the 34CrNiMo6 
QT steel is from the same production batch. For publication (V) the 34CrNiMo6 QT 
steel is from a separate production batch and has a slightly lower tensile and yield 
strength given in publication (V).  From here on the steel studied in publications (III, 
IV, and VI) will be called 34CrNiMo6 QT(A) and the steel studied in publication (V) 
will be called 34CrNiMo6 QT(B). 
 
EBSD images of the microstructure of these two steels are shown in Figure 3 and 
the chemical composition is given in Table 2.  The average ferrite grain size is 2.2 
μm for the 34CrNiMo6 QT steel and around 1.4 μm for the 100Cr6 bearing steel. 
The estimated prior austenite grain size for the two steels was around 30 μm for the 
34CrNiMo6 QT(A) steel and around 7 μm for the 100Cr6 bearing steel. 
 

 C Mn P S Cr V Mo Si 

Weight % 0.61 0.50 0.005 0.005 1.34 0.08 0.26 0.23 
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Figure 3. (a) Microstructure of 34CrNiMo6 QT(A) steel, and (b) microstructure of the 
100Cr6 bearing steel.  Both EBSD images are taken perpendicular to the loading 
direction of the test specimen.  

Table 2. The chemical composition (wt %) of the 34CrNiMo6 QT and 100Cr6 steel.  

 

3.2 Fatigue testing 

3.2.1 Rotating bending fatigue testing 

The fatigue properties of the steel studied in publication (I) were tested with the 
rotating bending fatigue test method.  A Schenk rotating bending fatigue test ma-
chine was used to apply a four-point bending loading to the test bar that ensured a 
constant loading moment along the gauge length of the specimen.  Rotation of the 
fatigue test bar under four-point bending results in the varying of the applied stress 
at a stress ratio of R = -1, at a frequency of 35 to 40 Hz.  An illustration of the size 
and shape of the test bars is shown in Figure 4. 

Steel type C Si Mn P Cr Ni S Mo Cu Al 

 100Cr6 0.95 0.25 0.39 0.02 1.43 0.137 0.005 0.022 0.15 0.01 

34CrNiMo6 
QT(A&B) 

0.34 0.28 0.65 0.008 1.67 1.63 0.01 0.24 0.19 0.02 



 

27 

 

Figure 4. The geometry of the rotating bending fatigue test bar. All dimensions are 
in millimetres. 

The fatigue test bars were removed from a forged steel roll at locations that were 
below the induction hardened surface. The bars that were taken tangential to the 
axis of the forged steel roll are called tangential test bars and correspond to the X-
plane of the polished specimens used in the inclusion analysis.  The test bars that 
were taken parallel to the axis are called axial test bars and correspond to the Y-
plane of the polished specimens used in the inclusion analysis. An illustration of the 
direction of the test bars with respect to the steel roll is shown in Figure 5. 
 

 

Figure 5. A schematic illustration of the location of the test bars as well as the 
specimens used for inclusion analysis. 

After removal from the forged roll the test bars were machined and their surfaces 
were ground and polished. The transverse scratches were ground away and pol-
ished so that the effect of the surface features of the test bars on the fatigue limit 
was minimized.  Testing was done using the staircase method with a step size of 5 
MPa for tangential test bars and 10 MPa for axial test bars.  The tests were per-
formed at room temperature and the runout limit was set at 107 cycles.  If a test bar 
reached the runout limit then the test was aborted and classified as a runout.  All of 
the runouts were retested at a stress level that was 100 MPa higher than the runout 
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stress level.  This was done to cause failure so that the largest inclusion causing 
failure could be studied. 

3.2.2 Axial fatigue testing 

The 100Cr6 bearing steel specimens (Figure 6) were taken from ¼ depth (17.5 mm 
from the surface) of a ϕ70 mm wrought bar. The 34CrNiMo6 QT(A&B) specimens 
according to Figure 7, were machined from the centreline of ϕ35 mm wrought bars.  

 

Figure 6. The dimensions of the axial fatigue test bar used for the bearing steel 
100Cr6. 

 

Figure 7. The dimensions of the test bar for the quenched and tempered 34CrNiMo6 
(A&B) steel used for axial fatigue testing. 

The test bar shown in Figure 7 was used in publications (III)-(VI), and the test bar 
shown in Figure 6 was used in publication (IV). 
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3.3 Inclusion analysis and distribution 

In publication (I) the inclusions found on the polished specimens as well as the frac-
ture surfaces were all photographed, measured and their chemical compositions 
were analyzed.   The elemental analysis was done using an INCA Energy 300 Mi-
croanalysis System (EDS).  

 
The specimens used for inclusion analysis were taken from three different locations 
in the steel roll. The three positions were: one from close to the outer surface, one 
from in-between the center and the outer surface and one closer to the center of the 
steel roll.   Once cut from the steel roll the specimens were polished.  After the 
polishing the specimens were analyzed using an automatic INCA Feature analysis 
program.  The program distinguishes inclusions on the polished surface by using 
the electron backscatter detector to differentiate between the matrix and the inclu-
sions.  The automated inspection was set at a magnification of 300X, and the in-
spection area that was automatically scanned and analyzed was 25 mm2.  For each 
plane this inspection was performed six times to achieve a total inspection area of 
150 mm2 for the plane.  Once the analysis was complete the process was repeated 
with the same specimen on a new plane until all planes X, Y, and Z had been ana-
lyzed.  This process was repeated for all three inclusion analysis specimens taken 
from the steel roll.  A standard inspection area (So) of 25 mm2 was defined for an 
extreme value analysis of the inclusions. The largest inclusion in each standard in-
spection is used for the extreme value analysis. 

3.4 Small crack growth and fatigue testing 

In publications (III)-(V) we apply small notches or holes to smooth specimens and 
investigate the relevance of using them as small crack initiators. They were used to 
measure small crack growth rates and thresholds.  This testing method is compared 
to small defects such as non-metallic inclusions in the steel. 

 
Axial fatigue testing is performed at resonant frequencies around 100 Hz and the 
specimens were fatigued either close to the range of smooth specimen fatigue limit 
or at different R-ratios that are in the high-cycle fatigue regime.  The small notches 
were optically monitored and video recorded for crack initiation, growth and arrest 
in real time.  An example of this is shown in Figure 8.  The high-speed video micro-
scope is a Keyence VW-9000E system that uses a high-speed monochrome cam-
era unit, VW-600M and a zoom lens (100X to 1000X), VH-Z100R. 
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Figure 8. Examples of a) a FIB notch and b) a drilled hole being observed in-situ 
with a high-speed video microscope during testing, c) shows the cross-section di-
mensions of the FIB notch and d) the cross-section dimensions of the drilled hole. 
The measurements for both are given in μm. 

The notches or holes were manufactured by drilling (ϕ 50 - 200 μm) and FIB milling 
(w = 10 – 90 μm) into the type of test bars shown in Figure 7.  The FIB milling was 
done with a FEI Helios Nanolab dual focused beam system.  The FIB was set to a 
voltage of 30 kV and a milling current of 21 nA was used. The pattern was defined 
with a diamond shape seen in Figure 8 and Figure 9 with a notch height typically of 
5-10 μm.  
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Figure 9. The test setup and method for measuring small crack growth from notches 
and holes. The parts (a) through (c) show the procedure used for drilled holes and 
(d) through (f) show the procedure used for FIB notches.  A higher stress amplitude 
of 200 to 230 MPa was used to cause failure of the test bar and the fracture surface 
of the specimens shown in (c).   

The small holes and notches were monitored optically during the testing to detect 
small crack initiation and growth.  Once the test bar failed or the test was complete 
it was examined with SEM, laser and optical microscopes.  Sometimes the test bars 
failed from some other location such as an inclusion. Then the initiation site was 
studied with a SEM and the type, size, and shape of the initiation site was recorded.   
 
Two types of small crack growth fatigue tests were performed.  One was constant 
amplitude loading and monitoring of the fatigue crack growth from a notch.  This 
means that the crack initiation and growth from the notch or hole are constantly 
monitored and measured in-situ, while the loading of the test specimen is constant. 
These types of tests were done in publications (III)-(V) 
 
The other type of test that is reported in publication (V) is where:  
 

1. The loading was slowly decreased as the crack grows to measure the ar-
rest threshold of the small crack. Once this is done and after the crack has 
arrested,  

2. The compressive portion of the loading is increased, while the maximum 
tensile stress was held constant.  In other words, the arrested crack expe-
riences a decreasing mean stress along with the increasing stress ampli-
tude, but a constant maximum stress.  The test was continued in this way 
with steps of 20-50 MPa in mean stress and each step was applied for 
about 1 million cycles or until crack growth is detected.   
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3. After crack growth is detected the stress amplitude is kept constant and 
the mean stress was decreased with constant monitoring of crack growth 
until the crack arrest was again confirmed.  

 
After the crack arrest, step 2 is repeated again until the crack growth is detected.  
This type of testing was done with a starting stress ratio of R = -1, and with a stress 
amplitude of 450 MPa.  The same testing procedure was also performed with a 
starting stress ratio of R = -2, where the maximum stress was 350 MPa and the 
minimum stress was -700 MPa.  
 

 

Figure 10. A SEM image of a 20 μm FIB notch milled into the side of a test bar after 
50000 cycles of fatigue testing. Publication (III) 

Calculation of stress intensity factors  

The results are analysed and presented using the  for inclusions, and the 
surface crack length for small cracks as seen in Figure 10. The threshold for crack 
growth or initiation for the different sizes of inclusions was calculated by using equa-
tion (18) [28]. 

 
   (18) 
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The other type of measurement was observed during testing, either in-situ or during 
interrupted loading. These results are reported as crack lengths on the specimen 
surface.  The length of the surface crack was used to calculate the stress intensity 
factor range for the FIB notch test bar by using equation (19). 

 
   (19) 

In equation (19) the variable ‘a’ is from the observed crack length of ‘2a’.  Any crack 
solution becomes arbitrary, because continuum fracture mechanics are no longer 
valid in the studied dimensions. The same shape factor (0.65) was applied in both 
equations. This shape factor value is arbitrarily selected within a wide range of val-
ues generally used in literature [80,81].  In geometrical terms this equals an aspect 
ratio of  , where c is crack depth of a semi-elliptical crack. 

Using the crack length measured from the surface the positive portion of the stress 
intensity factor range was calculated with the following equation: 
 

,   (20) 

which for the exception of one loading case reported is equal to:  

,   (21) 

Where ‘a’ is half of the total crack length and Y is the geometry correction factor. 
The  is the positive portion of the stress range applied to the crack and  is 
the maximum stress applied to the crack.  In this study for all loading ratios, where 
R is negative  is equal to .   In this study all the data except for one set of 
data (where R = 0.26),  and are the same value, although they are of 
course different in the fact that one is the stress intensity range  and the other 
is the maximum stress intensity ( ).  The goal here is not to specify which works 
better, but rather to study the effect of compressive stress and therefore both work 
for the purpose required here. 
 
There are two main differences between the two types of notches used.  The FIB 
notches are smaller and more crack like with a high stress concentration (Kt > 7) 
and abrupt stress gradient. The drilled holes are larger and more like the non-me-
tallic inclusions located in the steel with a lower but wider stress gradient (Kt ≈ 2), 
which affects a larger volume of the steel around the hole than the FIB notch, also 
relative to their size. 
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3.5 Microstructure and small crack growth 

In publication (IV) Focused Ion Beam (FIB) milling was used to create cross-
sections, after which FIB imaging is used to make ion channeling contrast pictures 
of the microstructure [67-70,72].  This imaging technique has been applied to small 
cracks in steels to study the profile in depth [68, 82]. Researchers have recently 
used the FIB tools to show how the size and crystal orientation of the grains affect 
the growth and direction of small cracks in the steel or other metalic materials 
[67,68,83]. In publication (IV) these tools and techniques are used to study the role 
that martensite sub-grain microstructure has on the initiation and growth of small 
fatigue cracks in high-strength steels from inclusions and notches.  
 
The interaction of non-metallic inclusions with the microstrucure in a hard bearing 
steel (100Cr6) and a quenched and tempered steel (34CrNiMo6) is examined in 
publication (IV).  The non-metallic inclusions found in the steel promote subsurface 
crack initiation.  A new technique used in publication (IV) is Focused Ion Beam (FIB) 
milling to study the microstructure around an inclusion that has caused fatigue 
failure in the ultra-long fatigue life regieme.  These FIB millied and imaged cross-
sections of the inclusion and microstrucure are then compared with similar cross-
sections of small cracks which have grown from FIB-milled semi-elliptical notches 
tested near the endurance limit of the steel.   The crack path of the small cracks 
from the FIB notches are then be compared with the crack paths of small cracks 
from non-metallic inclusions that failed at or near the endurance limit.   
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4. Results 

4.1 Fatigue testing 

4.1.1 Rotating bending fatigue testing 

A total of 61 rotating bending fatigue test bars were tested from the large forged 
steel roll (see publication (I)).  There were 42 test bars that were tangential to the 
axis of the steel roll and 19 that were parallel to it.  The reason a greater number of 
test bars was sampled from the tangential direction is because of the larger inclu-
sions that were found there and the greater scatter in the fatigue test results. The 
results of the fatigue tests are shown in Figure 11. 

 

Figure 11. The results of the fatigue tests with cycles on the x-axis and the stress 
amplitude (MPa) on the y-axis. The circle sizes represent the size of the inclusion 
located at the site of fatigue crack initiation. 

There was a significant difference between the two different directions from which 
the fatigue test bars were taken from the steel roll.  The axial fatigue test bars dis-
played a significantly higher level of fatigue limit when compared to the tangential 
fatigue test bars.   

g g
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4.2 Maximum likelihood analysis  

The MML method of analyzing staircase fatigue test results is outlined in Ref. [38]. 
Using this method the fatigue limit of the tangential test bars was calculated to be 
369.7 MPa, with a standard deviation of ± 35.6 MPa and the fatigue limit of the axial 
test bars was calculated to be 463.1 MPa, with a standard deviation of ± 11.2 MPa.   

4.3 Binomial probability analysis  

The binomial probability analysis method was applied to the fatigue test data.  Using 
this method the average fatigue limit as well as the standard deviation of the 
strength was calculated for the tangential and axial test bars.  The organization of 
the data along with the application of the binomial analysis method is shown in Table 
3 for axial test bars and Table 4 for tangential test bars. The assumption that is 
made in the calculation of the amount of failed and runout test bars is that if the 
fatigue test at a certain stress level was a runout then the result would have been 
the same for all lower levels of stress.  The opposite also applies when a failure 
occurs at a certain stress level and the test bar would have failed at all higher stress 
levels as well. The probabilities listed in these tables were calculated using equation 
(16). [39,40] 

Table 3. Binomial probability analysis of axial test bars. 

Stress 
(MPa) 

Runout Failed ΣFailed/ΣRunout ΣF/ΣNtotal P(5%) P(50%) P(95%) 

450 1 1 1/8 1/9 3.70 16.20 39.40 
457 1 0 1/7 1/8 4.10 18.00 42.90 
460 3 2 3/6 3/9 15.00 35.50 60.70 
465 2 1 4/3 4/7 28.90 56.00 80.70 
470 0 2 6/1 6/7 52.90 79.90 95.40 
475 1 2 8/1 8/9 60.60 83.80 96.30 
500 0 2 10/0 10/10 76.10 93.80 99.50 
525 0 1 11/0 11/11 77.90 94.30 99.50 
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Table 4. Binomial probability analysis of tangential test bars. 

Stress 
(MPa) 

Runout Failed ΣFailed/
ΣRunout 

ΣF/ΣNto-

tal 

P(5%) P(50%) P(95%) 

350 3 0 0/22 0/22 0.30 3.00 12.30 
355 1 2 2/19 2/21 3.80 12.00 25.90 

360 1 1 3/18 3/21 6.50 16.40 31.60 
365 2 1 4/17 4/21 9.40 20.90 36.90 
370 2 0 4/15 4/19 10.40 23.00 40.10 
375 2 3 7/13 7/20 20.60 35.90 53.60 
380 1 2 9/11 9/20 28.60 45.30 62.80 
385 2 0 9/10 9/19 30.20 47.50 65.30 
390 2 2 11/8 11/19 39.40 57.40 74.10 
395 2 3 14/6 14/20 51.30 68.70 83.20 
400 1 2 16/4 16/20 61.60 78.10 90.10 
405 3 0 16/3 16/19 65.60 81.90 92.90 
410 0 1 17/0 17/17 84.60 96.20 99.70 
425 0 1 18/0 18/18 85.40 96.40 99.70 
450 0 1 19/0 19/19 86.00 96.50 99.70 
475 0 1 20/0 20/20 86.70 96.70 99.70 

 

The fatigue limit of the tangential test bars calculated according to the binomial anal-
ysis is 386 MPa, with a standard deviation of ± 20 MPa, and for the axial test bars 
the fatigue limit is 463 MPa, with a standard deviation of ± 12 MPa.   
 
In Figure 12 and Figure 13 the level of the estimated average fatigue limit (P(50%)) 
at 107 cycles is indicated by the intersection of the 50% failure probability red line 
and the 50% confidence blue line. The binomial analysis also gives the 95% and 
5% confidence levels that are associated with each failure probability level.   
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Figure 12. The results of the fatigue tests performed on the tangential test bars. The 
fatigue limit and standard deviation are calculated according to the binomial method.  
The black dotted lines indicate one standard deviation. 
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Figure 13. The results of the fatigue tests performed on the axial test bars. The 
fatigue limit and standard deviation are calculated according to the binomial method. 
The black dotted lines indicate one standard deviation. 

The results of the two different analysis for the axial and tangential fatigue test bars 
are given in Table 5. 

Table 5. The comparison of the two different methods used to calculate the fatigue 
limit and standard deviation from fatigue test results. 

 Fatigue limit Axial  
(MPa) 

Deviation Ax-
ial 

±  (MPa) 

Fatigue limit 
Tangential 

(MPa) 

Deviation Tangen-
tial 

±  (MPa) 

MML      
Analysis 463.1 11.2 369.7 35.6 

Binomial 
Analysis 463 12 386 20 

4.3.1 Rotating bending fatigue and Murakami-Endo 
model  

The use of equation (5) gives the lower bound fatigue limit considering that the max-
imum inclusion square root area is the largest in the specimen and that it is the 
cause of failure. The application of the Murakami-Endo model to the fatigue data is 
shown in Figure 14. 
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Figure 14. The application of the Murakami-Endo model to the fatigue test data. 

4.3.1 Axial fatigue testing  

The endurance limit at 107 cycles of the smooth un-notched test bars was deter-
mined at R = -1.  The results of the fatigue testing are shown in Figure 15 (see 
publication (V)).  The endurance limit was calculated to be 475 MPa ± 11 MPa by 
using the MML method described in Ref. [38].   
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Figure 15. Fatigue stress - life curve and endurance limit determined for smooth bar 
specimens of the test material – quenched and tempered 34CrNiMo6(B) steel. 

4.4 Inclusion analysis  

4.4.1 Rotating bending fatigue and inclusion analysis 

The results of the automated inspection of the polished specimens yielded a total of 
11300 inclusions.  A summary of the findings is presented in Table 6. 

Table 6. The results of the INCA Feature inclusion analysis. 

 Total number of in-
clusions 

Average size (μm2) Average aspect ratio 

X-plane 3136 30.39 1.71 

Y-plane 4812 21.5 1.63 

Z-plane 3352 25.3 1.67 

Total 11300 24.98 1.65 
   

The calculation of the maximum inclusions found on the polished specimen was 
done by measuring the maximum length and width of the inclusion and then using 
the equation for the area of an ellipse, which is given as: 
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    (22) 

where a is the length and b is the width of an ellipse that best describes the shape 
of the largest inclusion found on the control surface of the polished specimen.  The 
same method was used for fracture surface inclusions using an ellipse that best 
describes the shape of the inclusion or cluster on the fracture surface.  An example 
of a maximum inclusion on a polished specimen is shown in Figure 16 and the 
measurement of the size of the inclusion on a fracture surface is shown in Figure 
18. The  of an inclusion for both polished specimen as well as fracture surface 
inclusions is calculated as the square root of A in equation (22). 

 

Figure 16. An example of a maximum inclusion found on a polished specimen. 

The site of fatigue crack initiation on all except for three of the 61 fatigue test bars 
was an inclusion that was on or near the surface of the test bar.  These three test 
bars that did not show evidence of inclusions at crack initiation sites were all from 
the axial test bar group and two of the three were runouts, with the third bar failing 
at 8 million cycles. The type of inclusions found at the site of crack initiation were 
mostly different types of aluminium oxides with the exception of 8 test bars, all of 
which were from the tangential group. In these test bars the fatigue cracks initiated 
from large inclusions composed of manganese sulfide.  In Figure 17 is shown one 
of the MnS inclusions.  
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Figure 17.  A manganese sulfide inclusion at the site of crack initiation on a test bar 
as an electron backscatter image. 

 

 
Figure 18. An example of the measurement that was done to determine the size of 
the projected area for the inclusions that are found on the site of fatigue crack initi-
ation. 
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Using the MML method to estimate the parameters of the Gumbel distribution from 
the inclusion data obtained from the fracture surface and polished specimen it is 
possible to calculate the estimated largest extreme value distribution (LEVD), as 
well as the upper and lower confidence levels.  These extreme value probability 
plots for the fracture surface inclusions as well as polished specimen inclusions are 
shown in Figure 19  and 20. 

 

Figure 19. The extreme value probability graph of the largest inclusions from the 
fracture surface inclusions. 

 

Figure 20. The extreme value probability graph of the largest inclusions from all the 
polished specimen maximum inclusions. 
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The comparison of the inclusion distribution within the various planes of the steel 
roll was done as well.  The parameters and the average maximum inclusion size 
along with the standard deviation of these distributions are shown in Table 7. The 
differences in the extreme value distributions of the inclusions from the fracture sur-
faces compared to the polished specimens indicate that a larger inspection area is 
required.   

Table 7. The average size of the inclusions in different positions of the test bars and 
polished specimens as well as their extreme value distribution parameters for the 
Gumbel distribution. 

 Average 
Inclusion 

size 
(√area) μm 

 
 

Standard   
Deviation  
Inclusion 

size (√area) 
μm 

=(δ∙π)/√6 

Lambda (λ) 
Location 

Parameter 
Gumbel 

Delta (δ) 
Scale Pa-
rameter 
Gumbel 

Number of 
Inclusions 
Studied 

All FS 110.42 54.25 86.0 42.3 58 
All PS 33.78 15.52 26.8 12.1 54 
Axial (Y)-FS 
Axial (Y)-FS1 

90.69 
75.25 

57.97 
39.89 

64.6 
57.3 

45.2 
31.1 

16 
15 

Tangential 
(X)-FS 

115.42 49.38 93.2 38.5 42 

Axial (Y)-PS 26.17 9.49 21.9 7.4 18 
Tangential 
(X)-PS 

45.43 22.96 35.1 17.9 18 

Z-Plane (Z)-
PS 

29.45 11.67 24.2 9.1 18 

Axial (Y)-FS 
(Ro) 

43.72 16.03 36.5 12.5 6 

Axial (Y)-FS 
(F) 

121.62 68.49 90.8 53.4 10 

Tangential 
(X)-FS (Ro) 

101.32 38.48 84.0 30.0 16 

Tangential 
(X)-FS (F) 

137.15 58.10 111.0 45.3 19 

1 The calculation of parameters excluding the largest inclusion found on an axial 
test bar fracture surface that was exogenous in nature.  FS = Fracture Surface, PS 
= Polished Specimen, Ro = Runout, F = Fail. 

4.5 Small crack growth optical observation 

4.5.1 Different types of notches compared to non-
metallic inclusions 

Data on crack initiation threshold was accumulated also through fractography of 
many specimens tested near the fatigue limit of the steel.  A large set of test data 
for a different batch of the same steel type was available from a previous project 
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[84]. Results of five specimens in that set are used here for comparison. They ex-
hibited crack initiation at an inclusion just breaking the specimen surface after more 
than 10 million fatigue cycles.  This data is plotted in Figure 21, where a comparison 
can be made between different defects initiating a fatigue crack near the fatigue 
threshold.   
 
The data used to calculate the stress intensity factor for the inclusion data points is 
the inclusion size and the stress level at which the test bar failed.  The FIB data 
points are at the stress level at which the crack initiated and then arrested.  Two of 
the drilled hole points represent crack initiation at the hole. Pre-cracking with com-
pressive mean stress was introduced to one of them.  
 

 

Figure 21. The stress intensity range vs. the square root area of the initiator at the 
growth threshold condition (≈ fatigue limit) for different types of notches. 

The same data shown in Figure 21 is also plotted with respect to the stress ampli-
tude of the fatigue test compared to the initiating defect size.  This is shown in Figure 
22, along with a trend line for constant stress amplitude. 
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Figure 22.  The same data as in Figure 21: fatigue limit as function of initiator size. 

4.5.2 FIB notches for small crack growth 

A test bar with 20 small FIB notches gave a large and interesting set of results, 
because crack growth was observed in almost all notches irrespective of their dif-
ferent sizes. The observed crack growth in 34CrNiMo6 QT(A) steel studied in pub-
lication (III) is shown in Figure 23. 
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Figure 23. Growth of small cracks from 10, 20, 30 and 40 μm sized FIB-milled 
notches (5 of each) in a test bar of 34CrNiMo6 QT(A) steel. 

The data in Figure 23 can be used to calculate the crack growth rate versus the 
stress intensity factor range.  This was done by averaging the crack growth rate as 
well as the stress intensity factor range over each observation interval.  These re-
sults are illustrated in Figure 24 where they are separated into original notch sizes.  
To illustrate the variation of growth rate along the cycle count, another grouping of 
the same data is also shown.   
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Figure 24. Crack growth rate curves based on data in Figure 23. On right the same 
data is sorted according to phase of test. 

Crack growth from FIB notches was first studied with constant loading near the fa-
tigue limit.  This means that once the crack has initiated the test can be character-
ized as a rising ΔK test.  Results from one such test from publication (VI) are shown 
in Figure 25. 
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Figure 25. The results of in-situ optical measurements of crack growth from a FIB 
notch under constant amplitude loading.  The x-axis is the number of fatigue cycles 
and the y-axis is the crack length on the left (red) and right (blue) side of the notch.  
These tests and the following test were done on 34CrNiMo6 QT(B) steel. Smax is the 
maximum value of the stress amplitude at which the fatigue test bar was loaded. 

From Figure 25 it can be observed that the cracks initiate almost immediately and 
grow fast in the beginning of the test.  Once the crack grows out of the area directly 
ahead of the notch where there is a stress gradient, the driving force decreases and 
the crack growth rate slows down.  From around 50 000 cycles to around 1.4 million 
cycles there is a phase of slow, but constant and symmetric growth of the crack.  
This phase of slow growth leads the small crack out of the growth threshold region 
into the normal crack growth rate region for large cracks.  
 
Using the data from Figure 25 and Equations (20) and (21) we can calculate the 
da/dN vs ΔK+ or Kmax correlation which is shown in Figure 26. 
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Figure 26. The crack growth data from Figure 25 is used to calculate the da/dN vs. 
ΔK+ or Kmax graph showing the crack growth rate from the FIB notch. Smax is the 
maximum value of the stress amplitude at which the fatigue test bar was loaded. 

Figure 26 illustrates that in the slow growth region the crack is growing slower than 
the rate for determining the growth threshold (da/dN < 10-10 m/cycle) and the data 
shows a decreasing crack growth rate.  This is because of the large increase in the 
fatigue cycles compared to the actual crack growth.  What is also important to ob-
serve is that the crack is actually growing for most of the time, at least on the surface. 
This data shows that the small crack growth rate behaviour is a slow process that 
gradually approaches the threshold of crack growth for large cracks.    

4.5.3 Small crack growth and loading 

The averaged curve in Figure 26 is repeated together with the other test results 
obtained using FIB notches at different R-ratios. This compilation is shown in Figure 
27. 
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Figure 27.  The initiation and growth of small cracks from FIB notches at different 
R-ratios. All results shown here are from test bars made with 34CrNiMo6 QT(B) 
steel. Smax is the maximum value of the stress amplitude at which the fatigue test 
bar was loaded. One data set marked 45º is a FIB notch that was milled at 45 de-
grees to the loading direction. 

Once the positive portion of the stress intensity factor range ( is greater than 5 
MPa , the crack grows out of the threshold zone into the conventional crack 
growth rate stage II of the Paris law curve.  

4.5.4 Small drilled holes for small crack growth 

The other type of small notch used was drilled holes.  The crack growth rate from 
drilled holes during constant amplitude loading is shown in Figure 28. 
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Figure 28.  Growth rates of small cracks initiated from drilled holes at different R-
ratios.  All results shown here are from test bars made with 34CrNiMo6 QT(B) steel. 
Smax is the maximum value of the stress amplitude at which the fatigue test bar was 
loaded. 

The constant amplitude crack growth rate data from the drilled holes and FIB 
notches are combined in Figure 29. 



 

54 

 

 

Figure 29.  Growth rates of small cracks from drilled holes and FIB notches at dif-
ferent R-ratios.  All results shown here are from test bars made with 34CrNiMo6 
QT(B) steel. Smax is the maximum value of the stress amplitude at which the fatigue 
test bar was loaded. 

The main difference with the crack growth rate from the drilled holes is that the crack 
growth rate is generally more stable and there is not as much crack growth rate 
deceleration as with the crack growth rate from FIB notches.  This is due to the fact 
that the drilled holes have a stress gradient that decays gradually, whereas the FIB 
notches have stress gradients that are more crack like, so they are more severe, 
but affect a shorter distance. 
 
When we combine the two data sets it can be seen that the drilled holes show a 
consistently higher crack growth rate and do not exhibit the same form of crack 
arrest with one exception of the crack that arrested under a R = -4 loading ratio.  
Total length of this crack was over 500 μm, when the growth rate became less than 
10-10 m/cycle and over 600 μm at arrest. In other words, it was growing out of the 
stress gradient of the 200 μm hole during the decreasing rate phase. This means 
that the crack growth was greatly assisted by the compression portion of the loading 
as long as the crack tip was within the stress gradient of the hole.  As the crack grew 
out of the stress gradient it gradually arrested. 
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The data in Figure 29 shows that using the positive portion of ΔK collapses the crack 
growth rate curves into the same curve for higher ΔK+ regions.  There is more scat-
ter in the lower ΔK+ regime due to the different nature of the notches, if they are 
drilled holes or FIB notches, and there is a larger influence of the microstructure that 
should be taken into consideration as well.  However, once the cracks have grown 
out of the stress gradient they follow the same curve for the positive portion of the 
ΔK loading of the test material. 

4.5.5 Effect of compressive loading on the threshold for 
crack growth 

The other type of testing where the loading was controlled according to the growth 
of the crack from the drilled holes sheds light on the interaction between the com-
pressive loading and small crack growth rate behaviour for different loading ratios.  
In this case the crack arrest was measured at a constant R-ratio of R = -1 and R = 
-2 and the results are shown in Figure 30. 
 

 

Figure 30. The initiation and growth as well as arrest threshold with decreasing ΔK 
(MPa√m).  The grey lines are the original crack growth rate from the holes out of 
the stress gradient.  After this the coloured data shows the arrest of the small cracks 
growing from small drilled holes as the stress amplitude is gradually decreased until 
the cracks have arrested. The blue data points and the blue lines are for the R = -1 
loading and the red data points and the red lines for the R = -2 loading.  The purple 
lines have the loading ratio assigned with an arrow showing the increased compres-
sive portion of the loading.  All results shown here are from test bars made with 
34CrNiMo6 QT(B) steel. 
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It is clear from Figure 30 that under R = -2 loading the crack is growing at a faster 
rate than the crack under R = -1 loading, for comparable ΔK+ or Kmax values.  When 
the two arrest thresholds are compared we see that the R = -2 threshold is about 
12 % lower than the R = -1 threshold on the ΔK+ or Kmax scale.  
 
The previous studies [53-55] about the effects of compressive loading on fatigue 
crack growth can be seen to apply also for small cracks in the steel that was studied 
here.  It was measured that increasing the compressive loading for a crack can 
reinitiate its growth. This is due to the fact that increasing the compressive portion 
of the loading in constant amplitude testing decreases the ΔK+ or Kmax threshold for 
crack growth.  The experimental work reported here is unique due to the new tools 
and methods that were employed to monitor and measure small fatigue crack 
growth under these unique conditions.  For this reason there are almost no compa-
rable data that could be used for comparison of the results reported in this study.  
 

 

Figure 31.  The comparison of the crack growth rates with the growth rate of small 
cracks loaded at R = 0. The average crack growth rate of small cracks loaded at R 
= 0 is shown with the dotted blue lines.  All results shown here are from test bars 
made with 34CrNiMo6 QT(B) steel.  Smax is the maximum value of the stress ampli-
tude. 

Figure 31 shows the difference between small crack growth rate at different R-ra-
tios.  The data shows that the average crack growth rate at R = 0 is in line with the 
crack growth rate at negative R-ratios and that there is a good correlation when 
using the positive portion of the stress intensity range once the crack has grown out 
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of the stress gradient of the hole. The interaction of the stress gradient from the hole 
and the crack growth rate is shown in Figure 32. 
 

 

Figure 32.  The change in the rate of crack growth from the hole with the crack 
length normalized to the diameter of the drilled hole.  The legend gives the loading 
ratio R, after which is Smax which is the maximum value of the stress amplitude, and 
then the diameter of the drilled hole.  The stress gradient for the drilled hole is given 
with the blue line which corresponds to the blue axis on the right side of the figure. 
All results shown here are from test bars made with 34CrNiMo6 QT(B) steel.  

To obtain a better understanding of the behaviour of small crack growth rate under 
different negative R-ratios, the average crack growth rates were calculated for dif-
ferent portions of the crack growth test.  This was done for crack growth measured 
at R = -2 to R = -3.73.  This crack growth data is shown in Figure 33.  
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Figure 33. The crack growth measured during testing at different R-ratios. The max-
imum and minimum stress of the stress amplitude is given for the crack growth 
measured during 25000 to 70000 cycles of fatigue loading.  All results shown here 
are from test bars made with 34CrNiMo6 QT(B) steel. 

In Figure 33 the crack growth is shown for R-ratios -2 to -3.73.  This data shows that 
generally the crack growth rate is linear for conditions where there is a large nega-
tive loading ratio.  This data can be used to average the crack growth rate over a 
longer cycle count.  Doing this a better overall picture is obtained of how the crack 
growth rate is behaving and eliminates some of the scatter caused by e.g. micro-
structural heterogeneity. The average crack growth rate data is shown in Figure 34. 
 



 

59 

 

Figure 34.  The effect of different loading ratios on crack growth rate with respect to 
ΔK+ or Kmax.  All results shown here are from test bars made with 34CrNiMo6 QT(B) 
steel. 

Figure 34 shows that as the compressive loading portion of the fatigue cycle in-
creases, the ΔK+ or Kmax at which a selected crack growth rate occurs decreases.  
When comparing the Kmax for R = -1 and R = -2, the decrease of similar effective 
ΔK+ or Kmax is around 12%, and there is around 7% decrease from R = -2 to R = -
3.4 and -3.73.  So it appears that there is a gradual saturation for the effect of the 
amount of compressive loading on the correlation between the crack growth rate 
and ΔK+ or Kmax. 

4.6 Fractography and FIB cross-sections 

4.6.1 Crack paths in quenched and tempered 34CrNiMo6 
QT steel – notches on the surface 

Using FIB notches as initiation points for small cracks, it is possible to mill the small 
cracks with the FIB as well as take ion images that reveal the local direction and 
flow of the microstructure. The crack shown in Figure 35 has been milled and im-
aged with a FIB and shows a small fatigue crack growing from a FIB notch along 
with the grain structure of the steel underneath the surface of the test specimen.  In 
Figure 35 both (b) and (c) show how the location of the change in crack direction 
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corresponds to a change in the general martensite lath or packet direction. The 
paths of the small cracks that grew from the FIB notches show a clear preference 
in growth direction along the martensite packets or laths in the prior austenite grains.  
Once the crack grew through one prior austenite grain it changed direction and grew 
along the orientation of the martensite laths in the next prior austenite grain or mar-
tensite packet.   
 

 

Figure 35. A small crack growing from a FIB notch (a) with two turning points 
correlated with the sub-grain microstructure (b, c). The stress ratio was R = -1 and 
the stress amplitude was 590 MPa.  The test bar has been tested for 60000 cycles 
and was made of 34CrNiMo6 QT(A) steel. The remote stress is acting from top to 
bottom of the image. 

The crack is propagating in a three-dimensional microstructure and the milling and 
imaging only shows a two dimensional structure, so it does not always follow exactly 
the specific martensite features.  There is a noticeable change in direction at clear 
points where the martensite microstructure also changes.  This is shown in Figure 
35(c) where the crack turns abruptly away from the path that it was traveling and 
follows a large martensite packet or lath that is orientated in the same direction.  
This demonstrates that the local orientation of the microstructure has a definite in-
fluence on the growth direction of the small fatigue crack tested near the fatigue 
endurance limit. 

Figure 35 and other similar images from publication (IV) show how the growth of 
small cracks from notches is greatly affected by the local sub-grain microstructure, 
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namely the orientation and size of the martensite microstructure along the path of 
the crack.   

4.6.2 Crack paths in 34CrNiMo6 QT steel – subsurface 
inclusions and ODA 

To study the microstructure and its eventual effects on crack growth from a non-
metallic inclusion a long-life specimen was studied by cross-sectioning the initiation 
site.  First we introduce some reference observations, and in particular, the fracto-
graphic feature “Optically Dark Area” (ODA) as defined by Murakami [6].  A com-
parison of observations on the same fracture surface by using different imaging 
techniques can be found in Ref. [20].  The images show an area of the fracture 
surface directly next to the inclusion that has an observably different topography 
than the rest of the surrounding fracture surface.     
 
A smooth 34CrNiMo6 QT steel test bar was tested for 100·106 cycles at a stress 
amplitude of 550 MPa with an R-ratio of -1.  The stress amplitude was then raised 
to 575 MPa and after 1.7·106 cycles at this stress amplitude the specimen failed. 
SEM images of the inclusion that caused the failure are shown in Figure 36 - 40. 
The area corresponding to the definition of “ODA” is marked besides the inclusion.  
 
 

 

Figure 36. The non-metallic inclusion that caused failure in a smooth test bar. 
Picture (a) is an ion image taken with a FIB, and picture (b) is taken of the opposite 
fracture surface with a SEM microscope. Picture (b) has been flipped for easier 
comparison to picture (a).  Both pictures have the same ODA area circled. The 
stress ratio was R = -1 and the stress amplitude was 550 MPa.  The test bar has 
been tested for 100·106 cycles after which the stress level was raised to 575 MPa 
and the specimen failed after 1.7·106 cycles.  This specimen was made of 
34CrNiMo6 QT(A) steel.  

The two images in Figure 36 show the opposing sides of the fracture surface ob-
tained by different types of microscopy. Figure 36(a) shows the fracture surface with 
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the inclusion in an ion image, and the conventional SEM image in Figure 36(b) 
shows the respective site on the opposite surface.  Figure 36(b) has been flipped 
and rotated so that it is easier to compare with the fracture surface in Figure 36(a).  
The length scale is the same for both images. 
  

 

Figure 37. The non-metallic inclusion that caused failure in a smooth test bar. The 
part of the fracture surface circled by a black line is the ODA.  This SEM picture was 
taken at an angle for a better topographic feature contrast. This specimen was made 
of 34CrNiMo6 QT(A) steel. 

The inclusion and crack paths besides it were cut by FIB to see the microstructure 
below the fracture surface. The resulting cross-section is shown in Figure 38 and 
the images of the metal matrix on different sides of the inclusion are compared in 
Figure 39.  



 

63 

 

Figure 38. The cross-section FIB image of the ODA side and no ODA side of the 
non-metallic inclusion. This specimen was made of 34CrNiMo6 QT(A) steel. 

 

Figure 39. A comparison of the two cross-sections around the inclusion where (a) 
is from the side where there is no ODA and (b) is from the side where there is an 
ODA. This specimen was made of 34CrNiMo6 QT(A) steel. 

In Figure 39(b) we can observe local martensite structure near and adjacent to the 
surface located inside the ODA area.  This local microstructure is orientated in the 
same direction as the crack growth.  By comparison in Figure 39(a), which is outside 
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of the ODA area on the other side of the non-metallic inclusion, it can be seen that 
the microstructural features are smaller and not orientated as preferentially to the 
direction of crack growth as the microstructure in Figure 39(b).  This supports the 
connection between small crack growth and the size, shape and orientation of the 
microstructure and provides more information about the ODA area.  It indicates that 
the formation of the ODA is connected to the initiation and growth of the small crack 
into the most preferential local microstructure surrounding the non-metallic inclu-
sion.   

4.6.3 Crack paths in 100Cr6 bearing steel – subsurface 
inclusions and ODA 

A unique set of eleven 100Cr6 bearing steel test bars was tested at a common 
stress amplitude of 735 MPa at stress ratio R = -1 [19]. All specimens failed after 
high numbers of cycles (Nf > 107) from subsurface spherical oxides as shown in 
Figure 40.   
 

 
 

Figure 40.  Fatigue initiators in 100Cr6 bearing steel. Sizes of balls indicate √area 
of inclusion. [19] 

In Figure 40 can be seen a slight downward trend in the size of the crack initiating 
inclusion that correlates with an increase in fatigue life, but this correlation is not 
perfect. Some degree of scatter is inevitably expected in the UHCF regime, but we 
wished to take a closer look on crack initiation and growth paths over 10·106 cycles. 
In the following we focus on the test bar that gave the longest fatigue life of 642·106 
cycles. Figure 41 shows the fracture surface around the inclusion, which was not 
the smallest in this set of specimens. Furthermore, the inclusion was located rela-
tively close to the specimen surface, which is seen on top of Figure 41.  
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As shown in Figure 41, there are at least three crack initiation sites around the in-
clusion. Crack 1 occupies more than half of the inclusion circumference and has 
advanced the longest until the fish eye pattern is created by propagation of the crack 
to the specimen surface. Crack 3 lies on clearly different plane and has grown below 
cracks 1 and 2, thus causing retardation and unsymmetrical crack growth. It is worth 
of noting how long the ridges between the cracks reach. This demonstrates that the 
retardation effect has continued even beyond the crack sizes marked by the fish 
eye until the adjacent cracks have coalesced. We consider the rough surface be-
sides the inclusion and in direction of crack 1 – opposite to crack 3 – as ODA. There 
seems to be a small area of ODA also within the crack 2.  
 

 

Figure 41.  Crack paths around the inclusion associated with the longest endurance 
of 100Cr6 bearing steel. The stress ratio was R = -1 and the stress amplitude was 
735 MPa.  The test bar had been tested for 642·106 cycles. 

The microstructure immediately below the fracture surface around the inclusion 
was studied.  Two milled cross-sections were done (see  

Figure 42). The angled view clearly shows the long and about constant height of 
the step between the cracks 1 and 3. Once the first milled section was complete 
the surface of the cross-section was polished and then imaged with ions at a low 
current.  The overview of the first cross-section with a comparison to the fracture 

surface is shown in  
Figure 42.  
 
The left side of the first milled section shows the cross-section of the main ODA 
area next to the inclusion as well as the microstructure underneath the step between 
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the crack levels labelled ‘1’ and ‘2’ in Figure 41. The orientation difference revealed 
by the clear contrast in the underlying microstructure gives us a good reason to 
locate the two areas ‘1’ and ‘2’ in different prior austenite grains. 
 

 
Figure 42. Comparing the microstructure of the step or ridge portion between crack 
levels ‘1’ and ‘2’ (see Figure 41) circled with a solid line and the microstructure of 
the ODA area circled with a dotted line. 

 

 
Figure 43. The second milled section, where (a) is the overview, and (b) is the left 
side and (c) is the right side.  All images are taken with ion imaging.  

 
In the right side of the cross-section 2 ( 
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Figure 43(c)) there is a secondary crack which provides an opportunity to investi-
gate both microstructure sides of a very small crack that initiated and grew close 

to the subsurface inclusion. The left side of the inclusion hole ( 
Figure 43(b)), where the milled cross-section shows a step in the fracture surface 
where the small crack was growing away from the inclusion.  
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5. Discussion 

5.1 Anisotropy, inclusions and fatigue endurance limit 

The fatigue limit of the axial test bars of the forged steel roll was higher when com-
pared to the tangential test bars.  The tangential test bars were taken normal to the 
forging direction which means that they would have elongated grains as well as 
inclusions; this would explain why the fatigue limit is lower in that direction as well. 
There is also a significant difference in the scatter of the fatigue test results.  A larger 
amount of scatter in the tangential fatigue test bars is calculated according to two 
types of analysis.  However, the binomial analysis gave an average fatigue limit that 
is larger, as well as a smaller amount of scatter for the tangential test bars than the 
MML method.  One reason for this is that the tangential test bars have a calculated 
standard deviation that is more than twice as large as the calculated standard devi-
ation of the axial test bars, and the use of a staircase step size of 5 MPa is not large 
enough to accurately measure the standard deviation of the fatigue limit. The step 
size for a staircase test should be close to the true standard deviation of the fatigue 
limit to properly calculate it according to the MML method. The step size used for 
the tests was half of the calculated standard deviation for the axial test bars and 
around 1/7 of the calculated standard deviation for the tangential test bars. 

 
Another reason for the difference in the results between the different methods is 
that the binomial analysis takes into consideration all of the fatigue tests bars used 
in testing whereas the MML method uses only the smaller group to calculate the 
fatigue limit as well as the scatter.  This gives an incomplete picture of the true 
values and can give different results depending on the situation. 

 
The effect of inclusions on the fatigue limit of steels has been shown to be detri-
mental.  The larger amount of scatter in the distribution of the inclusion   in 
the axial test bars compared to the tangential test bars is mainly due to the occur-
rence of a single large inclusion that was the largest of all inclusions that were found 
in the steel.  This inclusion is likely exogenous in nature, meaning that its occurrence 
is not due to the cleanliness of the steel, but rather was in the steel due to the casting 
process of the forged steel roll.   

 
Figure 44 illustrates the effect that the inclusions have on the fatigue limit of the 
steel.  The circles illustrate the size of the inclusions located at the site of fatigue 
crack initiation.  The relationship in-between the size of the inclusion and the fatigue 
life is shown in Figure 44. This figure illustrates a relationship between lower fatigue 
limit as well as a larger amount of scatter with a population of larger inclusions. 
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Figure 44. A stress vs. cycle graph where the area of the inclusion found at the site 
of fracture initiation is shown as the spot size. The results are from the steel studied 
in publication (I) taken from an industrial forged steel roll. 

Using the microhardness of the matrix of the steel along with the maximum inclusion 
predicted by the extreme value distribution of the inclusions we can use the Mura-
kami-Endo model to predict the lower fatigue limit of the steel.  The upper limit of 
fatigue limit can be calculated from the microhardness of the steel.  The relationship 
is given as: 

 (23) 

Using equation (23) the result of 514.3 ± 32.1 MPa is obtained for an upper limit of 
fatigue limit for the forged steel roll.  The lower fatigue limit was calculated by using 
equation (17). 

 
Comparing the upper fatigue limit to the actual calculated fatigue limits of both meth-
ods shows the amount of the decrease in the fatigue limit.  The axial test bars are 
51 MPa below the upper limit, and the tangential test bars are 144 – 128 MPa below 
the upper fatigue limit.  The difference in the fatigue limit between the axial and 
tangential test bars is in agreement with other studies that have tested the aniso-
tropic fatigue properties of steel [85,86]. 

 
The extreme value analysis of the inclusions from all the polished specimens pro-
vided an estimate that is within 4 μm of the average inclusion located on the fracture 
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surface.  This indicates that the extrapolation of the extreme value distribution cal-
culated for the inclusions located on the polished specimen is accurate in predicting 
the average inclusion size causing fatigue failure.  The estimated inclusion for the 
axial polished surface is accurate as well when the exogenous inclusion is not con-
sidered.  The tangential polished specimen results are more conservative and esti-
mate larger inclusions than what were actually found on the fracture surface. 
  
In publication (I) The analysis of the average size and average aspect ratio of all of 
the inclusions that were studied on the polished specimens indicate a clear aniso-
tropic nature of the steel studied.  The average size of the inclusions found on the 
X-plane (corresponding to tangential test bars) is 30.4 μm2 and average aspect ratio 
is 1.71 (with a value of one representing a perfect circle).  The average size of the 
inclusions found on the Y-plane (corresponding to axial test bars) is 21.5 μm2 and 
the average aspect ratio is 1.63.  This difference in the average size and aspect 
ratio is in agreement with the difference in size of the inclusions found on the fracture 
surfaces as well as the anisotropic nature of the fatigue limit for the different test 
bars.  
A difference in the PDF of the maximum inclusions on the fracture surfaces is ob-
served when dividing the inclusions into two separate groups.  One group comprised 
of inclusions that caused fatigue crack growth and failure before the runout limit of 
107 cycles, and the other group being the inclusions that were found on the fracture 
surface of the runout test bars.  The comparison of these two groups can be seen 
in Figure 45. This figure shows the estimated probability density that was estimated 
from the histogram plots of the inclusions using the ks-density smoothing kernel in 
MATLAB. 

 

 

Figure 45. The estimated probability density of the inclusion square root area in μm 
located on the fracture surfaces of the fatigue test bars.  The results are from the 
steel studied in publication (I) taken from an industrial forged steel roll. 

Figure 45 shows that the location of the ‘All’ inclusion peak for tangential test bars 
is around 110 μm, and for both axial and tangential test bars the Failed peak is 
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located around 110-115 μm.  The fact that the ‘All’ inclusion distribution peak loca-
tion in the tangential test bars is almost the same as the failure peak location indi-
cates that the maximum inclusions in the tangential fatigue test bars caused a 
greater decrease in the fatigue limit and an increase in the amount of scatter.  

5.2 Small crack growth  

The experimental results of publications (III) and (V) are in agreement with the gen-
eral results that have been published in earlier studies [80,84,87-89]. The variability 
along with the faster growth rate of small cracks is evident in Figure 24.  This varia-
bility is interesting due to the fact that it is the result of reliable measurements ob-
tained with a SEM and that all the data in this figure comes from one fatigue test 
bar.  Therefore the results provide a good picture of the inherent scatter of small 
crack growth rate that occurs in the microstructure since other variables such as 
different specimen variability along with possible changes in testing conditions do 
not contribute to the results.    
 
The organization of the data in Figure 24 according to cycles count shows the vari-
ation between slow and fast crack growth rates.  The data shows that the cracks 
grow at faster rates either as they initiate or after they start to grow again after an 
arrest.  It also shows that the growth rate turns into a steady state of growth once 
the crack grows large enough.  
 
The good correlation between the inclusions and FIB notch thresholds shown in 
Figure 21 shows that the use of FIB notches as initial defects is a good and relevant 
way to test the initiation and growth of small cracks in high-strength steels. This is 
seen as well in Figure 22 where the correlation between defect or crack size versus 
the stress amplitude shows that there is no decreasing trend for the inclusions or 
the FIB-milled notches.  Rather all these data points are close to the fatigue limit, 
which means that the studied defect sizes are below the limit for decreasing fatigue 
limit as function of defect size.  The thresholds obtained for the drilled holes indicate 
that such holes act well as conservative simulations of inclusions.  One difference 
besides the shape in between the FIB-milled notches and the drilled holes is the 
residual stresses that are introduced by the mechanical removal of material.  The 
ability to quantify or measure this difference is difficult.  The other important contrib-
uting factor of drilled holes is the difference in shape from the FIB-milled notches.  
The holes used in this study are equal in depth as in width whereas the FIB notches 
have a smaller depth when compared to width.  The drilled hole will also concentrate 
the stress into a larger area when compared to the notch due to geometrical factors 
which means that crack growth will more likely occur when considering a weakest 
link approach.  This means that the size of the volume of material affected by the 
stress concentration of the hole is larger than that of the notch.  Other shape differ-
ences include the sharp corners in the drilled hole which may play a crucial role in 



 

72 

early crack initiation and growth.  Such mechanically made sharp corners are not 
present in FIB-milled notches. 
 

5.3 Small cracks, ODA, and microstructure 

5.3.1 Fractography 

The type of fracture surface referred to as the ODA has been studied in detail.  The 
ODA circled in Figure 36 shows similar fracture surface features as the ones shown 
in Ref. [20], and when comparing images in Figure 36 and Figure 37 we clearly see 
similar features that are common among ODA fracture surfaces.  
 

The fracture surface images taken from 100Cr6 bearing steel test bars shown in 
Figure 40 and Figure 41 do not show as clear an ODA area for which there are 

several reasons.  The 100Cr6 bearing steel is high-strength steel with a much finer 
grain structure.  This can also be seen in the ion images of the milled cross-sec-

tions shown in Figure 38 for the 34CrNiMo6 QT(A) steel and in  
Figure 42 for the 100Cr6 bearing steel.  The comparison of these figures shows that 
the sub-grain structure is noticeably finer in the 100Cr6 bearing steel than in the 
34CrNiMo6 QT(A) steel.  Since the microstructure is finer, the fracture surface cre-
ated by a crack following the microstructure will also be finer and will not show as 
clear lath like structures shown in Figures 37, 38, and 39. 

 
In Figure 40 a weak correlation can be seen between the size of inclusion (also ∆K 
on y-axis) and endurance. In addition to inclusion size, properties of the metal matrix 
around the inclusion and configuration of multiple cracks can affect early growth of 
the crack [84,90]. An influence of adjacent grain orientations has been demon-
strated by numerical mesoscale models [91,92].  The correlation between micro-
structure and crack path are in line with such models. In addition, microstructure 
may affect through initiation, simultaneous growth and interaction of multiple cracks.  
 
Our fractographic observations reveal the role of multiple crack initiation on slightly 
different planes. The asymmetrical crack growth that is observed around the inclu-
sion (Figure 41) shows effects of the microstructure and/or multiple crack initiation 
on the crack path and direction.  The fish eye around the inclusion also tells us that 
the fatigue crack did not propagate directly toward the surface rather obliquely to-
wards it while growing slower on the opposite side of the inclusion, where overlap-
ping of multiple cracks is shown.  It is possible that the original initiation of the crack 
growth into the ODA toward the surface caused a growing stress concentration on 
the opposite side of the inclusion and initiated cracks on different planes on the 
other side before the first crack had grown round the circumference.  
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It is worth of noting that the longest life in Figure 40 is associated with a medium 
size inclusion less than 100 μm below the specimen surface.  The fracture of the 
fatigue test bar shown in Figure 41 shows how three cracks have grown on adjacent 
planes before coalescence.  This has led to a non-symmetrical crack (marked by 
the fish eye pattern) and retarded growth, in particular on the side where crack “3” 
has grown on a separate plane still when crack “1” reached the open surface. Sim-
ilar “butterfly” looking marks around inclusions on UHCF fracture surfaces are com-
monly seen in literature and also in other inclusions shown in Figure 40.  
 
In summary fatigue cracks do not always initiate exactly at the equator of a spheroid 
inclusion and several of them initiate to be later coalesced. Depending on the con-
figuration, notable retardation of growth may result and affect the obtained fatigue 
life. It is possible that in some cases crack arrest occurs at the most critical inclusion 
and thus fatigue limit will be affected. However, unless such crack arrest can be 
confirmed, any proof on a correlation with the fatigue limit cannot be presented – 
just an effect on endurance.   

5.3.2 FIB milling  

In the quenched and tempered 34CrNiMo6 steel the crack shows a clear preferen-
tial growth direction along the martensite laths in the sub-grain microstructure.  

The pictures in Figure 37 – 40 show that the ODA was formed on the right hand 
side of the inclusion where horizontal martensite laths can be seen below the ODA 

region parallel to the direction of crack growth.  The lengths of these martensite 
laths are close to the average prior austenite grain size.  They are probably among 

the first ones to form across the whole prior austenite grain in question.  We as-
sume that the crack has first grown and that ODA was formed on this side, where 
the microstructure provides the most preferential direction for crack growth.  Thus, 
our observations on the preferential crack paths from surface notches (Figure 35) 

and subsurface inclusions (Figure 38,  
Figure 42, and 43) are in agreement.  Furthermore, an additional explanation to the 
formation and origin of the ODA is proposed based on the connection to microstruc-
ture.   
 
The FIB milling performed on the test bar of 100Cr6 bearing steel showed a finer 
microstructure than that of the 34CrNiMo6 QT(A) steel.  There was evidence of 

the crack growth direction being influenced by the martensite lath sub-grain micro-
structure as well as the grain structure.  This is shown in  

Figure 42 where the step in fracture surface is due to either a large martensite lath 
or a difference in grain structure.  In  

Figure 43(c) secondary crack is observed near the inclusion underneath the actual 
fracture surface.  The crack follows the martensite lath structure until a turning point 
where the surrounding microstructure changes and the crack changes the direction 
of growth.   
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5.3.3 Hydrogen, microstructure and ODA 

Earlier work by Murakami et al. has shown that there is a link between the formation 
of the ODA and hydrogen trapped by the inclusion [22,28,56-62]. A lowering of the 
threshold stress intensity range by hydrogen for cracks initiating from inclusions has 
been shown [93]. On the other hand, little hydrogen exists in the steel matrix at 
milled surface notches. This may explain, why no ODA areas were observed around 
the FIB notches. However, the hydrogen content of our specimens is not studied. 
Neither did we search for ODA from the surface notched specimens because we 
were focusing on the interaction of the small cracks with the microstructure. Nagao 
et al. and others have studied the interaction of hydrogen and martensite laths [94].  
They showed that the presence of hydrogen during monotonic loading caused 
cracks to preferentially grow along the prior austenite grain or martensite lath bound-
aries.  One other important matter to understand when comparing a non-metallic 
inclusion with a FIB notch is that the notch is randomly placed into the surface of 
the test bar, whereas the inclusion is solid in the steel during the steel production 
process when the steel itself is still molten.  This means that there are interactions 
that take place when the steel solidifies around the inclusion and may be a key 
reason why there are ODA formations around the inclusion. 
 
Studies such as Ref. [95] show that there may be some kind of grain refinement that 
takes place around inclusions during the fatigue life.  Whereas other studies have 
concentrated on the fact that the crack growth takes place usually in a vacuum in-
side the test bar and shown that crack growth in vacuum has a decreased rate when 
compared to the tests done in air [96].  While the effect of the crack growing in a 
vacuum certainly does impact the growth of the crack, the effect of the microstruc-
ture is critical.  The former study used FIB milling to observe the microstructure and 
it is possible that the fine grains or grain refinement observed was from redeposition 
of the milled steel by the FIB.  Some redeposition in the form of very fine grains is 
usually observed when milling larger cuts with the FIB.   
 
In our study it was observed that crack growth begins within a region besides the 
inclusion, later seen as ODA on the fracture surface. It is also observed that the 
initiation and early growth of the crack are affected by the martensite lath and packet 
orientation.   
 
The referenced earlier results and our observations are in agreement. Two main 
factors together affect the early growth of the cracks from the inclusion: the hydro-
gen trapped and the microstructure around the inclusion. These two factors work 
together to form the fractographic feature known as ODA on the fracture surface 
around the inclusions in high-strength steel specimens with ultra-long fatigue lives. 
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5.4 Small crack growth and compressive loading 

The previous studies [53-55] about the effects of compressive loading on fatigue 
crack growth can be seen to apply also for small cracks in the steel that was studied 
here.  It was measured that increasing the compressive loading for a crack can 
reinitiate its growth. This is due to the fact that increasing the compressive portion 
of the loading in constant amplitude testing decreases the ΔK+ or Kmax threshold for 
the crack growth.  The experimental work reported here is unique due to the new 
tools and methods that were employed to monitor and measure small fatigue crack 
growth under these unique conditions.  For this reason there are almost no compa-
rable data that could be used for comparison of the results reported in this study.  
 
The growth rates of small cracks under large compressive cyclic loads are slower 
when comparing their respective da/dN vs ΔK+ or Kmax values.  A possible reason 
for this is that the compressive loading does not affect the crack growth the same 
way as the tensile portion of the loading does.  Rather the compressive loading 
affects the crack growth through the bulk response of the material along with the full 
reversal or sharpening of the portion of the crack tip that is held open by the defor-
mations of the plastic zone ahead and around the crack tip.  The scale with which 
the compressive loading affects this could be material dependent.  The effective-
ness of compressive loading is reducing as the amount of compressive loading is 
increased.  
 
The saturation of the effect of the compressive loading does not remove the chal-
lenges that the increase of the compressive loading has on the initiation and growth 
of cracks.  It has been shown that initiation and crack growth can occur if the com-
pressive portion of the loading is increased.  The decrease in the ΔK+ or Kmax in the 
crack arrest is around 12% less for cracks at R = -2 when compared to cracks at R 
= -1.  This is in agreement with the crack growth data at higher growth rates than at 
crack arrest where the influence of increasing the compressive loading from R = -1 
to R = -2 will decrease the ΔK+ or Kmax required for crack growth by around 10 to 
12%.   If examined from the crack growth rate point of view the growth rate is in-
creased by a factor of around 4 when doubling the compressive loading from R = -
1 to R = -2.  This indicates that the mechanism through which it affects the crack 
growth is possibly caused by the removal of crack closure or crack tip sharpening.  
Once the compression portion of the loading has enhanced the crack growth 
through these mechanisms, a further increase in compressive loading has less of 
an effect on the crack growth. 
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Conclusions 

The distribution of non-metallic inclusions in steel is affected by the anisotropy 
caused by forging.  This effect is then mirrored by a lower fatigue limit with a larger 
amount of scatter in the steel for test specimen taken normal to the forging direction.  
The estimation of the best distribution for the extreme value theory showed that the 
Gumbel distribution is best suited to predict the possible largest inclusion in a critical 
volume for the forged steel studied. 
 
Crack paths around non-metallic inclusions and surface notches were studied in 
high-strength steels.  Fatigue testing was done on specimens with small FIB 
notches.  The cross-sections of the cracks showed that the small cracks tended to 
follow the martensite laths and packet boundaries.    
 
The fractographic analysis of the non-metallic inclusions indicated that the ODA 
forms around the inclusion and that there can be several cracks that initiate around 
the inclusion on different planes.  This multiple crack initiation can cause crack ar-
rest due to cracks growing perpendicularly on different planes.   
 
A connection between the microstructure and growth path of small cracks is demon-
strated.  The general preferential growth direction and formation of “optically dark 
area” (ODA) can be linked to adjacent grain orientations and sub-grain structures 
such as martensite lath and packet orientation.  Local martensite lath packets in the 
microstructure surrounding a non-metallic inclusion together with the presence of 
hydrogen trapped around the inclusion provide an explanation to the formation and 
origin of the ODA. 
 
The crack path observations show that the behaviour of small cracks is similar near 
the fatigue endurance limit for FIB notches and non-metallic inclusions.  Using this 
information it is possible to use the measured crack growth data to model cracks 
growing from inclusions.  This provides the ability to model the crack growth rate 
and fatigue life for a component where the non-metallic inclusion is the critical defect 
in the steel.  
 
The use of FIB notches as small crack initiators in round test bars provides a reliable 
method of obtaining small crack growth data that correlates well with the results 
from test bars that failed from non-metallic inclusions.  The microscopic observation 
of small crack growth from FIB notches during testing is a useful test method for 
small crack growth observation and can provide results for many loading ratios.  The 
results are in line with previous studies of small crack growth showing a large vari-
ability in the crack growth rate as well a decrease in crack size that corresponds 
with a decrease in ΔK required for crack initiation. 
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Examining small crack growth using in-situ optical measurement of surface cracks 
in high-cycle fatigue using multiple test bars with small notches gives unique insights 
into the initiation and growth of small cracks in HCF.  The results show that small 
crack growth occurs near the fatigue endurance limit of the studied quenched and 
tempered steel through a process of an accelerated crack growth immediately after 
initiation.  After this brief initiation and accelerated growth of the small crack there 
follows a period of very slow growth until the large crack growth threshold is 
reached.   
 
The comparison of small crack behavior at different R-ratios indicates that a good 
correlation can be obtained by only using the positive portion of the stress amplitude 
for small cracks. Compressive loading decreases the ΔK+ or Kmax threshold for small 
crack growth and increases the crack growth rate of small cracks.  This effect is 
more pronounced when increasing from R = -1 to R = -2, than when increasing from 
R = -2 to R = -3.73. 
   
The main conclusions are as follows: 
 

- Anisotropy affects inclusion size and distribution and therefore the fatigue 
endurance limit and scatter.  

- Small cracks initiating from FIB notches and non-metallic inclusions follow 
the local microstructure.  

- Small cracks, at first, initiate quickly and then grow very slowly below and 
close to the threshold of large crack growth. 

- The parameter ΔK+ works well to compare the crack growth rate of small 
cracks in the studied quenched and tempered steel. 

- Crack arrest ΔK+ or Kmax thresholds are lower for cracks with higher com-
pressive loading. 

- Increasing only the compressive portion of loading can reinitiate arrested 
small cracks. 

- The ΔK+ or Kmax values for small cracks are lower for similar crack growth 
rates under larger compressive loads. 
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a b s t r a c t

The objective of this work is to determine the fatigue limit of a forged heavy-weight steel roll, and to
compare the estimated fatigue limit and its standard deviation with the theoretically predicted lower
fatigue limit. The examination of the extreme value distribution of the inclusions located at the site of
fatigue crack nucleation on the fracture surface of the fatigue test bars is compared with the extreme
value distribution of the inclusions found on polished specimen. The extreme value distribution of the
non-metallic inclusions is used to predict the theoretical lower fatigue limit of the steel. The experimen-
tal part of the paper consists of the fatigue testing of 61 test bars that were taken from a process industry
forged steel roll. The estimation and comparison of the fatigue limit and its deviation was done using the
least squares and binomial analysis methods. The results from this analysis are compared with the the-
oretically predicted upper and lower fatigue limit. The fatigue tests show that the fatigue test bars orien-
tated tangentially to the axis of the forged steel roll have significantly lower fatigue lives when compared
to the fatigue lives of the test specimens orientated along the axial direction of the forged steel roll.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The fatigue limit of steels can be calculated using different
assumptions for the mechanism causing fatigue crack nucleation.
The steel can be defect free which would mean that a fatigue limit
of this type of steel would be the upper limit, or as is generally the
case a steel can have defects of varying sizes in its matrix which
would result in a lower fatigue limit. The fatigue life or fatigue
limit for steels is often studied with respect to the distribution of
non-metallic inclusions in the steel. The connection between the
distribution of defects in metallic materials and their fatigue prop-
erties has been discussed in many papers (see Refs. [1–19]). The
general approach that has evolved to deal with this problem is
based on the probabilistic modelling of the distribution of the
inclusions. The occurrence of the largest inclusions in the steel is
predicted by studying different cross-sections of steel and record-
ing the sizes of the maximum inclusions found. Then by applying
the theory of extreme values it is possible to predict the occurrence
of the largest inclusion that will cause fatigue failure. The inclusion
distribution model is then applied in a crack growth model which
is used to calculate a distribution of cycles to failure or the
decrease in the fatigue limit of the material. This kind of a predic-

tive model outlined in Refs. [9,16], is applied to the steel in this
paper.

The fatigue limit of steel is empirically estimated with fatigue
tests. The staircase test method is used in this study to estimate
the fatigue limit of the steel. Two different methods are used for
the analysis of the test data. The first is the Maximum Likelihood
(MML) method that has been developed by Dixon and Mood for
the staircase test [20], which uses the method of least squares to
estimate the fatigue limit and its standard deviation from the data.
The second method analyses the data with the binomial probabil-
ity theory to estimate the fatigue limit of the steel. This method has
been developed by Wallin [21].

2. Materials and methods

2.1. Fatigue testing

The test bars studied in the fatigue tests were taken from an
industrial forged steel roll. The approximate dimensions of the roll
are around 1 m in diameter and 6 m long. The chemical composi-
tion of the steel is given in Table 1.

The manufacturing process of the steel roll starts with the
casting of a steel ingot, after which it is forged to a degree of defor-
mation that ranges from 4 to 7. The forged steel is pre-machined
after which it is quenched and tempered, and the surface is then
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induction hardened and machine finished. The microhardness of
the steel test bars is 320 HV.

The fatigue properties of the steel were tested with rotating
bending fatigue test method. A Schenk rotating bending fatigue
test machine was used to apply a four-point bending loading to
the test bar that ensured a constant loading moment along the
gauge length of the specimen. Rotation of the fatigue test bar under
four-point bending resulted in the varying of the applied stress at a
stress ratio of R = �1, at a frequency of 35–40 Hz. An illustration of
the size and shape of the test bars is shown in Fig. 1.

The fatigue test bars were removed from a forged steel roll at
locations that were below the induction hardened surface. The bars
that were taken tangential to the axis of the forged steel roll are
called tangential test bars and correspond to the X-plane of the
polished specimens used in the inclusion analysis. The test bars
that were taken parallel to the axis are called axial test bars and
correspond to the Y-plane of the polished specimens used in the
inclusion analysis. An illustration of the direction of the test bars
with respect to the steel roll is shown in Fig. 2.

After removal from the forged roll the test bars were machined
and their surfaces were ground and polished. The transversal
scratches were ground away and polished so that the effect of
the surface features of the test bars on the fatigue limit was mini-
mized. Testing was done using the staircase method with a step
size of 5 MPa for tangential test bars and 10 MPa for axial test bars.
The tests were performed at room temperature and the runout
limit was set at 107 cycles. If a test bar reached the runout limit
then the test was aborted and classified as a runout. All of the run-
outs were retested at a stress level that was 100 MPa higher than
the runout stress level. This was done to cause failure so that the
largest inclusion causing failure could be studied.

2.1.1. Maximum likelihood analysis
The calculation of the fatigue limit is done using a special case

of the Maximum likelihood method, which is commonly called
the method of least squares. This method is the minimization of
the following equation which is called the sum of the squares:

S ¼
Xn
i¼1

Xi � X
r

 !2

ð1Þ

The average X and the standard deviation r are assumed to be
from the normal distribution and are fitted to the data so that Eq.
(1) is minimized. This method has been developed by Dixon and
Mood and is used for the analysis of the staircase test results [20].

2.1.2. Binomial probability analysis
The results of the staircase test resemble a binomial distribution

because the test specimen either fails at the stress level or it sur-
vives. The probability of having a certain number of failures at a
certain stress level can be calculated according to the binomial the-
ory as:

PðX ¼ rÞ ¼ n

r

� �
� pr � ð1� pÞn�r ð2Þ

where

n

r

� �
¼ n!

r!ðn� rÞ! ð3Þ

Eq. (2) gives the discrete probability that there are (r) failures in
(n) trials. In a staircase test the probability of the event p is not
known. This probability can be calculated with a certain confidence
(Pconf) with the following equation:

Pconfðp � xÞ ¼

R x
p¼0

n

r

� �
� pr � ð1� pÞn�r � dp

R x
p¼0

n

r

� �
� pr � ð1� pÞn�r � dp

ð4Þ

The results can then be ranked according to binomial probabil-
ity which starts at zero. The ranking can give the Pconf level of 5%,
50%, and 95% for each stress level [21,22].

2.2. The Murakami–Endo model

The Murakami–Endo Model predicts that when the location of
the fracture origin is a small defect or non-metallic inclusion then
the fatigue limit of the material can be determined by the Vickers

Nomenclatureffiffiffiffiffiffiffiffiffiffi
area

p
the square root projected area of the inclusion on the
plane normal to the stress

rw the predicted fatigue limit
rwu the predicted upper fatigue limit
rwl the predicted lower fatigue limit
EDS energy dispersive X-ray spectroscopy
FS fracture surface
GEV generalized extreme value
HV the Vickers hardness of the matrix around the inclusion

(kg f/mm2)
LEVD largest extreme value distribution
MML Maximum likelihood
N the number of stress cycles

PDF probability density function
PS polished specimen
R the stress ratio, rmin/rmax

Ro runout
SEM scanning electron microscope
a 0.226 + HV � 10�4

d scale parameter used in extreme value theory
k location parameter used in extreme value theory
r the stress acting on a specimen
S0 standard inspection area (mm2)
T return period
V volume of test bar (mm3)
Vo standard control volume (mm3)

Table 1
The chemical composition (wt.%) of the forged steel.

C Mn P S Cr V Mo Si

Weight% 0.61 0.50 0.005 0.005 1.34 0.08 0.26 0.23
Fig. 1. The geometry of the fatigue test bar. All dimensions are in millimeters.
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hardness of the microstructure surrounding the non-metallic
inclusion and the square root of the projected area ð ffiffiffiffiffiffiffiffiffiffi

area
p Þ of the

defect normal to the stress [16].
The model treats the inclusions or defects that are smaller thanffiffiffiffiffiffiffiffiffiffi

area
p � 1000 lm as small cracks and it has been tested to be valid
for high strength steels (HVP 400). The general equation is given
as:

rwl ¼ C � ðHV þ 120Þ=ð ffiffiffiffiffiffiffiffiffiffi
area

p Þ1=6 ð5Þ

where C is 1.43 for inclusions on the surface of a test specimen, 1.41
for inclusions in touch with the surface and 1.56 for inclusions
underneath the surface. The rwl is the predicted fatigue limit
(MPa), HV is the Vickers hardness of the matrix around the inclusion
(kg f/mm2),

ffiffiffiffiffiffiffiffiffiffi
area

p
is the square root projected area of the inclusion

on the plane normal to the stress (lm) [16].

2.3. Inclusion analysis

2.3.1. Polished specimen inclusion analysis
The inclusions found on the polished specimens were all photo-

graphed, measured and their chemical compositions were ana-
lyzed. The elemental analysis was done using an INCA Energy
300 Microanalysis System (EDS).

The specimens used for inclusion analysis were taken from
three different locations in the steel roll. The three positions were:
one from close to the outer surface, one from in-between the cen-
ter and the outer surface and one closer to the center of the steel
roll. Once cut from the steel roll the specimens were polished. After
the polishing the specimens were analyzed using an automatic
INCA Feature analysis program. The program distinguishes inclu-
sions on the polished surface by using the electron backscatter
detector to differentiate between the matrix and the inclusions.
The automated inspection was set at a magnification of 300�,
and the inspection area that was automatically scanned and ana-
lyzed was 25 mm2. For each plane this inspection was performed
six times to achieve a total inspection area of 150 mm2 for the
plane. Once the analysis was complete the process was repeated
with the same specimen on a new plane until all planes X, Y, and
Z had been analyzed. This process was repeated for all three inclu-
sion analysis specimens taken from the steel roll. A standard
inspection area (So) of 25 mm2 was defined for an extreme value
analysis of the inclusions. The largest inclusion in each standard
inspection is used for the extreme value analysis.

2.3.2. Fracture surface inclusion analysis
The inclusions found at the site of fatigue crack nucleation on

the test bars were all photographed, measured and their chemical

compositions were analyzed. The elemental analysis was done
using an INCA Energy 300 Microanalysis System (EDS).

2.3.3. Extreme value analysis
The inclusion data from the fatigue tests and inclusion analysis

can be described using different types of distributions. The largest
inclusions found in steels can be considered to be the extreme
maximum of the general population of inclusions. To choose which
type of extreme distribution model to use the GEV, Fréchet, and
Gumbel extreme value distributions were tested with a Kolmogo-
rov–Smirnov test using the inclusion data. The best fit of these
three was the Gumbel distribution. This distribution is given as
follows:

PðX � xÞ ¼ exp � exp � x� k
d

� �� �
ð6Þ

where the values k and d are the location and scale parameters
[23,24]. For the Gumbel distribution the mean (�k) is calculated as
follows:

�k ¼ kþ d � c ð7Þ
where c is calculated as:

c ¼ �
Z 1

0
ln ln

1
x

� �� �� �
dx � 0:57721 ð8Þ

The standard deviation (r) for the Gumbel distribution is:

r ¼ d � pffiffiffi
6

p ð9Þ

The distribution parameters of a Gumbel distribution for the
inclusion populations studied were estimated by using the Maxi-
mum likelihood method. This method uses the probability density
function to directly calculate the parameters of a distribution by
calculating whether a certain probability distribution function
can describe a set of data. The parameters of the probability distri-
bution are fitted to maximize the likelihood which is calculated as
follows:

L ¼
Yn
i¼1

f ðxiÞ ð10Þ

In Eq. (10) the function f(xi) is the probability density function.
The Gumbel probability density function is given as:

f ðx; k; dÞ ¼ 1
d
� exp �ðx� kÞ

d

� �
� exp � exp �ðx� kÞ

d

� �� �
ð11Þ

To estimate the parameters k and d of the distribution by MML
method the logarithm of the MML is usually used for simplicity.
This equation is called the log likelihood and is given as:

Fig. 2. A schematic illustration of the location of the test bars as well as the specimens used for inclusion analysis.
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lnðLÞ ¼
Xn
i¼1

lnff ðxiÞg ð12Þ

The maximization of Eq. (12) is done with an iterative process.
The two parameters k and d are manipulated to maximize ln(L) in
Eq. (12). Once the maximum log likelihood ln(L) is known then the
parameters k and d that produced the MML are the parameters that
best fit the distribution according to MML method.

When the k and d Maximum likelihood estimates for the Gum-
bel distribution are known these values are used to estimate for
the maximum size of the inclusion

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p
with a return period

T and it is given as:

xðTÞ ¼ kþ d � y ð13Þ
where y = �ln(�ln[(T � 1)/T]) with the return period T being
defined as V/Vo, where Vo is the inspection volume and V being
the volume of the part for which the maximum inclusion is being
predicted. In this case Vo is calculated as follows: S0 � h0, where ho
is the average

ffiffiffiffiffiffiffiffiffiffi
area

p
of the maximum inclusion distribution ob-

tained from the inspection. The calculation of V for a test bar that
is placed under rotating bending loading is considered to be the vol-
ume where the local stress is greater than 90% of the nominal stress.
Murakami proposes in Ref. [16] the following volume: V = 0.05pd2l,
where d is the diameter of the gauge length and l is its length. In this
case V is calculated to be 634.5 mm3.

3. Results

3.1. Fatigue test results

A total of 61 rotating bending fatigue test bars were tested.
There were 42 test bars that were tangential to the axis of the steel
roll and 19 that were parallel to it. A greater number of test bars
were sampled in the tangential direction, since this exhibited a lar-
ger scatter in the fatigue properties and a larger projected area of
the inclusions than the axial direction. The results of the fatigue
tests are shown in Fig. 3.

There was a significant difference between the two different
directions from which the fatigue bars were taken from the steel
roll. The axial fatigue test bars displayed a significantly higher level
of fatigue limit when compared to the tangential fatigue test bars.

3.1.1. Maximum likelihood analysis results
The MML method of analyzing staircase fatigue test results is

outlined in Ref. [20]. Using this method the fatigue limit of the
tangential test bars was calculated to be 369.7 MPa, with a

standard deviation of ±35.6 MPa and the fatigue limit of the axial
test bars was calculated to be 463.1 MPa, with a standard deviation
of ±11.2 MPa.

3.1.2. Binomial probability analysis results
The binomial probability analysis method was applied to the

fatigue test data. Using this method the average fatigue limit as
well as the standard deviation of the strength was calculated for
the tangential and axial test bars. The organization of the data
along with the application of the binomial analysis method is
shown in Table 2 for axial test bars and Table 3 for tangential test
bars. The assumption that is made in the calculation of the amount
of failed and runout test bars is that if the fatigue test at a certain
stress level was a runout then the result would have been the same
for all lower levels of stress. The opposite also applies when a fail-
ure occurs at a certain stress level and the test bar would have
failed at all higher stress levels as well. The probabilities listed in
these tables were calculated using Eq. (4) [21,22].

The fatigue limit of the tangential test bars calculated according
to the binomial analysis is 386 MPa, with a standard deviation of
±20 MPa, and for the axial test bars the fatigue limit is 463 MPa,
with a standard deviation of ±12 MPa.

In Fig. 4 the level of the estimated average fatigue limit (P(50%))
at 107 cycles for tangential test bars is indicated by the intersection
of the 50% failure probability red line and the 50% confidence blue
line. The binomial analysis also gives the 95% and 5% confidence
levels that are associated with each failure probability level. The
same analysis was applied to the axial bars and is illustrated in
Fig. 5. The comparisons of the binomial results with the Maximum
likelihood results are presented in Table 4.

3.2. Murakami–Endo model results

The use of Eq. (5) gives the lower bound fatigue limit consider-
ing that the maximum inclusion square root area is the largest in
the specimen and that it is the cause of failure. The application
of the Murakami–Endo model to the fatigue data is shown in Fig. 6.

3.3. Inclusion analysis results

3.3.1. Polished specimen inclusion analysis results
The results of the automated inspection of the polished speci-

mens yielded a total of 11300 inclusions. A summary of the find-
ings is presented in Table 5.

The calculation of the maximum inclusions found on the pol-
ished specimen was done by measuring the maximum length
and breadth of the inclusion and then using the equation for the
area of an ellipse which is given as:

A ¼ p � ða � bÞ
4

ð14Þ

where (a) is the length and (b) is the width of an ellipse that best
describes the shape of the largest inclusion found on the control
surface of the polished specimen. The same method was used for
fracture surface inclusions using an ellipse that best describes the
shape of the inclusion or cluster on the fracture surface. An example
of a maximum inclusion on a polished specimen is shown in Fig. 7
and the measurement of the size of the inclusion on a fracture sur-
face is shown in Fig. 9. The

ffiffiffiffiffiffiffiffiffiffi
area

p
of an inclusion for both polished

specimen as well as fracture surface inclusions is calculated as the
square root of A in Eq. (14).

3.3.2. Fracture surface inclusion analysis results
The site of fatigue crack nucleation on all except for three of the

61 fatigue test bars was an inclusion that was on or near the
surface of the test bar. These three test bars that did not show

Fig. 3. The results of the fatigue tests with cycles on the x-axis and the stress
amplitude (MPa) on the y-axis. The circle sizes represent the size of the inclusion
located at the site of fatigue crack initiation.
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evidence of inclusions at crack nucleation sites were all from the
axial test bar group and two of the three were runouts, with the
third bar failing at 8 million cycles. The type of inclusions found
at the site of crack nucleation were mostly different types of alumi-
num oxides with the exception of 8 test bars, all of which were
from the tangential group. In these test bars the fatigue cracks
initiated from large inclusions composed of manganese sulfide. In
Fig. 8 is shown one of the MnS inclusions.

3.3.3. Extreme value analysis results
Using the MML method to estimate the parameters of the

Gumbel distribution from the inclusion data obtained from the
fracture surface and polished specimen it is possible to calculate
the estimated largest extreme value distribution (LEVD), as well
as the upper and lower confidence levels. These extreme value
probability plots for the fracture surface inclusions as well as
polished specimen inclusions are shown in Figs. 10–12.

Table 2
Binomial probability analysis of axial test bars.

Stress (MPa) Runout Failed RFailed/RRunout RF/RNtotal P(5%) P(50%) P(95%)

450 1 1 1/8 1/9 3.70 16.20 39.40
457 1 0 1/7 1/8 4.10 18.00 42.90
460 3 2 3/6 3/9 15.00 35.50 60.70
465 2 1 4/3 4/7 28.90 56.00 80.70
470 0 2 6/1 6/7 52.90 79.90 95.40
475 1 2 8/1 8/9 60.60 83.80 96.30
500 0 2 10/0 10/10 76.10 93.80 99.50
525 0 1 11/0 11/11 77.90 94.30 99.50

Table 3
Binomial probability analysis of tangential test bars.

Stress (MPa) Runout Failed RFailed/RRunout RF/RNtotal P(5%) P(50%) P(95%)

350 3 0 0/22 0/22 0.30 3.00 12.30
355 1 2 2/19 2/21 3.80 12.00 25.90
360 1 1 3/18 3/21 6.50 16.40 31.60
365 2 1 4/17 4/21 9.40 20.90 36.90
370 2 0 4/15 4/19 10.40 23.00 40.10
375 2 3 7/13 7/20 20.60 35.90 53.60
380 1 2 9/11 9/20 28.60 45.30 62.80
385 2 0 9/10 9/19 30.20 47.50 65.30
390 2 2 11/8 11/19 39.40 57.40 74.10
395 2 3 14/6 14/20 51.30 68.70 83.20
400 1 2 16/4 16/20 61.60 78.10 90.10
405 3 0 16/3 16/19 65.60 81.90 92.90
410 0 1 17/0 17/17 84.60 96.20 99.70
425 0 1 18/0 18/18 85.40 96.40 99.70
450 0 1 19/0 19/19 86.00 96.50 99.70
475 0 1 20/0 20/20 86.70 96.70 99.70

Fig. 4. The results of the fatigue tests performed on the tangential test bars. The fatigue limit and standard deviation are calculated according to the binomial method. The
black dotted lines indicate one standard deviation.
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The comparison of the inclusion distribution within the various
planes of the steel roll was done as well. The parameters and the

average maximum inclusion size along with the standard deviation
of these distributions are shown in Table 6. The differences in the
extreme value distributions of the inclusions from the fracture sur-
faces compared to the polished specimens indicate that a larger
inspection area is required.

4. Discussion

4.1. Fatigue limit analysis

The fatigue limit of the axial test bars was higher when
compared to the tangential test bars. The tangential test bars were

Fig. 5. The results of the fatigue tests performed on the axial test bars. The fatigue limit and standard deviation are calculated according to the binomial method. The black
dotted lines indicate one standard deviation.

Table 4
The comparison of the two different methods used to calculate the fatigue limit and standard deviation from fatigue test results.

Fatigue limit axial (MPa) Deviation axial ± r (MPa) Fatigue limit tangential (MPa) Deviation tangential ± r (MPa)

MML analysis 463.1 11.2 369.7 35.6
Binomial analysis 463 12 386 20

Fig. 6. The application of the Murakami–Endo model to the fatigue test data.

Table 5
The results of the INCA feature inclusion analysis.

Total number of
inclusions found

Average size
(lm2)

Average aspect
ratio

X-plane 3136 30.39 1.71
Y-plane 4812 21.5 1.63
Z-plane 3352 25.3 1.67
Total 11,300 24.98 1.65

Fig. 7. An example of a maximum inclusion found on a polished specimen.
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taken normal to the forging direction which means that they
would have longer grains as well as inclusions; this would explain
why the fatigue limit is lower in that direction as well. There is also
a significant difference in the scatter of the fatigue test results. A
larger amount of scatter in the tangential fatigue test bars is calcu-
lated according to both types of analysis. However, the binomial
analysis gave an average fatigue limit that is larger, as well as a
smaller amount of scatter for the tangential test bars than the
MML method. One reason for this is that the tangential test bars
have a calculated standard deviation that is more than twice as
large as the calculated standard deviation of the axial test bars,
and the use of a staircase step size of 5 MPa is not large enough
to accurately measure the standard deviation of the fatigue limit.
The step size for a staircase test should be close to the true stan-
dard deviation of the fatigue limit to properly calculate it according
to the MML method. The step size used for the tests was half of the
calculated standard deviation for the axial test bars and around 1/7
of the calculated standard deviation for the tangential test bars.

Another reason for the difference in the results between the dif-
ferent methods is that the binomial analysis takes into consider-
ation all of the fatigue tests bars used in testing whereas the
MML method uses only the smaller group to calculate the fatigue
limit as well as the scatter. This gives an incomplete picture of
the true values and can give different results depending on the
situation.

The effect of inclusions on the fatigue limit of steels has been
shown to be detrimental. The larger amount of scatter in the distri-
bution of the inclusions

ffiffiffiffiffiffiffiffiffiffi
area

p
in the axial test bars compared to

the tangential test bars is mainly due to the occurrence of a single
large inclusion that was the largest of all inclusions that were
found in the steel. This inclusion is likely exogenous in nature,
meaning that its occurrence is not due to the cleanliness of the
steel, but rather was in the steel due to the casting process of the
forged steel roll.

Fig. 12 illustrates the effect that the inclusions have on the fati-
gue limit of the steel. The circles illustrate the size of the inclusions
located at the site of fatigue crack nucleation. The relationship in-
between the size of the inclusion and the fatigue life is shown in
Fig. 12. This figure illustrates a relationship between lower fatigue
limit as well as a larger amount of scatter with a population of lar-
ger inclusions.

Fig. 8. A manganese sulfide inclusion at the site of crack nucleation on a test bar as
an electron backscatter image.

Fig. 9. An example of the measurement that was done to determine the size of the
projected area for the inclusions that are found on the site of fatigue crack
nucleation.

Fig. 10. The extreme value probability graph of the largest inclusions from the fracture surface inclusions.
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Using themicrohardness of thematrix of the steel alongwith the
maximum inclusion predicted by the extreme value distribution of

the inclusions we can use theMurakami–Endomodel to predict the
lower fatigue limit of the steel. The upper limit of fatigue limit can
be calculated from the microhardness of the steel. The relationship
is given as:

rwu ¼ 1:6 � HV � 0:1HV ð15Þ

Using Eq. (15) the result of 514.3 ± 32.1 MPa is obtained for an
upper limit of fatigue limit for the forged steel roll. The lower fati-
gue limit was calculated by using Eq. (5) for each group shown in
Table 7. The lower fatigue limit for the polished specimen inclusion
groups used the maximum inclusion predicted by extreme value
statistics for the volume (V) that was tested in the test bars. The re-
sult of these calculations can be seen in Table 7.

Comparing the upper fatigue limit to the actual calculated fati-
gue limits of both methods shows the amount of the decrease in
the fatigue limit. The axial test bars are 51 MPa below the upper
limit, and the tangential test bars are 144–128 MPa below the
upper fatigue limit. The difference in the fatigue limit between
the axial and tangential test bars is in agreement with other stud-
ies that have tested the anisotropic fatigue properties of steel
[25,26].

Fig. 11. The extreme value probability graph of the largest inclusions from all the polished specimen maximum inclusions.

Fig. 12. A stress vs. cycle graph where the area of the inclusion found at the site of
fracture nucleation is shown as the spot size.

Table 6
The average size of the inclusions in different positions of the test bars and polished specimens as well as their extreme value distribution parameters for the Gumbel distribution.

Average Standard deviation Lambda (k) Delta (d) Number of inclusions studied
Inclusion size (

p
area) lm Inclusion size (

p
area) lm Location parameter Scale parameter

�k ¼ kþ d � c r = (d � p)/p6 Gumbel Gumbel

All FS 110.42 54.25 86.0 42.3 58
All PS 33.78 15.52 26.8 12.1 54
Axial (Y)-FS 90.69 57.97 64.6 45.2 16
Axial (Y)-FSa 75.25 39.89 57.3 31.1 15
Tangential (X)-FS 115.42 49.38 93.2 38.5 42
Axial (Y)-PS 26.17 9.49 21.9 7.4 18
Tangential (X)-PS 45.43 22.96 35.1 17.9 18
Z-Plane (Z)-PS 29.45 11.67 24.2 9.1 18
Axial (Y)-FS (Ro) 43.72 16.03 36.5 12.5 6
Axial (Y)-FS (F) 121.62 68.49 90.8 53.4 10
Tangential (X)-FS (Ro) 101.32 38.48 84.0 30.0 16
Tangential (X)-FS (F) 137.15 58.10 111.0 45.3 19

a The calculation of parameters excluding the largest inclusion found on an axial test bar fracture surface that was exogenous in nature. FS = Fracture Surface, PS = Polished
Specimen, Ro = Runout, F = Fail.
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4.2. Inclusion analysis

The analysis of the average size and average aspect ratio of all of
the inclusions that were studied on the polished specimens indi-
cate a clear anisotropic nature of the steel studied. The average size
of the inclusions found on the X-plane (corresponding to tangential
test bars) is 30.4 lm2 and average aspect ratio is 1.71 (with a value
of one representing a perfect circle). The average size of the inclu-
sions found on the Y-plane (corresponding to axial test bars) is
21.5 lm2 and the average aspect ratio is 1.63. This difference in
the average size and aspect ratio is in agreement with the differ-
ence in size of the inclusions found on the fracture surfaces as well
as the anisotropic nature of the fatigue limit for the different test
bars.

The extreme value analysis of the inclusions from all the pol-
ished specimens provided an estimate that is within 4 lm of the
average inclusion located on the fracture surface. This indicates
that the extrapolation of the extreme value distribution calculated
for the inclusions located on the polished specimen is accurate in
predicting the average inclusion size causing fatigue failure. The
estimated inclusion for the axial polished surface is accurate as
well when the exogenous inclusion is not considered. The tangen-
tial polished specimen results estimate larger inclusions than what
were actually found on the fracture surface.

A difference in the PDF of the maximum inclusions on the frac-
ture surfaces is observed when dividing the inclusions into two

separate groups. One group comprised of inclusions that caused
fatigue crack growth and failure before the runout limit of 107 cy-
cles, and the other group being the inclusions that were found on
the fracture surface of the runout test bars. The comparison of
these two groups can be seen in Fig. 13. This figure shows the esti-
mated probability density that was estimated from the histogram
plots of the inclusions using the ks-density smoothing kernel in
MATLAB.

Fig. 13 shows that the location of the All inclusion peak for tan-
gential test bars is around 110 lm, and for both axial and tangen-
tial test bars the Failed peak is located around 110–115 lm. The
fact that the ‘All’ inclusion distribution peak location in the tangen-
tial test bars is almost the same as the failure peak location indi-
cates that the maximum inclusions in the tangential fatigue test
bars caused a greater decrease in the fatigue limit and an increase
in the amount of scatter.

5. Conclusions

A total of 61 fatigue test bars were studied. Of these, 29 bars
failed before the runout limit that was set at 107 cycles. The test
bars that were runouts were retested at a higher stress level. The
estimated fatigue limit as well as the standard deviation was calcu-
lated according to the MML method and the binomial method.
These two different ways of estimating the fatigue limit and

Table 7
The comparison of the different estimated fatigue limits of the axial and tangential fatigue test bars, as well as the lower fatigue limit calculated by using Eq. (5).

Fatigue limit Fatigue limit Average maximum inclusion size (
p
area) lm Lower Fatigue limit predicted by

the Murakami–Endo model
rw (MPa) rw (MPa) rwl (MPa)
(Staircase method) (Binomial method)

All FS – – 110.42 287.9
All PS (Vo = 0.84 mm3) – – 106.90* 289.1
Axial (Y)-FS 463.1 ± 11.2 463 ± 12 90.69 297.5
Axial (Y)-FSa 75.25 306.9
Tangential (X)-FS 369.7 ± 35.6 386 ± 20 115.42 285.8
Axial (Y)-PS (Vo = 0.65 mm3) – – 70.89* 309.7
Tangential (X)-PS (Vo = 1.14 mm3) – – 148.13* 274.2
Z-Plane (Z)-PS (Vo = 0.88 mm3) – – 152.93* 272.7
Axial (Y)-FS (Ro) – – 43.72 335.9
Axial (Y)-FS (F) – – 121.62 283.3
Tangential (X)-FS (Ro) – – 101.32 292.1
Tangential (X)-FS (F) – – 137.15 277.7

a The calculation of parameters excluding the largest inclusion found on an axial test bar fracture surface that was exogenous in nature. FS = Fracture surface, PS = Polished
specimen, Ro = Runout, F = Fail.
* Predicted with EVT for test bar volume, Vo = Standard control volume calculated for the polished specimen (mm3).

Fig. 13. The estimated probability density of the inclusion square root area in microns located on the fracture surfaces of the fatigue test bars.
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standard deviation were compared. The use of the binomial meth-
od gave results that were similar to the MML method for the axial
test bars. However, the size of the standard deviation was smaller
and the mean fatigue limit was higher in the tangential test bars
when using the binomial method compared to the staircase
method.

The nucleation sites of the cracks that lead to failure were iden-
tified as inclusions on or near the surface of the test samples for 58
out of 61 test bars. The inclusions consisted mainly of a mixture of
aluminum oxides with small traces of MnS. Of all of the inclusions
causing fatigue failure only 8 out of the total 58 are not aluminum
oxide inclusions. Of these 8 inclusions all are MnS. All of the MnS
inclusions were found at the fatigue crack initiation sites of
tangential test bars.

The prediction of the lower bound fatigue limit according to
the Murakami–Endo model provided a conservative estimate for
the lower bound fatigue limit. All the fatigue tests failed above
the lower bound limit predicted by the Murakami–Endo model.
Applying the statistics of extremes to inclusions on polished
specimen to predict the inclusion causing fatigue failure provided
accurate results for the average inclusion in the ‘All’ inclusion
group and the axial group. The extreme value prediction for the
tangential group of inclusions was much larger than what was
discovered.

The results of the comparison of the estimated PDF of the inclu-
sions on the fracture surfaces show that the maximum inclusion
distribution had a larger effect on the tangential test bars than
the axial test bars due to its peak location which is close to the
failure peak location. It also shows that the average size along with
the standard deviation of the extreme value population has a large
impact on the fatigue limit and deviation of the steel.
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a b s t r a c t

An overview of critical variables that affect fatigue failure with respect to steel components in ultralong
life regimes is presented. The key role of hydrogen trapped by non-metallic inclusions in the ultralong life
fatigue failure process is documented. The role of non-metallic inclusions on ultralong fatigue life is
shown in the master curve of ODA (Optically Dark Area surrounding a non-metallic inclusion at fracture
origin) growth. The master curve of ODA growth shows the correlation of the size of the ODA with the
size of the non-metallic inclusion as it corresponds to fatigue life. The ability to predict the presence of
non-metallic inclusions in steels with extreme value methods is incorporated with the master curve of
ODA growth to determine the maximum threshold stress for ultralong fatigue life using the

ffiffiffiffiffiffiffiffiffiffi
area

p
param-

eter model. Most machine components experience variable loads in service. A design approach is intro-
duced for calculating the effects of different loading levels for ultralong fatigue life.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The study of ultralong life fatigue was begun due to the fatigue
failure of steel parts and test specimen with fatigue lives that are
beyond the conventional fatigue limit, which is defined by a fatigue
life cycle amount that is Nf P 107 cycles. Research into the cause of
ultralong life fatigue failure in high strength steels has revealed
that fatigue crack nucleation occurs at subsurface non-metallic
inclusions. Next to these subsurface inclusions a dark area is
observed that is called Optically Dark Area (ODA). The presence
of an ODA is not observed on fracture surfaces of specimens with
short fatigue lives. The appearance of the ODA next to subsurface
inclusions has been researched and documented in the following
Refs. [1–6].

The disappearance of the conventional fatigue limit in the fati-
gue life of high strength steels can be seen in Fig. 1. The failure of
test specimen at ultralong fatigue lives (Nf > 107) and the effect
caused by the size of the test specimen can be united by under-
standing the role that non-metallic inclusions play in causing fati-
gue failure in ultralong fatigue.

To predict fatigue failure due to the presence and role of the
ODA and its growth from non-metallic inclusions this paper
reviews the research that has been performed by Murakami and
his co-workers in Refs. [7–10]. The results of these studies reveal

that there are several factors that should be considered. These fac-
tors are:

(1) The growth of the ODA with respect to the fatigue life of the
specimen and internal hydrogen in the specimen.

(2) The statistical aspect of fatigue due to the difference in vol-
umes tested and the distribution of the maximum inclusions
in the steel.

(3) The dependency of the threshold stress intensity factor
range DKth on crack size.

This paper will review these three main factors involved in ultr-
along life fatigue failure in high strength steels from internal inclu-
sions and will propose a fatigue design approach for ultralong
fatigue lives of high strength steel components. This design
approach incorporates the effect of the volume as well as the distri-
bution of the inclusions in the steel, along with the growth of the
ODA from the inclusions in ultralong fatigue life regimes. This de-
sign approach is onlymeant to be used for ultralong life fatigue fail-
ure in high strength steels caused by subsurface non-metallic
inclusions. This design approach does not take into consideration
other factors in fatigue such as mean stress, environmental effects,
surface effects or notch effects.

2. Materials and methods

The high strength steels that are studied in this paper are a
Cr–Mo steel (JIS SCM435) [1–3,7] and a bearing steel (SAE52100)

0142-1123/$ - see front matter � 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijfatigue.2011.12.021

⇑ Corresponding author at: VTT Technical Research Centre of Finland, Finland.
E-mail address: andrew.roiko@vtt.fi (A. Roiko).

International Journal of Fatigue 41 (2012) 140–149

Contents lists available at SciVerse ScienceDirect

International Journal of Fatigue

journal homepage: www.elsevier .com/locate / i j fa t igue

http://www.elsevier.com/locate/ijfatigue
mailto:andrew.roiko@vtt.fi


[8]. The type of heat treatment hardness and hydrogen content is
shown in Table 1. To study the effect of the amount of hydrogen
contained in the steel the difference between two series of speci-
men made from JIS SCM435 that have different amounts of hydro-
gen is discussed. The fatigue tests were performed with a stress
ratio R = �1 and the test frequency f = 1–300 Hz. The tension–com-
pression specimen shown in Fig. 1 is the test specimen used in the
tests. The original reports for the material data and experimental
procedures used as well as the results are written in the Refs.
[1–3,7–10,2].

3. Theory

3.1. Factors affecting ultralong fatigue life

Fatigue fracture that occurs at ultralong fatigue lives in high
strength steel has certain typical characteristics. These characteris-
tics can be listed as follows:

(1) The nucleation of the fatigue crack originates at subsurface
non-metallic inclusions. The inclusions have been shown

to be Al2O3, Al2O3�(CaO)x, TiN, MnS [1,3,7,8]. An example of
this kind of inclusion that has caused fatigue failure is shown
in Figs. 2 and 3.

(2) The presence of an Optically Dark Area (ODA) next to the
inclusion and the increase in the size of the ODA with longer
fatigue lives. The correlation between the fatigue life and
ODA size is shown in Fig. 2a–d. It is notable that the ODA
is not present at short fatigue lives which can be seen from
Fig. 2a [7].

(3) Experiments performed on test specimens with ultralow
levels of hydrogen (�0.01 ppm hydrogen content) reveal
smaller ODAs when compared with specimens with higher
hydrogen content (0.7–0.8 ppm hydrogen content) with
identical fatigue lives (Nf). Fig. 3 shows the fatigue fracture
origin of test specimens that have been vacuum quenched
to a low level of hydrogen content. The fracture surfaces
of these specimens reveal that the relative size of the
ODA to the inclusion is smaller than what is found on spec-
imens with normal levels of hydrogen and having compara-
ble fatigue lives such those shown in Fig. 2. The conclusion
from this can be made that hydrogen content is directly
connected to the formation of the ODA.

Nomenclature

r0
w the modified

ffiffiffiffiffiffiffiffiffiffi
area

p
model for ODA predicted lower

bound fatigue limitffiffiffiffiffiffiffiffiffiffi
area

p
the square root projected area of the inclusion on the
plane normal to the stress

rw the
ffiffiffiffiffiffiffiffiffiffi
area

p
model predicted lower bound fatigue limit

DKODA threshold Stress Intensity Factor Range for ODA
DKth threshold Stress Intensity Factor Range
AFM Atomic Force Microscopy
HV the Vickers Hardness of the matrix around the inclusion

(kgf/mm2)
Nf the number of stress cycles to failure
ODA Optically Dark Area
R the stress ratio, rmin/rmax

S area of prediction (mm2)
S0 standard inspection area (mm2)
SEM Scanning Electron Microscope
SIMS secondary ion mass spectrometry
T return period
V volume of prediction (mm3)
V0 standard control volume (mm3)
Vs control volume for prospective fatigue failure (mm3)
a 0.226 + HV � 10�4

c
ffiffiffiffiffiffiffiffiffiffi
area

p
ODA=

ffiffiffiffiffiffiffiffiffiffi
area

p
inclusion

d scale parameter used in Extreme Value Theory
k location parameter used in Extreme Value Theory
r the stress acting on a specimen

Fig. 1. The effect of different critical volumes tested on fatigue life properties. The figure compares the rotating bending (a), with tension–compression (b), S–N data of
SAE52100 [8,11].
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(4) Examinations of the fracture surface of the ODA with Scan-
ning Electron Microscopy (SEM), as well as with Atomic
Force Microscopy (AFM) and laser microscopy show that
the morphology of the fracture surface is rougher as well
as being significantly different when compared with normal
fracture surface morphology. This kind of examination is
shown in Fig. 4 [5].

(5) Studies of the interaction of inclusions in steels with hydro-
gen in Ref. [12] have shown that non-metallic inclusions
strongly trap hydrogen. The difference in the amount of
hydrogen trapped by the inclusion on the fracture surface
between QT and VQ specimens was studied in Ref. [4].

The results of these fracture surface studies with secondary
ion imaging show trapped hydrogen around the inclusion
for higher hydrogen levels (QT hydrogen content 0.7–
0.9 ppm), and almost no trapped hydrogen for low hydro-
gen levels (VQ hydrogen content 0.01 ppm). These images
are shown in Fig. 5.

This is a list of the main factors that are critical factors affect-
ing fatigue failure of high strength steels in the ultralong fatigue
life regime. Using these findings Murakami et al. proposed a mod-
el for ultralong life fatigue failure of high strength steels [2]. The
schematic representation of this model is shown in Fig. 6. The

Table 1
Steel types and types of heat treatment as well as Vickers Hardness and Hydrogen content of the three series of specimen [1,8].

Materials Series of specimens Heat treatment Vickers Hardness HV Hydrogen content (ppm)

Cr–Mo steel (JIS SCM435) QT Quenched at 850 �C �561 0.7–0.9
Tempered at 170 �C
Carbonitrided

VQ Heat treated in a vacuum at 850 �C followed by quenching �586 �0.01
Tempered at 170 �C
Carbonitrided

Bearing steel, SAE52100
(JIS SUJ2)

QT Quenched at 840 �C �700 0.8
Tempered at 180 �C

Fig. 2. The presence and size of the ODA is shown in the optical micrographs (a–d) of four different fracture surfaces of fatigue test specimen made form QT JIS SCM435, with
a hydrogen content of 0.7–0.9 ppm. In picture (d) the ODA is circled with a blue dotted line and the inclusion with a red solid line [2]. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. The three pictures (a–c) are optical micrographs of fatigue fracture origins of fatigue test bars made from JIS SCM435 which has been vacuum quenched (VQ) to a low
hydrogen content of 0.01 ppm [7].
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model proposes that the growth of the ODA does not occur cycle
by cycle as conventional fatigue crack growth; rather it is caused
by the combined effects of hydrogen that is trapped by the
inclusion along with the cyclical application of stress. The result
of this is the subsequent formation of a crack that grows until
it reaches the critical threshold for conventional fatigue crack
growth that then causes fatigue failure.

To summarize: The process of ultralong fatigue failure in high
strength steels is caused by non-metallic inclusions in the steel
which are strong traps for hydrogen that is present in the steel.
The inclusion and the trapped hydrogen cause ODA growth around
the inclusion which causes crack growth to occur below the nor-
mal fatigue crack growth threshold of the steel. Once this hydrogen
enhanced crack growth reaches the threshold for conventional

Fig. 4. Different imaging methods taken of an ODA surrounding an inclusion that was the site of fatigue fracture. Stress: 560 MPa, Nf = 1.11 � 108,
ffiffiffiffiffiffiffiffiffiffi
area

p ¼ 29 ðlmÞ,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p ¼ 55 ðlmÞ [5].

Fig. 5. The comparison of the amount of hydrogen trapped by the inclusion (Al2O3(CaO)x) located at the fracture surface. The images shown are secondary ion images as well
as optical microscopy images of QT and VQ specimens [4].
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fatigue crack growth, the specimen fails due to normal fatigue
crack propagation.

3.2. Master curve for ODA

The presence of an ODA on a fracture surface around the
subsurface inclusion that initiated fatigue crack growth has been
studied for over a decade [10]. At present the formation and
growth of ODA cannot be directly observed directly. Due to this,
the subsequent method that has been used to determine the
growth of the ODA experimentally is to perform ultralong fatigue

tests and to study the fracture surface of failed specimens and
record the size of the inclusion that caused fatigue failure along
with the size of the ODA accompanying it. The results of these tests
done on JIS SCM435 and SAE52100 are shown in Figs. 7 and 9
[1,13]. These figures show the ratio of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p
=
ffiffiffiffiffiffiffiffiffiffi
area

p
with respect

to an increasing fatigue life Nf. The difference between the QT JIS
SCM435 specimens and the VQ JIS SCM435 specimens in Fig. 7
clearly shows the effect lower hydrogen content has on the result-
ing size of the ODA that is formed. The graph that shows the corre-
lation between the ratio of the size of the ODA to the inclusion and
the total fatigue life is called the master curve of ODA growth
[1,12].

Using the relationship between the normalized ODA size and
number of cycles to failure that is shown in Figs. 7 and 9, it is pos-
sible to estimate the growth of the ODA in a specimen from an
inclusion using the estimated cycles to failure. For example using
the ODA growth curve in Fig. 1. it is possible to estimate the rela-
tive ODA growth size for a specimen that fails at 107 cycles. The
ODA growth would be:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p
=
ffiffiffiffiffiffiffiffiffiffi
area

p � 2.
The conclusion that can be made based on the findings pre-

sented in Figs. 7 and 9 is that the ODA grows with increasing fati-
gue life as well as minimizing the amount of hydrogen in the steel
decreases the rate of ODA growth. A schematic illustration of the
growth of the ODA from the inclusions is presented in Fig. 8.

The effect of step loading has been tested by Murakami et al. [8].
The step loading tests were done using QT SAE52100 specimens
that started testing at a certain stress level that was raised by
40 MPa after the fatigue test had run for 107 cycles. This was re-
peated until the specimen failed. The results of step loading tests
for two specimens are given in Table 2. The process of the ODA
growth is predictable from step to step by using the master curve
for ODA growth shown in Figs. 7 and 9. The results for the step
tests also show that step loading does not accelerate the growth
of ODA, as can be seen in Fig. 9.

Fig. 6. A cross-section view of an inclusion and the ODA surrounding the inclusion.

Fig. 7. The relationship of ODA growth normalized with respect to the inclusion
size verses the number of fatigue cycles to failure for QT and VQ SCM435 [1].

Fig. 8. The growth of ODA from inclusions with respect to fatigue life.
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Using the data in Table 2 as well as other tests it is possible to
compare ODA growth in step loading with ODA growth in constant
amplitude loading. This can be done by using the Master Curve for
the ODA shown in Fig. 10. For example for specimen NT1 the test
began with a stress amplitude of 680 MPa, which is raised by
40 MPa after 107 cycles. This process is repeated until failure, that
occurred at a cycle count of Nf = 3.06 � 106, and a stress level of
800 MPa. The fracture origin is located at an inclusion that was sur-
rounded by an ODA with a size of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p
= 47.9 lm, and the

inclusion size is
ffiffiffiffiffiffiffiffiffiffi
area

p
inclusion = 29.9 lm. Using these two values

the ratio of ODA growth to the inclusion is calculated to
be:

ffiffiffiffiffiffiffiffiffiffi
area

p
ODA=

ffiffiffiffiffiffiffiffiffiffi
area

p
inclusion ¼ 1:6. Counting all of the cycles for all

step loading levels for this test bar (NT1) gives a total fatigue life
of 3.306 � 107. This fatigue life along with an ODA to inclusion ra-
tio of 1.6 is similar to other test results from constant loading
shown in Figs. 9 and 10. Furthermore the results of all the step
loading tests that were performed show that the Master Curve

for ODA growth can be used to predict ODA growth for increasing
step loading [13].

3.3. The statistical aspects of fatigue for high strength steels

The scatter in the fatigue strength of high strength steels is
mostly caused by the scatter of the size of the inclusions that are
in the specimen [14]. The scatter in the size of the inclusions pres-
ent in the steel is caused by two main factors. The first factor is the
volume of steel that is in question, and the second is the distribu-
tion of the inclusion sizes in the steel. The effect the volume has on
lowering the fatigue limit can be seen in Fig. 1.

The distribution of inclusion sizes has been researched and a
method for inclusion rating based on extreme value statistics has
been developed [14–16]. This method can also be found in the
ASTM standard E 2283-03 and can be implemented as follows:

(1) Themaximum size
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax;j

p
of the largest inclusion is deter-

mined for a standard inspection area So or volume Vo. This
process is repeatedn times and the resultingmaximum inclu-
sions are ranked as follows:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax;1

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax;2

p � � � �
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

areamax;j
p

. The cumulative distribution function Fj(%) as
well as the reduced variates yj for the inclusion distribution
are then calculated according to the following equations:

Fj ¼ j� 100=ðnþ 1Þ ð1Þ

Yj ¼ �lnf�ln½j=ðnþ 1Þ	g ð2Þ
(2) The maximum size

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax;j

p
are then ploted according to

the ranking that was done on a probability plot with the
abscissa coordinates as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax;j

p
and the ordinate axis being

either Fj or yj. An example of this kind of a plot is shown in
Fig. 11.

(3) As can be seen in Fig. 11 the reduced variate plotted against
the

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax;j

p
has a linear relationship. This relationship can

be used to predict for a larger volume of steel. The linear
relationship can be written as follows:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p ¼ a � yþ b ð3Þ
where y = �ln{ � ln[j/(n + 1)]}. To predict the maximum
inclusion in an area S or volume V we get: T = S/So or V/Vo

and since we know that T = 1/(1 � F), so by using the previous
equations we can write Eq. (3) as:

xðTÞ ¼ b� a � lnf�ln½1� 1=T	g ð4Þ

Fig. 9. The relationship of ODA growth normalized with respect to inclusion size
verses the number of fatigue cycles to failure for QT SAE52100 (JIS SUJ2) [13].

Table 2
Results of step loading fatigue tests [8].

Specimen NTI

Growth of ODA (;)
Stress amplitude (MPa) 680 720 760 800
Number of cycles 1 � 107 1 � 107 1 � 107 3.06 � 106ffiffiffiffiffiffiffiffiffiffi
area

p
ðlmÞ 29.9

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area680

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area720

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area760

p

; ; ; ;ffiffiffiffiffiffiffiffiffiffi
area

p
ðlmÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area680

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area720

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area760

p
47.9

Specimen NT2

Growth of ODA (;)
Stress amplitude (MPa) 720 760
Number of cycles 1 � 107 3.96 � 106ffiffiffiffiffiffiffiffiffiffi
area

p
ðlmÞ 48.4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area720

p

; ;ffiffiffiffiffiffiffiffiffiffi
area

p 0
ðlmÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area720

p
71.7

Fig. 10. The Master Curve of ODA growth calculated as the best fit curve for the
data [12].
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This equation can be used to predict the largest inclusion in a given
volume of steel. The parameters a and b are determined experimen-
tally [14].

3.4. The threshold stress intensity factor range DKth for ODA

The study of the threshold stress intensity factor range for small
cracks has shown that the DKth is not constant and is smaller when
compared with the DKth for large cracks [17–19]. The initiation of
fatigue cracks from non-metallic inclusions in steels needs to be ap-
proached using DKth theory and values for small cracks. The basic
model for ultralong fatigue failure from non-metallic inclusions
that has been reviewed here states that the ODA boarder is where
conventional fatigue fracture begins after being initiated and
propagated through the ODA by a synergistic effect between cyclic
loading and hydrogen trapped by the inclusion.

In Ref. [14] Murakami proposes the following equation that uses
the ODA size (

ffiffiffiffiffiffiffiffiffiffi
area

p
ODA) to calculate the stress intensity factor

range for internal cracks.

DKODA ¼ 0:5 � Dr �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
ffiffiffiffiffiffiffiffiffiffi
area

p
ODA

q
ð5Þ

where DKODA is MPa
ffiffiffiffiffi
m

p
, Dr is in MPa, and

ffiffiffiffiffiffiffiffiffiffi
area

p
ODA is in meters.

Using this equation to calculate the DKODA gives results that fit well
with the predictions made by the

ffiffiffiffiffiffiffiffiffiffi
area

p
parameter model when theffiffiffiffiffiffiffiffiffiffi

area
p

ODA = 40–100 lm [14,17]. The results obtained with Eq. (5) are
shown in Fig. 12. The solid line in Fig. 12 is the prediction of the
DKth that is calculated with the following equation:

DKth ¼ 2:77� 10�3 � ðHVþ 120Þ � ð ffiffiffiffiffiffiffiffiffiffi
area

p
ODAÞ1=3 ð6Þ

where DKth is MPa
ffiffiffiffiffi
m

p
;HV is in kgf/mm2, and

ffiffiffiffiffiffiffiffiffiffi
area

p
ODA is in mi-

crons. This model has been verified in other high strength steels
such as SAE52100 as well as a martensitic stainless steel [18].

The
ffiffiffiffiffiffiffiffiffiffi
area

p
parameter model can then be modified by using theffiffiffiffiffiffiffiffiffiffi

area
p

ODA to calculate the fatigue limit. Eq. (7) gives a modified
fatigue limit r0

w for a stress ratio of R = �1 [14,17].

r0
w ¼ 1:56 � ðHVþ 120Þ=ð ffiffiffiffiffiffiffiffiffiffi

area
p

ODAÞ1=6 ð7Þ

This equation can be used to normalize the S–N data of SCM435 as
shown in Fig. 13. What is evident from Fig. 13 is that value r=r0

w is
equal to, or greater than 1 for all results with the special exception
of one test. Fig. 13 along with Fig. 12 support the model of ultralong
fatigue life that has been reviewed in this paper by illustrating the
link between the ODA size and DKth for small cracks, along with the
relationship between ODA size and fatigue limit.

4. Results

4.1. Design approach for ultralong life fatigue

To solve the problem of ultralong life fatigue from subsurface
inclusions it is necessary to use new design approaches that take
into consideration the growth of the ODA around the inclusion as-
sisted by the presence of hydrogen. The ODA growth has a correla-
tion with the total number of fatigue cycles to failure. This means
that the design approach should incorporate the number of fatigue
cycles to determine the survival of the component.

The design approach requires the following data:

(1) The maximum inclusion predicted for the volume of steel by
statistics of extremes (see Fig. 11).

(2) The Master Curve of ODA, used to determine the growth of
the ODA as a function of the fatigue life, Nf (see Fig. 10).

(3) The calculation of the threshold stress for the ODA size by
using the

ffiffiffiffiffiffiffiffiffiffi
area

p
parameter model (see Fig. 12).

The design approach for ultralong fatigue life is outlined as
follows:

Fig. 11. The results show the improvement in production quality for SAE52100
steel for different years with respect to the distribution of the maximum inclusions
in the steel [14].

Fig. 12. The relationship between
ffiffiffiffiffiffiffiffiffiffi
area

p
ODA and DKODA (Test specimen QT JIS SCM435) [18].
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(1) Start with the design life Nf that will be used for the
component.

(2) Use the Master Curve of ODA growth along with the design
life (Nf) to predict the relative growth of the ODA with
respect to the maximum inclusion (

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p ¼ cÞ.
(3) Calculate the maximum inclusion that is expected for the

volume of steel equal to the component using the statistics
of extremes method (determine

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p
).

(4) Use the relationship of ODA growth from step 2
(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p ¼ cÞ along with the maximum inclusion
calculated to occur in step 3 to calculate the size of the ODA
(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p ¼ c � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p Þ.
(5) Use the

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areaODA

p
in the

ffiffiffiffiffiffiffiffiffiffi
area

p
parameter model to deter-

mine the allowable stress in the component: rallowable ¼
1:56 � ðHVÞ þ 120Þ=ð ffiffiffiffiffiffiffiffiffiffi

area
p

ODAÞ1=6.

The allowable stress level that is calculated as a result of step 5 is
the maximum stress allowed for the component in question. An
illustration of this design approach is shown in Fig. 14 as a flow
chart.

4.2. Design approach for ultralong life fatigue with step loading

Most components are subject to different types of loadings in
service. Due to this it is important to create a design approach
for ultralong fatigue lives that takes into consideration the use of
multiple stress levels. This can be done by using the Master Curve
of ODA growth along with the

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p
of the inclusion predicted

as well as the stress levels (r1, r2, . . . ,rn) and their respective num-
ber of cycles (n1, n2, . . . ,nn).

Once the stress levels along with the respective number of cy-
cles are determined for the component in question, it is necessary
to combine these with the data of the ODA growth from the master
curve and with the maximum inclusion predicted for the volume of
the component. This information is then compared with the pre-
diction of the critical crack size that will cause normal fatigue crack
growth. This is done by using the following equation:

ffiffiffiffiffiffiffiffiffiffiffiffi
areac

p ¼ 1:56 � ðHVþ 120Þ
r

� �6

ð8Þ

Eq. (8) is derived from Eq. (7) and uses the applied stress amplitude,
r in MPa, as well as the micro hardness HV in kgf/mm2 of the steel
to calculate the critical size of an inclusion or defect

ffiffiffiffiffiffiffiffiffiffiffiffi
areac

p
in lm

that will initiate conventional fatigue crack growth. Using this crit-
ical inclusion size it is possible to calculate the amount of ODA
growth needed to initiate normal fatigue crack growth. This calcu-
lation is done by calculating the ratio c(r) of the critical size needed
for fatigue crack growth ð ffiffiffiffiffiffiffiffiffiffiffiffi

areac
p Þ with the maximum size of the

inclusion for the volume of steel that is being used as shown in
the following equation:

Fig. 13. S–N data of SCM435 normalized by using Eq. (7) [1].

Fig. 14. The design approach illustrated as a flow chart for ultralong life fatigue.
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cðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
areac

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
areamax

p ð9Þ

Using Eq. (9) it is possible to estimate the number of cycles to fail-
ure due to ODA growth by using the Master Curve of ODA growth.

The master curve that is shown in Fig. 10 represents the rela-
tive growth of the ODA corresponding to different fatigue lives.
Using the curve shown in Fig. 10 along with the multiple step
loading results that are presented in Fig. 9 as well as in Table 2
it is possible to propose the use of the Master Curve of ODA
growth for use in the design of multiple step loading for increas-
ing stress levels. The reason this can be done is due to the fact
that the results of ODA growth in these step loading tests fit
the expected trend of ODA growth for specimens that were not
subjected to step loading. Therefore the following design ap-
proach for step loading for ultralong fatigue life of high strength
steels is proposed:

(1) Begin with the first stress level r1 and number of cycles n1.
(2) Calculate the maximum inclusion size for the steel volume

in question
(3) Calculate the maximum allowable growth of ODA using Eq.

(9) for the first stress level.
(4) Use the Master Curve of ODA to predict the growth of ODA

due to the amount of cycles.
(5) Compare the ODA growth from cycles to the maximum

allowable from step 3.
If ODA growth is greater than step 3 the result is failure.
If ODA growth is less than step 3 then repeat the process
starting from step 1, with cycles n2 = n1 + n2 and the stress
level = r2.
This design approach is illustrated in Fig. 15.

5. Conclusions

A design approach for ultralong fatigue life with step loading is
introduced in this paper. The design approach is constructed on the
following elements:

1. The Master Curve of ODA growth with respect to the number of
fatigue cycles.

2. The estimation of the largest inclusion present in the volume of
steel under fatigue loading.

3. The calculation of the critical crack size that will initiate con-
ventional fatigue crack growth according to the

ffiffiffiffiffiffiffiffiffiffi
area

p
parame-

ter model.

This design approach can be used to determine the maximum
allowable stress for a given design life without step loading as
shown in Fig. 14, or as according to Fig. 15 these elements can be
used to calculate the number of steps and cycles that will cause
failure. The proposed design approach shown in Fig. 14 has been
used successfully in the design of a half toroidal type transmission,
CVT, for automobiles [19].
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a b s t r a c t

The focus of this study is small crack initiation, growth and arrest from small defects in quenched and
tempered steels. To study the initiation and growth threshold of microcracks from small defects a spec-
ialised test method was developed. Round bars were axially loaded at R = �1 and fatigue initiators were
manufactured by drilling (£ 50 lm) and Focused Ion Beam (FIB) milling (a = 10–50 lm). The specimens
were fatigued at the range of the smooth specimen fatigue limit. The initiated microcracks were moni-
tored to observe crack initiation; growth and arrest. The high correlation of the FIB small crack growth
results with inclusion test results indicates that using a FIB notch to initiate small cracks is a good
way to test small crack growth in high strength steels.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In fatigue of high strength steels the early growth mechanisms,
paths and rates of the microstructurally small cracks are not well
known. Small cracks tend to initiate from stress concentrations
or the largest non-metallic inclusions within the stressed volume
of modern high strength steels. Fatigue crack nucleation and
growth from surface or subsurface non-metallic inclusions in steels
is of importance in many industries. It has been the focus of many
studies [1–6] and a book by Murakami [7] However, many ques-
tions still remain relating to the initiation and growth of micro-
structurally small cracks in high strength steels. Recent studies
have used FIB milling to create small notches into different mate-
rials to study the growth of small cracks emanating from
notches[8–18]. In this study we apply this method to smooth spec-
imens and investigate the relevance of using FIB notches as small
crack initiators. They are applied to measure small crack growth
thresholds and are compared to small defects such as non-metallic
inclusions in the steel.

2. Experimental method

In this study axial fatigue tests were performed for quenched
and tempered wrought steel 34CrNiMo6 with 1065 MPa and
1180 MPa yield and tensile strengths respectively. The martensitic
microstructure of the steel normal to the forging direction is

shown in Fig. 1. The test bars were machined from the centreline
of Ø35 mm wrought bars. The test bar dimensions are shown in
Fig. 2.

Fatigue tests for all specimens were performed using a Rumul
pulsator in laboratory conditions at room temperature with reso-
nant frequencies that varied from 100 to 200 Hz. For the ultra long
fatigue tests resonant frequencies close to 200 Hz were used. The
lower frequency (P104 Hz) were applied for the testing of notched
specimen. Small fatigue initiators were manufactured by drilling
(£50 lm) and FIB milling (a = 10–50 lm) into the test bars as
shown in Fig. 2. The size of the FIB notches and drilled holes were
chosen so that they could be compared to the natural occurring
defects in the steel typically ranging from 10 to 40 lm. The maxi-
mum notch size of 50 lm was chosen to exceed the largest natural
defect that we observed in over 50 test specimen. The FIB milling
was done with a FEI Helios Nanolab dual focused beam system.
The FIB was set to a voltage of 30 kV and a milling current of
21 nA was used. The pattern was defined in a diamond shape seen
in Fig. 3e and f and Fig. 4 with a notch height typically of 5–10 lm.

The growth of small cracks was also studied using one special
multi-notch test bar into which was milled altogether 20 small
FIB notches in five rows and each row having four notches of 40,
30, 20, and 10 lm in length. An overview of the layout of the
notches is given in Fig. 2 and a SEM picture of one of these notches
is shown in Fig. 4. The distance between notches was greater than
390 lm and the test was stopped before the cracks grew to a size
larger enough to interact in any major way. A mixed distribution
round the specimen was applied to avoid systematic errors e.g.
due to bending. Afterwards, the results proved that no bending
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occurs or interaction occurs. The notched specimen was fatigued
for 10,000 or 20,000 cycles at a time and then carefully studied
by SEM to observe crack initiation and growth. The test was
conducted at R = �1 and at a constant amplitude of 590 MPa. The
stress range applied in the tests was close to the fatigue limit of
the steel which was determined from SN test data of 30 specimen
to be around 570 MPa. Therefore the crack growth behaviour
which was observed corresponds to crack growth rates near the
threshold for crack growth initiation and arrest.

The small holes and notches were monitored optically during
the tests to detect small crack initiation and growth. Once the test
bar failed or the test was complete it was examined with SEM, laser
and optical microscopes. Sometimes the test bars failed from some
other location such as an inclusion. Then the nucleation site was
studied with a SEM and the type, size, and shape of the nucleation
site was recorded. An overview of the test method is shown in
Fig. 3.

3. Calculation of stress intensity factors

Two different types of measurements are reported in this paper.
One type of measurements was done from the fracture surfaces
(Figs. 7 and 8). These results are analysed and presented using
the

ffiffiffiffiffiffiffiffiffiffi
area

p
of the small crack and/or initiating defect on the

cross-section normal to the stress. The threshold for crack growth
or initiation for the different sizes of notches, holes and inclusions
were calculated by using the following equation [7]:

DKth ¼ 0:65 � Dr �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p
ffiffiffiffiffiffiffiffiffiffi
area

pq
ð1Þ

The other type of measurement was observed during testing,
either in situ or during interrupted loading (Figs. 5 and 6). These
results are reported as crack lengths on the specimen surface.
The length of the surface crack was used to calculate the stress
intensity factor range for the FIB notch test bar by using the follow-
ing equation:

DKth ¼ 0:65 � Dr � ffiffiffiffiffiffi
pa

p ð2Þ
In Eq. (2) the variable ‘a0 is from the observed crack length of

‘2a0. Any crack solution becomes arbitrary, because continuum
fracture mechanics are no longer valid in the studied dimensions.
The same shape factor (0.65) was applied in both equations. This
shape factor value is arbitrarily selected within a wide range of val-
ues generally used in literature [19]. Its value just affects the hor-
izontal axis scale position in Fig. 6. In geometrical terms this would
equal to an aspect ratio of a

c ¼ p=2, where c is crack depth of a semi-
elliptical crack.

4. Results

4.1. Multi-notch specimen (FIB)

The test bar with 20 small FIB notches gave a large and interest-
ing set of results, because crack growth was observed in almost all
notches irrespective of their different sizes. The observed crack
growth is shown in Fig. 5.

The data in Fig. 5 can be used to calculate the crack growth rate
versus the stress intensity factor range. This was done by averaging
the crack growth rate as well as the stress intensity factor range
over each observation interval. These results are illustrated in
Fig. 2 where they are separated into original notch sizes. To illus-
trate the variation of growth rate along the cycle count, another
grouping of the same data is also shown in Fig. 6.

Fig. 1. Microstructure of the steel studied taken normal to the forging direction.

Fig. 2. The dimensions of the test bar are shown in (a) with the shape, size, and types of holes made in the side of the test bars shown in (b and c). The postions and placement
of the FIB notches with respect to the test bar are shown in part (d) for the multi-notch test bar that was tested with 20 FIB notches.
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4.2. Different types of notches or defects

Data on crack initiation threshold was accumulated also
through fractography of many specimens tested near the fatigue
limit of the steel. A large set of test data for a different batch of
the same steel type was available from a previous project [20]. Re-
sults of five specimens in that set are used here for comparison.
They exhibited crack initiation at an inclusion just breaking the
specimen surface after more than 10 million fatigue cycles. This
data is plotted in Fig. 7, where a comparison can be made between
different defects initiating a fatigue crack near the fatigue
threshold.

The data used to calculate the stress intensity factor for the
inclusion data points is the inclusion size and the stress level at
which the test bar failed. The FIB data points are at the stress level
at which the crack initiated and then arrested. Two of the drilled

hole points represent crack initiation at the hole. Precracking with
compressive mean stress was introduced to one of them.

The same data shown in Fig. 7 is also plotted with respect to the
stress amplitude of the fatigue test compared to the initiating de-
fect size. This is shown in Fig. 8. Trend lines for constant stress
amplitude and constant DK are also shown.

5. Discussion

The experimental results of this study are in agreement with
the general results that have been published in earlier studies
[15–17,11,18,19]. The variability along with the faster growth rate
of small cracks is evident in Fig. 6. This variability shown in Fig. 6 is

Fig. 3. The test setup and method for measuring small crack growth from notches and holes. The parts (a) through (c) show the procedure used for drilled holes and (d)
through (f) show the procedure used for FIB notches. A higher stress amplitude of 200–230 MPa was used to cause failure of the test bar and there by the fracture surface of
the specimen shown in part (c).

Fig. 4. A 20 lm FIB notch in row 3 milled into the side of a test bar after 50,000
cycles of fatigue testing.

Fig. 5. Growth of small cracks from 10, 20, 30 to 40 lm sized FIB milled notches (5
of each).
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interesting due to the fact that it is the results of reliable measure-
ments obtained with a SEM and that all the data in this figure
comes from one fatigue test bar. Therefore the results provide a
good picture of the inherent scatter of small crack growth that
occurs in the microstructure since other variables such as different
specimen variability along with possible changes in testing condi-
tions could not contribute to the results.

The organisation of the data in Fig. 6 according to cycles count
shows the variation between slow and fast crack growth. The data
shows that the cracks grow at faster rates either as they initiate or
after they start to grow again after an arrest. It also shows that the
growth rate turns into a steady state of growth once the crack
grows large enough.

The good correlation between the inclusions and FIB notch
thresholds shown in Fig. 7 is a good indication that the use of FIB
notches as initial defects is a good and relevant way to test the ini-
tiation and growth of small cracks in high strength steels. This is
seen as well in Fig. 8 where the correlation between defect or crack
size versus the stress amplitude shows that there is no decreasing
trend for the inclusions or the FIB milled notches. Rather all these
data points are close to the fatigue limit, which means that the
studied defect sizes are below the limit for decreasing fatigue limit
as function of defect size. The thresholds obtained for the drilled
holes indicate that such holes act well as conservative simulations
of inclusions. One difference besides the shape in between the FIB
milled notches and the drilled holes are the residual stresses that
are introduced by the mechanical removal of material. The ability
to quantify or measure this difference is difficult. The other impor-
tant contributing factor of drilled holes is the difference in shape
from the FIB milled notches. The holes used in this study are equal
in depth as in width whereas the FIB notches have a smaller depth
when compared to width. The drilled hole will also concentrate the
stress into a larger area when compared to the notch due to geo-
metrical factors which means that crack growth will more likely
occur when considering a weakest link approach. This means that
the size of the volume of material affected by the stress concentra-
tion of the hole is larger than that of the notch. Other shape differ-
ences include the sharp corners in the drilled hole which may play
a crucial role in early crack initiation and growth. Such mechani-
cally made sharp corners are not present in FIB milled notches.

Fig. 7. The stress intensity range vs. the square root area of the initiator at the
growth threshold condition (�fatigue limit) for different types of notches.

Fig. 8. The same data as in Fig. 7: fatigue limit as function of initiator size.

Fig. 6. Crack growth rate curves based on data in Fig. 5. On right the same data sorted according to phase of test.
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6. Conclusions

The use of FIB notches as small crack initiators in round test
bars provides a reliable method of obtaining small crack growth
data that correlates well with results from test bars that failed from
non-metallic inclusions. The microscopic observation of small
crack growth from FIB notches during testing is a useful test meth-
od for small crack growth observation and can provide results for
many loading ratios. The results are in line with previous studies
of small crack growth showing a large variability in the growth rate
as well a decrease in crack size that corresponds with a decrease in
DK required for initiation.
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ABSTRACT

In fatigue, the early growth mechanisms, paths, and rates of the microstructurally

small cracks are not well known. Growth of subsurface—undetected—cracks

cannot be monitored in real time, and postfracture fractography is complicated

because of the statistical nature of local microstructure. Furthermore, hammering or

sliding often damages the fracture surface before the test is stopped. We

addressed this challenge with two approaches. This paper deals with fractographic

details connected to local microstructure obtained by milling and imaging with a

focused ion beam in a scanning electron microscope (SEM). The results provided

input such as crack growth on adjacent planes and their coalescence, as well as

formation of the “optically dark areas” that play a key role in the early growth and

initiation of small cracks in fatigue. A subset of data consisting of eleven 100Cr6

bearing steel specimens loaded at the same stress amplitude AQ1to lives in the range of

10·106<Nf< 650·106 are studied and discussed. The second test series revealed

that very early initiation and crack arrest are typical for small notches in the

34CrNiMo6 QT steel. The relation of crack path and microstructure, along with

their connection to the optically dark area, is discussed.
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Nomenclature
ODA=Optically Dark Area
FIB=Focused Ion Beam
QT=Quenched and Tempered

GBF=Granular Bright Facet

Introduction

Fatigue crack initiation and growth from surface or subsurface non-metallic inclusions in

high-strength steels is of importance in many industries. This has been the focus of many

studies and, in particular, a book by Murakami [1]. One open question is a fracture surface

feature commonly refered to as an optically dark area (ODA) or granular bright facet

(GBF). This feature is found adjacent to the inclusion on the fracture surfaces of test speci-

men that failed in high and ultra high cycle fatiuge. The formation and cause of the ODA

has been studied and researched in several papers. Some studies have found that hydrogen

trapped around the nonmetallic inclusion provides an explanation for a cause of failure in

ultra-long fatigue life of high-strength steel and the formation of the ODA [2–11].

However, there are yet questions about the characterization and prediction of initiation

and growth of microstructurally small cracks in high-strength steels. Recently, some re-

searchers have shown other factors such as the fact that the crack grows in a vacuum inside

the test specimen or changes in the microstrucure around the inclusion [12–14]. Other

studies have used focused ion beam (FIB) milling to create cross sections, after which FIB

imaging is used to make ion channeling contrast pictures of the microstructure [14–17].

This imaging technique has been applied to small cracks in steels to study the profile in

depth [15,18]. Researchers have recently used the FIB tools to show how the size and

crystal orientation of the grains affect the growth and direction of small cracks from

notches and inclusions in the steel [14,15]. In this paper, these tools and techniques

are used to study the role the martensite subgrain microstructure has on the initiation

and growth of small fatigue cracks in high-strength steels from inclusions and notches.

In this study, the role of nonmetallic inclusions in a hard-bearing steel (100Cr6) and a

quenched and tempered (QT) steel (34CrNiMo6) are examined. The inclusions promote

subsurface crack initiation, which makes direct observation of initiation and early growth

of cracks extremely challenging. A new technique used in this study is FIB milling, which is

utilized to study the microstructure around an inclusion that has caused fatigue failure in

the ultra-long fatigue life regime. This technique gives futher insight into the causes of

these failures.

Introducing FIB-milled semielliptical notches simulates the situation, where fatigue

relevant inclusions are on the specimen surface, and in this case the paths and growth of

microcracks can be monitored. The fatigue testing that was done on the QT steel

(34CrNiMo6) was near the endurance limit of the steel. The test specimens with FIB

notches were also tested at or near the fatigue endurance limit of the steel. The growth

and behavior of the small cracks from the FIB notches can then be compared with the

crack paths of small cracks from nonmetallic inclusions that failed at or near the endur-

ance limit. In the past, there have been various definitions used to define small cracks;

however, for the purposes of this paper, we consider small cracks to be those that are less

than 1 mm in length.
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Experimental

Different batches of two steel types were studied. In this paper, we report results for a

bearing steel of type 100Cr6 QT at 180°C to hardness 720 HV (tensile strength

1,630 MPa) and a QT 34CrNiMo6 steel with a hardness of 380 HV, and with

1,065 MPa and 1,180 MPa yield and tensile strength, respectively. The 100Cr6 bearing

steel specimens (Fig. 1a) were taken from 1/4 depth of a ϕ70 mm wrought bar. The

34CrNiMo6 QT specimens according to Fig. 1b were machined from the centerline of

ϕ35 mm wrought bars. Fig. 1c shows the orientation and location of the FIB notches.

The left image in Fig. 1c shows the cross section of the FIB notch, which is perpendicular

to the stress axis.

Axial fatigue tests for smooth and polished specimens were performed at

resonant frequencies below 200 Hz. The fatigue life target area was in the UHCF

(Ultra High Cycle Fatigue) region (106<Nf< 109). Run-out specimens were broken at

increased stress amplitudes and every fracture surface was studied. The statistics of

fatigue-relevant inclusions in the 100Cr6 steel could be accurately studied because 94

% (80/83) of failures initiated from subsurface inclusions. However, in the 34CrNiMo6

QT steel, only 40 % of failures initiated within the volume of subsurface material.

Smaller inclusions or unidentified origins may have played a role in 40 % of the failures

initiated at the surface and 20 % immediately below the surface.

Artificial initiation sites were introduced to the 34CrNiMo6 QT steel specimens.

Fatigue initiators were manufactured by FIB milling (a = 10… 50 μm) and the specimens

were fatigued at the range of the smooth specimen fatigue limit. These small notches were

optically monitored and video recorded for crack initiation, growth, and arrest in real time.

The small crack growth results are reported in Ref. [19]. The notches were later carefully

examined with SEM and optical microscopes. Furthermore, cross sections of the cracks

were milled with FIB and the crack paths within the microstructure were imaged and

studied using incident ions, which is similar to SEM imaging, but only using ions instead

FIG. 1 Dimensions of the test bars: (a) for smooth bars only; (b) also for notches. (c) The shape, size, and type of notches made in the

side of the test bars.
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of electrons. Ion channeling obtains contrast images of the microstructure because the

different orientation of the crystal lattice reflects the ions in different ways. If the crystal

lattice spacing is larger or the orientation is preferential to ion absorption, it will appear

darker, and conversely, brighter if the crystal lattice spacing is smaller or the orientation is

more preferential to ion reflection. [20]

Electron BackScatter Diffraction (EBSD) images of the microstructure of the two

steels studied are shown in Fig. 2. The average grain size is 2.2 μm for the

34CrNiMo6 QT steel, and around 1.4 μm for the 100Cr6 bearing steel. This average grain

size of the ferrite grains is obtained based on the EBSD analysis. It should be noted that this

is not the average grain size of the prior austenite grains (which is around 20 μm for the QT

steel and around 7 μm for the bearing steel).

Results

CRACK PATHS IN QUENCHED AND TEMPERED 34CRNIMO6 QT

STEEL—NOTCHES ON THE SURFACE

The crack shown in Fig. 3 shows a small fatigue crack growing from a FIB notch along the

grain structure of the steel underneath the surface of the test specimen. In the figure, both

(b) and (c) show how the location of the change in crack direction corresponds to a change

in the general martensite lath or packet direction. The paths of the small cracks that grew

from the FIB notches show a clear preference in growth direction along the martensite

packets or laths in the prior austenite grains. Once the crack grew through one prior aus-

tenite grain, it changed direction and grew along the orientation of the martensite laths in

the next prior austenite grain or martensite packet.

FIG. 2 (a) Microstructure of 34CrNiMo6 QT steel, and (b) microstructure of the 100Cr6 bearing steel. Both EBSD images are taken

perpendicular to the loading direction of the test specimen.
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The general direction and rate of crack growth is affected by the microstructure be-

sides the notch. Fig. 4 shows how a crack initiated from a FIB notch tends to grow along

the direction of the martensite laths. In Fig. 4 the stress direction is from top to bottom of

the figure. It is self-evident that the crack is propagating in a three-dimensional micro-

structure so it does not always follow exactly the specific martensite features. It does, how-

ever, change direction at clear points where the martensite microstructure also changes.

This is seen most clearly in Fig. 3c where the crack turns almost 90° from the path that it

FIG. 3

A small crack growing from a

FIB notch (a) with two turning

points correlated with the

subgrain microstructure (b, c).

The stress ratio was R =−1 and
the stress amplitude was

590 MPa. The test bar has been

tested for 60,000 cycles and

was made of 34CrNiMo6 QT

steel. The loading direction is

from the top to the bottom of

the images.

FIG. 4

The effect of martensite laths

on the direction of small crack

growth from a FIB notch. An

overall surface view of the FIB

notch with cracks (a). A

subsurface cross section and

FIB image of the subgrain

structure affecting the crack

growth (b). The stress ratio was

R = −1 and the stress amplitude

was 590 MPa. The test bar has

been tested for 60,000 cycles,

and made of 34CrNiMo6 QT

steel. The loading direction is

from the top to the bottom of

the images.
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was traveling and follows a large martensite packet or lath that is orientated in the

same direction. This shows that the local martensite structure has a definite influence

on the growth direction and path of the small fatigue crack tested near the fatigue endur-

ance limit.

Figs. 3 and 4 show how the growth of small cracks from notches is greatly affected by

the local subgrain microstructure, namely, the orientation and size of the martensite laths

along the path of the crack. The direction of the crack is angled up and does not grow

perpendicular to the remote stress, which is acting from top to bottom of Fig. 4. When the

microstructure is shown underneath the surface, it can be observed that the martensite

laths are also angled up in the same general direction as the crack growth shown between

the two arrows in Figs. 4a and 4b.

CRACK PATHS IN 34CRNIMO6 QT STEEL—SUBSURFACE INCLUSIONS

To study the microstructure and its eventual effects on crack growth from a nonmetallic

inclusion, a long-life specimen was studied by cross sectioning the initiation site. First we

introduce some reference observations, in particular, the fractographic feature ODA as

defined by Murakami [1]. A comparison of observations on the same fracture surface

by using different imaging techniques can be found in Ref. [7]. The images show an area

of the fracture surface directly next to the inclusion that has an observably different topog-

raphy than the rest of the surrounding fracture surface.

A smooth 34CrNiMo6 QT steel test bar was tested for 100·106 cycles at a stress am-

plitude of 550 MPa with an R-ratio of −1. The stress amplitude was then raised to 575 MPa

and after 1.7·106 cycles at this stress amplitude the specimen failed. SEM and FIB images of

the inclusion that caused the failure are shown in Figs. 5–7. The area corresponding to the

definition of ODA is marked besides the inclusion.

FIG. 5 The nonmetallic inclusion that caused failure in a smooth test bar. Picture (a) is an ion image taken with a FIB, and picture (b) is

taken of the opposite fracture surface with a SEM microscope. Picture (b) has been flipped for easier comparison to picture

(a). Both pictures have the same ODA area circled. The stress ratio was R = −1 and the stress amplitude was 550 MPa. The test

bar was tested for 100·106 cycles after which the stress level was raised to 575 MPa and the specimen failed after 1.7·106 cycles.

This test bar was made of 34CrNiMo6 QT steel.
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The two images in Fig. 5 show the opposing sides of the fracture surface obtained by

different types of microscopy. Fig. 5a shows the fracture surface with the inclusion in an

ion image, and the conventional SEM image in Fig. 5b shows the same location on the

opposite fracture surface. Fig. 5b has been flipped and rotated so that it is easier to com-

pare with the fracture surface in Fig. 5a. The length scale is the same for both images.

The inclusion and crack paths beside it were cut by FIB to see the microstructure

below the fracture surface. The resulting cross section is shown in Fig. 7 and the images

of the metal matrix on different sides of the inclusion are compared in Fig. 8.

In Fig. 8b we can observe local martensite structure near and adjacent to the surface

located inside the ODA area. This local microstructure is orientated in the same direction

as the crack growth. By comparison of Fig. 8a, which is outside of the ODA area on the

other side of the nonmetallic inclusion, it can be seen that the microstructural features are

smaller and not orientated as preferentially to the direction of crack growth as the micro-

structure in Fig. 8b. This supports the connection between small crack growth and the

size, shape, and orientation of the microstructure and provides more information about

the ODA area. It indicates that the formation of the ODA is connected to the initiation and

growth of the small crack into the most preferential local microstructure surrounding the

nonmetallic inclusion.

CRACK PATHS IN 100CR6 BEARING STEEL—SUBSURFACE INCLUSIONS

A unique set of eleven 100Cr6 bearing steel test bars was tested at a common stress am-

plitude of 735 MPa at stress ratio R = –1 [10]. All specimens failed after a high number of

cycles (Nf> 107) from subsurface spherical oxides as shown in Fig. 9.

In Fig. 9, a slight downward trend in the size of the inclusion that correlates with an

increase in fatigue life can be seen, but this correlation is not perfect. Some degree of scatter

FIG. 6

The nonmetallic inclusion that

caused failure in a smooth test

bar. The part of the fracture

surface circled by a black line is

the ODA. This SEM picture was

taken at an angle for a better

topographic feature contrast.
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is inevitably expected in the UHCF regime, but we wished to take a closer look at crack

initiation and growth paths over 10·106 cycles. In the following, we focus on the test bar

that gave the longest fatigue life of 642·106 cycles. Fig. 10 shows the fracture surface

around the inclusion, which was not the smallest in this set of specimens.

FIG. 8 A comparison of the two cross sections around the inclusion where (a) is from the side where there is no ODA and (b) is from

the side where there is an ODA.

FIG. 7

The cross section FIB image of

the ODA side and no ODA side

of the nonmetallic inclusion.
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Furthermore, the inclusion was located relatively close to the specimen surface, which is

seen at the top of Fig. 10.

As shown in Fig. 10, there are at least three crack initiation sites around the inclusion.

Crack 1 occupies more than half of the inclusion circumference and advances the longest

until the fish eye pattern was created by propagation of the crack to the specimen surface.

Crack 3 lies clearly on a different plane and grows below cracks 1 and 2, thus causing

retardation and unsymmetrical crack growth. It is worth noting how long the ridges be-

tween the cracks are. This demonstrates that the retardation effect of overlapping cracks

has continued even beyond the crack sizes marked by the fish eye until the adjacent cracks

have coalesced. We consider the rough surface beside the inclusion and in the direction

of crack 1—opposite to crack 3—as ODA. There also seems to be a small area of ODA

within crack 2.

FIG. 9 Fatigue initiators in 100Cr6 bearing steel. Sizes of balls indicate
p
area of inclusion. [21]

FIG. 10

Crack paths around the

inclusion associated with the

longest endurance of 100Cr6

bearing steel. The stress ratio

was R = −1 and the stress

amplitude was 735 MPa. The

test bar had been tested for

642·106 cycles.
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The microstructure immediately below the fracture surface around the inclusion was

studied. Two milled cross sections were done (see Fig. 11). The angled view clearly shows

the long and nearly constant height of the step between cracks 1 and 3. Once the first

milled section was complete, the surface of the cross section was polished and then imaged

with ions at a low current. The overview of the first cross section with a comparison to the

fracture surface is shown in Fig. 11.

The left side of the first milled section shows the cross-section of the main ODA area

next to the inclusion as well as the microstructure underneath the step between the crack

levels labelled “1” and “2” in Fig. 10. The orientation difference revealed by the clear con-

trast in the underlying microstructure gives us a good reason to locate both areas “1” and

“2” in different prior austenite grains.

In the right side of the cross section 2 (Fig. 12c), there is a secondary crack that

provides an opportunity to investigate the microstructure on both sides of a very small

crack that initiated and grew close to the subsurface inclusion. On the left side of the in-

clusion hole (Fig. 12b), the milled cross section shows a step in the fracture surface where

the small crack was growing away from the inclusion. The right cross section is enlarged

and explained in Fig. 13.

The change in the direction of a secondary crack is shown in Fig. 13. It is clear that the

growth of the crack follows the orientation of the martensite lath structure until the micro-

structure around the crack changes and then the crack changes its direction. Another sec-

ondary crack is shown circled with a similar growth direction as the left side of the larger

secondary crack. The smaller secondary crack has formed between microstructures with

different lattice orientations. The crack growth direction along the martensite laths is seen

on the left of the cross section.

FIG. 11 Comparing the microstructure of the step or ridge portion between crack levels “1” and “2” (see Fig. 10) circled with a solid line

and the microstructure of the ODA area circled with a dotted line.
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The left side of cross section 2 is shown in Fig. 14, where a change in the crack di-

rection can be seen as a step on the fracture surface. Underneath, in the microstructure,

there is a change in the martensite lath orientation as well. It should be noted that a very

fine-grained area seen on the right side of Fig. 14 on the inside wall of the inclusion hole is

redeposition of the steel, which always occurs during FIB milling. This kind of a fine-

grained area can also be seen in Fig. 12c on the inside wall of the inclusion hole.

Discussion

FRACTURE SURFACE OBSERVATIONS

The type of fracture surface referred to as the ODA has been studied in detail in Ref. [7].

The ODA circled in Fig. 5 shows similar fracture surface features as the ones shown in

Ref. [7], and when comparing images in Figs. 5 and 6, we clearly see similar features that

are common among ODA fracture surfaces.

The fracture surface images taken from the 100Cr6 bearing steel test bar (Figs. 10 and 11)

are not as clear, for which there are several reasons. The 100Cr6 bearing steel is high-

strength steel with a much finer grain structure. This can also be seen in the ion images

of the milled cross-sections shown in Fig. 7 for the 34CrNiMo6 QT steel and in Fig. 11 for

the 100Cr6 bearing steel. These figures show that the subgrain structure is noticeably finer

in the 100Cr6 bearing steel than in the 34CrNiMo6 QT steel. Because the microstructure is

finer, the fracture surface created by a crack following the microstructure will also be finer

and does not show as clear lath-like structures as in the other steel shown in Figs. 5 and 6.

In Fig. 9, a weak correlation can be seen between the size of inclusion (also ΔK on y-

axis) and endurance. In addition to inclusion size, properties of the metal matrix around

the inclusion and configuration of multiple cracks can affect early growth of the crack [21].

FIG. 12 The second milled section, where (a) is the overview, (b) is the left side, and (c) is the right side. All images are taken with ion

imaging.
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An influence of adjacent grain orientations has been demonstrated by numerical meso-

scale models [22,23]. Our findings on the correlation between microstructure and crack

path are in line with such models. In addition, microstructure may affect through initia-

tion, simultaneous growth, and interaction of multiple cracks.

FIG. 14

A higher magnification of

Fig. 12b.

FIG. 13

A higher magnification of

Fig. 12c.
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Our fractographic observations reveal the role of multiple crack initiations on slightly

different planes. The asymmetrical crack growth that is observed around the inclusion

(Fig. 10) shows effects of the microstructure and/or multiple crack initiation on the crack

path and direction. The fish eye around the inclusion also tells us that the fatigue crack did

not propagate directly toward the surface but rather went obliquely toward it while grow-

ing slower on the opposite side of the inclusion where the overlapping of multiple cracks is

shown. It is possible that the original initiation of the crack growth into the ODA toward

the surface caused a growing stress concentration on the opposite side of the inclusion and

initiated cracks on different planes on the other side before the first crack had grown

around the circumference.

It is worth noting that the longest life in Fig. 9 is associated with a medium-sized

inclusion less than 100 μm below the specimen surface. Figs. 10–14 reveal how three

cracks grew on adjacent planes before coalescence. This led to a nonsymmetrical crack

(marked by the fish eye pattern) and retarded growth, particularly on the side where crack

3 grew on a separate plane when crack 1 reached the open surface. Similar butterfly-

looking marks around inclusions on UHCF fracture surfaces are commonly seen in

literature and in other inclusions, as shown in Fig. 10.

In summary, we assume that fatigue cracks do not always initiate exactly at the equa-

tor of a spheroid inclusion and several of them initiate to be later coalesced. Depending on

the configuration, notable growth retardation may result and affect the obtained fatigue

life. It is possible that in some cases crack arrest occurs at the most critical inclusion and

thus fatigue limit will be affected. However, unless such a crack arrest can be confirmed,

any proof of a correlation with the fatigue limit cannot be presented—just an effect in

endurance.

FIB MILLING SUBSURFACE OBSERVATIONS

In the QT 34CrNiMo6 steel, the crack shows a clear preferential growth direction along the

martensite laths in the subgrain microstructure. The pictures in Figs. 5–8 show that the

ODA was formed on the right-hand side of the inclusion where horizontal martensite laths

can be seen below the ODA region parallel to the direction of crack growth. The lengths of

these martensite laths are close to the average grain size, which means that they are prob-

ably among the first martensite laths to form across the whole prior austenite grain. We

assume that the crack has first grown and then the ODA formed on the side where the

microstructure provides the most preferential direction for crack growth. Thus, our ob-

servations on the preferential crack paths from surface notches (Figs. 3 and 4) and subsur-

face inclusions (Figs. 6–8) are in agreement. Furthermore, an additional explanation to the

formation and origin of the ODA is proposed based on the connection to the

microstructure.

The FIB milling performed on the test bar of 100Cr6 bearing steel showed a finer

microstructure than that of the 34CrNiMo6 QT steel. There was evidence of the crack

growth direction being influenced by the martensite lath subgrain microstructure, as well

as the grain structure. This is shown in Fig. 11, where the step in fracture surface is due to

either a large martensite lath or a difference in grain structure. In Fig. 13a, a secondary

crack is observed near the inclusion underneath the actual fracture surface. The crack

follows the martensite lath structure until a turning point where the surrounding micro-

structure changes and the crack changes its growth direction. Fig. 14 shows how even very

near the inclusion the small crack that has initiated and grown changes direction as the

underlying martensite structure changes its orientation.
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HYDROGEN, MICROSTRUCTURE AND ODA

Earlier work by Murakami et al. has shown that there is a link between the formation of the

ODA and hydrogen trapped by the inclusion [1–9]. A lowering of the threshold stress

intensity range by hydrogen for cracks initiating from inclusions has been shown [24].

On the other hand, little hydrogen exists in the steel matrix at milled surface notches.

This may explain why no ODA areas were observed around the FIB notches.

However, we have not measured the hydrogen content in our specimens. Neither did

we intensively search for ODA from the surface notched specimens. Nagao et al. have

studied the interaction of hydrogen and martensite laths [25] and have shown that the

presence of hydrogen during monotonic loading causes cracks to preferentially grow along

the prior austenite grain or martensite lath boundaries. One other important matter to

understand when comparing a nonmetallic inclusion with an FIB notch is that the notch

is randomly placed into the surface of the test bar, whereas the inclusion is solid in the steel

during the steel production process when the steel itself is still molten. This means that

there are interactions that take place when the steel solidifies around the inclusion and

could be a key reason why there are ODA formations around the inclusions.

Studies such as Ref. [26] show that there can be grain refinement that takes place

around inclusions during the fatigue life, whereas other studies have concentrated on

the fact that this crack growth takes place usually in a vacuum inside the test bar, and

that crack growth in vacuum has a decreased rate when compared to tests done in air

[27]. While the effect of the crack growth in vacuum certainly does impact the growth

of the crack, the effect of the microstructure is critical. The former study using FIB milling

to observe the microstructure showed that the fine grains or grain refinement observed was

from redeposition of the milled steel by the FIB. Some redeposition in the form of very fine

grains is usually observed when milling larger cuts with the FIB. This can be observed on

the right edge of Fig. 14 as well.

In our study, it was observed that crack growth begins within a region beside the

inclusion, later seen as ODA on the fracture surface. It is also observed that the initiation

and early growth of the crack are affected by the martensite lath and packet orientation.

The referenced earlier results and our observations agree. Two main factors together

affect the early growth of the cracks from the inclusion: the hydrogen trapping and the

microstructure around the inclusion. These two factors work together to form the fracto-

graphic feature known as ODA on the fracture surface around the inclusions in high-

strength steel specimens with ultra-long fatigue lives.

Conclusions

Crack paths around nonmetallic inclusions and surface notches were studied in high-

strength steels. Fatigue testing was done on specimens with small FIB notches. The cross

sections of the cracks showed that the small cracks tended to follow the martensite laths

and packet boundaries.

The fractographic analysis of the nonmetallic inclusions indicated that the ODA

forms around the inclusion and that there can be several cracks that initiate around

the inclusion on different planes. This multiple-crack initiation can cause crack arrest

when cracks grow perpendicularly on different planes.

A connection between the microstructure and growth path of small cracks is dem-

onstrated. The general preferential growth direction and formation of the ODA can be

14 ROIKO ET AL. ON SMALL FATIGUE CRACK PATHS IN HIGH STRENGTH STEELS

Materials Performance and Characterization



linked to adjacent grain orientations and subgrain structures such as martensite lath and

packet orientation. Local martensite lath packets in the microstructure surrounding a non-

metallic inclusion, together with the presence of hydrogen trapped around the inclusion,

provide an explanation to the formation and origin of the ODA. The interaction between

the stress concentration, microstructure, hydrogen concentration, the preferential crack

paths together with multiple small cracks initiating from the nonmetallic inclusions

can explain long initiation and crack growth periods in specimens and components failing

in the high and ultra-long fatigue regimes.
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a b s t r a c t

In this paper we analyze growth of small cracks initiated from microscopic notches and loaded near the
growth threshold under different stress ratios. The results of in-situ optical measurements during high
cycle fatigue testing show that small cracks initiate and grow quickly after which there is a long period
of slow growth until the large crack growth threshold is reached. The crack growth rate data from differ-
ent loading ratios indicates that the positive portion of the stress amplitude or the maximum stress inten-
sity factor can be used to compare crack growth rates. The test data also shows that increasing only the
compressive stress portion of the loading will cause an arrested small crack to grow again.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The designer of machines or mechanical components that expe-
rience numerous loading cycles needs to understand the material
response to the loads and possible defects or cracks that can grow
or initiate fatigue cracks. This has given rise to many studies about
small fatigue cracks and unique phenomena that occur in their ini-
tiation and growth. The effect of the compressive portion of the
fatigue cycle on the behavior of small cracks is important for many
industrial components that, for example, use various surface hard-
ening treatments to improve their fatigue strength or endurance.
Many of these fatigue improving treatments cause high compres-
sive stresses on the component surface. This can prevent fatigue,
but if not used properly, cause failure for example in axels and
gears where incorrect surface hardening can warp the component
or cause cracks to initiate and grow.

The general focus of most small crack growth research has been
in the range of tension - tension loading (R > 0) or symmetric load-
ing at R = �1. Several researchers have studied also the initiation
and arrest of small cracks from notches under fully compressive
loading [1–5]. An interesting question is the amount of crack clo-
sure in small cracks because the original studies done on crack clo-
sure by Elber were performed on large cracks in soft metals [6,7].
More recently Silva studied the effect of compressive loading on
crack growth. One of the main focuses of his research was the
inability to explain some of the effects of compression on the crack
growth in fatigue by crack closure [8]. The research showed that
there is a significant effect of compressive loading on the crack

growth and this varies from material to material. It was concluded
that some intrinsic material properties should be incorporated into
models that were previously developed [9]. A recent study demon-
strated using finite element analysis that the largest effect of
underloads or compressive loading was the reduction of retarda-
tion effects and acceleration of crack growth [10]. Other research-
ers have shown that an increase in the compressive portion of the
fatigue loading lowers the threshold of fatigue crack growth, and
that this effect slowly becomes saturated as the compressive load-
ing increases [11].

The focus of this paper is to study the effect of compressive fati-
gue loading on the growth of small fatigue cracks in the quenched
and tempered steel. More specifically, the effect of the compressive
portion of fatigue loading on small cracks and their growth rates
near and at the threshold for crack growth. The measurements
are performed at the High-Cycle Fatigue (HCF) regime by introduc-
ing very small surface notches, which initiate cracks close or even
below the fatigue endurance limit (Nf > 107) of the specimen. For
the purposes of this study, small cracks are generally defined as
less than 1 mm in length.

A fundamental reason why small crack growth in high-cycle
fatigue has been difficult to study is due to the lack of proper tools
to undertake the measurement and documentation of very small
cracks that are tested for very long fatigue lives. The in-situ high-
speed optical microscope combined with Focused Ion Beam (FIB)
notches and small drilled holes used in this study provides a novel
combination of tools for reliable and consistent in-situ method of
measuring the growth of the small cracks during long periods of
fatigue testing. Furthermore the experimental set-up used here
provides a tool to investigate the behavior of small cracks under
large compressive fatigue loads in the high-cycle fatigue regime.

http://dx.doi.org/10.1016/j.ijfatigue.2017.07.006
0142-1123/� 2017 Elsevier Ltd. All rights reserved.
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2. Experimental

The steel studied in this paper is a quenched and tempered
34CrNiMo6 steel with 1065 MPa and 1180 MPa yield and tensile
strength, respectively. The micro-hardness is 373 HV0.1. The
quenched and tempered microstructure of the studied steel is
shown in Fig. 1. The microstructure has a large impact on the beha-
viour of small cracks. Although this is not the focus of this study,
the microstructure of the steel is important background informa-
tion to help understand the steel that is studied.

The test specimens were machined from the centreline of /
25 mmwrought bars according to the dimensions shown in Fig. 3a.

The endurance limit at 107 cycles of the smooth un-notched test
bars was determined at R = �1. The results of the fatigue testing is
shown in Fig. 2. The endurance limit is calculated to be
475 ± 11 MPa.

Two types of small notches aimed to serve as artificial initiation
sites were manufactured on smooth and polished specimens by FIB
milling or drilling. FIB milling was used to make small almost pla-
nar defects resembling semi-elliptical cracks (h = w = 50 . . .

90 lm). Also, the drilled notches were small and shallow
(d = 100 lm or 200 lm), but for clarity and contrast, we call them
as ‘‘holes”. See Fig. 3(b, c) for more details where the cross-section
of the notches and holes normal to the fatigue loading direction are
shown (with one exception where the FIB notch was at 45�marked
in Fig. 7).

Axial fatigue tests were performed at resonant frequencies
around 100 Hz and the specimens were fatigued either close to
the range of smooth specimen fatigue limit or at different R-
ratios that are in the high-cycle fatigue regime. The small notches
were optically monitored and video recorded for crack initiation,
growth and arrest in real time. The frequency that was used is rel-
atively near to what most engine components such as axels and
gears experience. At this loading rate there is no major frequency
dependence with respect to fatigue life, as long as the fatigue test
bars do not produce excessive amounts of heat during testing. This
does not happen with quenched and tempered steels near the fati-
gue limit at this frequency range.

The fatigue testing machine was a Rumul pulsator with a
threaded attachment. The pulsator uses a resonator with a spring
to load the specimen. As shown in Fig. 3, the test specimen is round
and short to help ensure that in-plane bending under compression
does not occur. The test machines are also calibrated to ensure
proper measurement and testing.

Two types of small crack growth fatigue tests were performed.
One is where the crack initiation and growth from the notch or
hole are constantly monitored and measured in-situ, while the
loading of the test specimen is constant.

The other type of test is where:

1. The loading was slowly decreased as the crack grows to mea-
sure the arrest threshold of the small crack. Once this is done
and after the crack has arrested.

2. The compressive portion of the loading was increased, while
the maximum tensile stress was held constant. In other
words, the arrested crack experiences a decreasing mean
stress along with the increasing stress amplitude, but a con-
stant maximum stress. The test was continued in this way
with steps of 20–50 MPa in mean stress and each step was
applied for about 1 million cycles or until crack growth is
detected.

3. After crack growth is detected the stress amplitude is kept con-
stant and the mean stress was decreased with constant moni-
toring of crack growth until the crack arrest was again
confirmed.

After the arrest, phase 2 is repeated again until the crack growth
is detected. This type of testing was done with a starting stress
ratio of R = �1, and with a stress amplitude of 450 MPa. The same
testing procedure was also performed with a starting stress ratio of
R = �2, where the maximum stress was 350 MPa and the minimum
stress was �700 MPa.

Using the crack length (as seen in Fig. 4) measured from the sur-
face the positive portion of the stress intensity factor range was
calculated using the following equation:

DKþ ¼ Y � Drþ � ffiffiffiffiffiffi
pa

p
; ð1Þ

which for the exception of one loading case reported is equal to:

Kmax ¼ Y � rmax �
ffiffiffiffiffiffi
pa

p
; ð2Þ

where ‘a’ is half of the total crack length and Y is the geometry cor-
rection factor and Drþ is the positive portion of the stress range
applied to the crack. In this study for all loading ratios where R is
negative Kmax is equal to DKþ. In this paper all the data except for
one set of data where R = 0.26, Kmax and DKþ are the same value,
although they are of course different in the fact that one is the stress
intensity factor range DKþ and the other is the maximum stress
intensity factor (Kmax). The goal here is not to specify which works
better rather to study the effect of compressive stress and therefore
both work for the purpose required here. These equations have
been used in previous studies (see Refs.: [12–16] and have been
shown to work for small cracks growing from various small notches
as well as holes.

There are two main differences between the two types of
notches used. The FIB notches are smaller and more crack like with
a high stress concentration (Kt > 7) and abrupt stress gradient. The
drilled holes are larger and more like the non-metallic inclusions
located in the steel with a lower but wider stress gradient
(Kt � 2), which affects a larger volume of the steel around the hole
than the FIB notch, also relative to their size. The reason two differ-
ent notches are used is to study the difference between more
crack-like defects such as the FIB notches with small drilled holes
which are more similar to non-metallic inclusions.

All of the tests reported here are meant to study the growth of
small cracks under mechanical loading, in a laboratory
environment.

3. Results and discussion

Crack growth from FIB notches and drilled holes was first stud-
ied with constant amplitude loading. This means that once the
crack has initiated the test can be characterized as a rising DK test.
Results from one test is shown in Fig. 5.

From Fig. 5 it can be observed that the cracks initiate almost
immediately and grow faster in the beginning of the test. Once
they have grown out of the area directly ahead of the notch where
there is a large stress gradient, the driving force decreases and the
crack growth rate decreases. From around 50 000 cycles to around
1.4 million cycles there is a phase of slower, but constant and sym-
metric growth of the crack. This phase of slower growth leads the
small crack out of the growth threshold region into the normal
crack growth rate regime for large cracks. The crack growth data
in Fig. 5 also shows that there is no in-plane bending; both sides
of the crack are growing symmetrically.

Using the data from Fig. 5 and Eq. (1) or (2) we can calculate the
da/dN vs DK+ or Kmax correlation which is shown in Fig. 6. To cal-
culate the da/dN it is necessary to calculate the difference between
the crack growth from one measurement to another in (da), and
then to divide it by the amount of cycles between the two mea-
surements (dN). The DK+ is then calculated by using equation (1)
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or (2) where ‘a’ is the average crack length between the two crack
lengths used to calculate ‘da’.

Fig. 6 illustrates that in the slow growth region the crack is
growing slower than the rate for determining the growth threshold
(da/dN < 10�10 m/cycle) and the data shows a decreasing crack
growth rate. This is because of the large increase in fatigue cycles
compared to the actual crack growth. What is important to observe
is that the crack is actually growing for most of the test, at least on
the surface. This data shows that the small crack growth behaviour
is a variable and slow process that gradually approaches the
threshold of crack growth for large cracks. The measured tempo-
rary arrest is caused by the very slow growth rate of the crack. This
is when the fatigue cycles approach large numbers so that the cal-
culation of the crack growth rate shows very small or no growth. In
reality the small crack is constantly growing but at a rate that is so
small it is difficult to measure or calculate. There are common sit-
uations where the small crack stops growing for millions of fatigue

cycles; the difference why some cracks grow at a very slow rate
while others appear to arrest for millions of cycles is not clear.

The averaged curve in Fig. 6 is repeated together with the other
test results obtained using FIB notches at different R-ratios. This
compilation is shown in Fig. 7.

Once the maximum stress intensity factor range is greater than
5 MPa

ffiffiffiffiffi
m

p
, the crack grows out of the threshold zone into the con-

ventional crack growth Stage II of the Paris law curve.
The other type of small notch used was drilled holes. The crack

initiation and growth from drilled holes during constant amplitude
loading is shown in Fig. 8.

The main difference with the crack growth from the drilled
holes is that the crack growth is generally more stable and there
is not as much crack growth deceleration as with the crack growth
from FIB notches. This is due to the fact that the drilled holes have
a stress gradient that decays gradually, whereas the FIB notches
have stress gradients that are more crack like, so they are more
severe, but affect a shorter distance. The constant amplitude crack
growth rate data from the drilled holes and FIB notches are com-
bined in Fig. 9.

When we combine the two data sets it can be seen that the
drilled holes show a consistently higher crack growth rate and do
not exhibit the same form of crack arrest with one exception of
the crack that arrested under a R = �4 loading ratio. Total length
of this crack was over 500 lm, when the growth rate became less
than 10�10 m/cycle and over 600 lm at arrest. In other words, it
was growing out of the stress gradient of the 200 lm hole during
the decreasing crack growth rate phase. This means that the crack
growth was greatly assisted by the compression portion of the
loading as long as the crack tip was within the stress gradient of
the hole. As the crack grew out of the stress gradient it gradually
arrested. This crack data corresponded well with the data from
cracks growing from FIB notches, which are arresting at the same
rate as the larger crack growing from a small drilled hole.

Fig. 1. The microstructure of the studied quenched and tempered 34CrNiMo6 steel.

Fig. 2. Fatigue stress-life curve and endurance limit determined for smooth bar
specimens of the test material – quenched and tempered 34CrNiMo6 steel.
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The data in Fig. 9 shows that using the positive portion of the
loading to calculate DK, collapses the crack growth rate curves into
the same curve for higher DK+ regions. There is more scatter in the
lowerDK+ regime due to the different nature of the notches, if they
are drilled holes or FIB notches, and there is a larger influence of
the microstructure that should be taken into consideration as well.
However, once the cracks have grown out of the stress gradient
they follow the same curve for the positive portion of the DK load-
ing of the test material, and approach the Stage II of the Paris long
crack growth rate regime where most of the scatter of the small
crack growth rate starts to disappear.

The other type of testing where the loading was controlled
according to the growth of the crack from the drilled holes sheds
light on the interaction of the compressive load effect on the crack
growth rate behaviour under different loading ratios. In this case

the crack arrest occurring at a constant R-ratio of R = �1 and
R = �2 is shown in Fig. 10.

In Fig. 10 the 1blue data points and the blue lines are for the
R = �1 loading and the red data points and the red lines for the
R = �2 loading. The purple lines have the loading ratio assigned with
an arrow showing the increased compressive portion of the loading.
The data shown with the purple lines is the crack growth rate from
cracks that were reinitiated by increasing the compressive load por-
tion of the loading. In the legend the order in which the test was con-
ducted is marked with black arrows noting the next step for each
crack growth rate curve. One test loading series was done at
R = �1 and the other started at R = �2. The two series are separated
in the legend with a dotted line. The only crack growth rate curves

Fig. 3. (a) Dimensions of the test bar in mm, (b) FIB notch dimensions in lm, and (c) dimensions of the drilled hole in lm.

Fig. 4. Examples of (a) a FIB notch and (b) a drilled hole being observed in-situ with a high-speed video microscope during testing.

1 For interpretation of color in Fig. 10, the reader is referred to the web version of
this article.
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that were measured with variable loading are the constant blue and
red curves (for R = �1 (blue) and �2 (red)) where the threshold is
being measured by slowly decreasing the amplitude of the loading
in small steps while measuring the crack growth.

It is clear from Fig. 10 that under R = �2 loading the crack is
growing at a faster rate than the crack under R = �1 loading, for
comparable DK+ or Kmax values. When the two arrest thresholds
are compared we see that the R = �2 threshold is around 12% lower
than the R = �1 threshold on the DK+ or Kmax scale.

Fig. 11 shows the difference between the small crack growth
rate at different R-ratios. The data shows that the average crack
growth rate at R = 0 is in line with the crack growth rate at negative
R-ratios and that there is a good correlation when using the posi-
tive portion of the stress intensity factor range once the crack
has grown out of the stress gradient of the hole. The interaction

of the stress gradient of the hole and the crack growth rate is
shown in Fig. 12.

To get a better understanding of the behaviour of small crack
growth rate under different negative R-ratios, the average crack
growth rates were calculated for different portions of the crack
growth test. This was done for the crack growth rates at R = �1
to R = �3.73; the crack growth data from which this is calculated
is shown in Fig. 13.

In Fig. 13 the crack growth data is shown for R-ratios �2 to
�3.73 originally from a drilled hole. The crack growth shown
in the figure is well past the effect of the stress gradient of
the hole (as seen from the crack length shown in the y-axis of
the figure) the data can be considered as crack data and is
no longer linked to the small hole from which it originally
initiated.

Fig. 5. The results of in-situ optical measurements of crack growth from a FIB notch under constant amplitude loading. The x-axis is the number of fatigue cycles and the y-
axis is the crack length on the left (red) and right (blue) side of the notch. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 6. The crack growth data from Fig. 5 is used to calculate the da/dN vs. DK+ or Kmax graph showing the crack growth rate from the FIB notch.
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This data shows that generally the crack growth rate is linear
for situations where there is a large negative loading ratio. This
can be used to average the crack growth over a longer cycle count.
Doing this, a better overall picture is obtained of how the crack
growth rate is behaving and eliminates some of the scatter caused
by e.g. microstructural heterogeneity. The average crack growth
rate data is shown in Fig. 14.

Fig. 14 shows that as the compressive loading portion of the
fatigue cycle increases, the DK+ or Kmax at which a selected crack
growth rate occurs decreases. When comparing the Kmax for
R = �1 and R = �2, the decrease of similar effective DK+ or Kmax

is around 12%, and there is around 7% decrease from R = �2 to
R = �3.4 and �3.73. So it appears that there is a gradual saturation

for the effect of the amount of compressive loading on the correla-
tion between the crack growth rate and DK+ or Kmax.

4. Final discussion

The previous studies [5,8–11] about the effects of compressive
loading on fatigue crack growth can be applied also for small cracks
in the steel that were studied here. It was measured that increasing
the compressive loading for a crack can reinitiate its growth. This is
due to the fact that increasing the compressive portion of the load-
ing in the constant amplitude testing decreases the DK+ or Kmax

threshold for the crack growth. The experimental work reported
here is unique due to the new combination of tools and methods

Fig. 7. The initiation and growth of small cracks from FIB notches at different R-ratios.

Fig. 8. Growth rates of small cracks initiated from drilled holes at different R-ratios. The symbol cont. #) is used and further explained under the legend as the continuation of
crack growth. In other words, it is not a new crack initiating from a drilled hole, rather it is a test of a pre-existing crack already propagated to a total length of 600 lm, from
which it is continued and tested at a R-ratio of R = �3 until it reaches a length of 1000 lm.
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that were employed to monitor and measure the small fatigue
crack growth under these unique conditions. For this reason there
are almost no comparable data that can be used for comparison of
the results reported in this study.

The growth rates of small cracks under large compressive cyclic
loads are slower when comparing their respective da/dN vs DK+ or
Kmax values. A possible reason for this is that the compressive load-
ing does not affect the crack growth through the same way as the
tensile portion of the loading does. Rather the compressive loading
affects the crack growth through the bulk response of the material
along with the full reversal or sharpening of the portion of the
crack tip that is held open by the deformations of the plastic zone

ahead and around the crack tip. The scale with which the compres-
sive loading affects this can be material dependent. The effective-
ness of compressive loading is reducing as the amount of
compressive loading is increased. A doubling of the compressive
load from R = �1 to �2 decreases the DK+ or Kmax of similar growth
rate by around 12%, whereas another doubling to around R = �3.73
reduces the DK+ or Kmax only 5% more. This indicates that the
mechanism through which it affects the crack growth is caused
by the removal of crack closure or crack tip sharpening. Once the
compression portion of the loading has enhanced the crack growth
through these mechanisms, a further increase in the compressive
loading has less of an effect on the crack growth.

Fig. 9. Growth rates of small cracks from drilled holes and FIB notches at different R-ratios. The symbol cont. #) is used and further explained under the legend as the
continuation of crack growth. In other words, it is not a new crack initiating from a drilled hole, rather it is a test of a pre-existing crack already propagated to a total length of
600 lm, from which it is continued and tested at a R-ratio of R = �3 until it reaches a length of 1000 lm.

Fig. 10. The beginning crack growth rate, as well as arrest threshold with decreasing DK (MPa
p
m). This data shows the arrest of the small cracks growing from small drilled

holes as the stress amplitude is gradually decreased until the cracks have arrested.
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The saturation of the effect of the compressive loading does not
remove the challenges that the increase of the compressive loading
has on the initiation and growth of fatigue cracks. It has been
shown that initiation and crack growth can occur if the
compressive portion of the loading is increased. The decrease in
the DK+ or Kmax in the crack arrest is around 12% less for cracks
at R = �2 when compared to a crack at R = �1. This is in agreement
with the crack growth data at higher growth rates than at crack
arrest where the influence of increasing the compressive loading
from R = �1 to R = �2 will decrease the DK+ or Kmax required for
crack growth by around 10 to 12%. If examined from the crack
growth rate point of view the growth rate is increased by a factor
of around 4 when doubling the compressive loading from R = �1 to
R = �2.

5. Conclusions

This study examined the small crack growth using in-situ opti-
cal measurement of surface cracks in high-cycle fatigue using mul-
tiple test bars with different shape and size small notches. The data
shows that small crack growth occurs near the fatigue endurance
limit of the studied quenched and tempered steel through the pro-
cess of an accelerated growth immediately after initiation. After
this brief initiation and accelerated growth of the small crack there
follows a period where a very slow crack growth rate is observed
until the large crack growth threshold is reached.

The comparison of crack behavior at different R-ratios indicates
that for this material under these conditions a good correlation can
be obtained by only using the positive portion of the stress range.

Fig. 12. The change in the rate of crack growth from the hole with the crack length normalized to the diameter of the drilled hole. The legend gives the loading ratio R, after
which is the maximum stress of the cyclic loading and then the diameter of the drilled hole. The stress gradient for the drilled hole is given with the blue line which
corresponds to the blue axis on the right side of the figure. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

Fig. 11. The comparison of the crack growth rates with the growth rate of small cracks loaded at R = 0. The average crack growth rate of small cracks loaded at R = 0 is shown
with the dotted blue lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Compressive loading decreases the DK+ or Kmax threshold for the
small crack growth and increases the crack growth rate of small
cracks. This effect is more pronounced when increasing from
R = �1 to R = �2 than when increasing from R = �2 to R = �3.73.

The main conclusions of the study are as follows:

- Small fatigue cracks, at first, initiate quickly and then grow very
slowly below and close to the threshold of large fatigue crack
growth.

- The parameter DK+ works well to compare the crack growth
rate of small fatigue cracks in the studied quenched and tem-
pered steel.

- Crack arrest DK+ or Kmax thresholds are lower with higher com-
pressive loading.

- Increasing only the compressive portion of loading can reiniti-
ate arrested small cracks.

- The crack growth rates for small fatigue cracks near the fatigue
crack growth threshold level are increased by as much as a fac-
tor of 4 for larger compressive loads.
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ABSTRACT Predicting the size of the largest defect expected to occur in components based on
samples obtained from polished inspection areas is a common exercise, which is even ad-
dressed in standards. However, the standard practice may occasionally yield poor results.
This paper presents a comprehensive method that aims to improve some of the short-
comings of the standard practice. The method is utilized on actual defect data, which
showed that the proposed method is able to predict significant experimental observations
that the standard practice missed.

Keywords statistical model; statistics of extremes; steel; steel cleanness.

NOMENCLATURE A0 = inspection area
a = distribution parameter
b = distribution parameter

FX = Probability distribution of X (dummy variable)
k = number of inspection areas

SA = observable defect size (small circle)
SV = representative defect size (great circle)
V0 = inspection volume
V = target volume
ZA = largest observable defect size
ZV = largest representative defect size
α = probability level
γ = distribution parameter
η = distribution parameter
μ = distribution parameter
ρ = distribution parameter (defect density)

INTRODUCT ION

The fatigue strength of a component is related to the size
of the material defects it contains. Thus, attempting to
predict the size of the largest defects expected to occur
in an arbitrary component based on samples obtained
from appropriately prepared inspection areas is a
common exercise in the field of material-oriented fatigue
engineering and research. In fact, the issue is even
addressed in a standard,1 which is based on the popular
work of Murakami and his collaborators, extensively
summarized in Ref [2]. The approach promoted in the
standard is simple and practical because of its heuristic
nature. Unfortunately, it may occasionally not perform

according to expectations. There are other methods3–5

that ought to be more suitable in a wider range of scenar-
ios but at the cost of practical applicability; the mathe-
matical complexity involved is often considerable.

In the present work, the standard practice is consid-
ered as basis, and improvements are suggested while
mostly maintaining the practical applicability. The
improvements are both practical and mathematical in
nature and cover the following:

• Statistical analysis and modelling of defects sampled
from inspection areas.

• Consistently converting inspection areas into equiva-
lent inspection volumes.

• Proper utilization of extreme value statistics for consis-
tent predictions.Correspondence: A. Cetin. E-mail: ali.cetin@4subsea.com
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Furthermore, actual defect samples obtained from
an ultra strong 100Cr6 bearing steel are utilized to
demonstrate the improvements while comparing the re-
sults to the standard practice.

METHOD AND THEORY

First, the intention is not necessarily to introduce a
completely new method. Instead, individual and partial
improvements, some of which are already available in the
literature, are compiled and presented as a consistent and
comprehensive approach. The core of this approach may
be summarized as (i) sampling strategy, (ii) describe the
observed data (i.e. the samples), and (iii) predict unobserved
events (i.e. the size of the largest defects). It is essential to
realize that these are all interrelated issues and should be
considered in a holistic framework. The focus should then
be on selecting the optimal path with respect to the end goal:
to make reasonable predictions about the size of the largest
defects expected to occur in an arbitrary component.

Defect sampling

In the standard practice, block maximum sampling of
defects is recommended. Accordingly, k inspection areas
of equal size, A0, are prepared. Only the defect with the
largest observable size is sampled from each inspection
area, such that k samples are obtained. This sampling
strategy is both practical and cost efficient.

However, the type of the sampled defects is not always
uniform. Even worse, samples obtained from inspection
areas may not even correspond to the type of defects found
on the fracture surface of failed components. It is conceiv-
able that a particular type of defects obscures the presence
of another type during sampling, which may emerge as the
dominant type in larger volumes. This is in fact a practical
shortcoming of block maximum sampling and may be ad-
dressed by pragmatically modifying the sampling strategy.

For instance, different defect types can be sampled
simultaneously from the same inspection area, that is,
the defect with the largest observable size for each type
is sampled. Consequently, several samples are obtained
from each inspection area rather than just one. The cru-
cial point is to consider the different types as separate
populations and, thus, keep the samples separate. Deter-
mining the type of defects during sampling will certainly
introduce technical limitation and requirements that may
exclude the simplest equipment. Nonetheless, a modified
block maximum sampling appears to be practically feasi-
ble, as presented in Application Example section.

On the other hand, it is in theory possible to address
the issue of mixed defect types through suitable statistical
modelling without altering the sampling strategy, for

example, Ref. [6]. This requires that (i) each defect type
is sufficiently represented in the samples and (ii) the sta-
tistical distributions of the different defect populations
present in the samples are practically distinguishable.
These two conditions are seldom fulfilled, and therefore,
the pragmatic approach with the modified sampling strat-
egy appears more robust.

Descriptive statistical modelling

Once the samples are available, it is necessary to ade-
quately describe them through proper statistical models.
However, note that samples obtained from inspection
areas are necessarily indirect and, in general, do not cor-
respond of the actual size of the defects. The observable
size of a particular defect on an inspection area is merely
the size of a random cross section of that defect. The re-
lationship between the observable and the representative
sizes of spherical defects was first derived by Wicksell in
19257 and often referred to as Wicksell transform.
Wicksell and others have followed up the initial work
and showed that this unique relationship is in practice
only applicable for spherical defects.8

An important consequence ofWicksell’s findings is that
sampling from inspection areas makes sense only if the de-
fects can be assumed spherical. Thus, the assumption of
spherical defectsmust also be adoptedhere.This limitation,
which arises from the underlying mathematics of the phys-
ical problem, is often neglected (including the standard
practice). Consequently, this limitation excludes pores and
shrinkage cavities because of their often complex geometry.

A key claim of the proposed approach is proper statis-
tical modelling of the samples. Accordingly, the Wicksell
transform ought to be an integral part of the model. How-
ever, the mathematical complexity of a general model is
considerable as discussed in, for example, Refs. [9–14].
In order to avoid most of these complexities, an approxi-
mate modelling approach that is consistent and sufficiently
accurate for the observed data will be presented. However,
this model is likely to yield poor results when extrapolated
beyond the observed data, that is, utilized for predictions.

The size of a defect may be described by various parame-
ters such as length, area or volume. Here, size will refer the
area of cross sections; let SA denote the observable size of a
particular defect on an inspection area and SV the
corresponding representative size for the same defect. For
spherical defects, SV would be the area of the great circle
while SA the area of a random small circle.Note that SV≥SA.

Furthermore, let {SV,i, i=1,…,m} be the sequence of
representative sizes of defects (of a particular type) enclosed
in a volume in amaterial body, and {SA,j, j=1,..,n} be the se-
quence of observable defect sizes present on an inspection
area obtained from the same body. In blockmaximum sam-
pling, only the largest observable defect size is sampled:
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ZA=max{SA,j, j=1,..,n}. Similarly, the largest representative
defect size may be denoted ZV=max{SV,i, i=1,..,m}. Note
that ZA and ZV do not necessarily originate from the same
defect. This is the core issue at hand, properly describing
ZV while only observing ZA.

Analogous to the standard practice, the distribution
function describing the random variable ZA may be
expressed as15

FZA ¼ Prob ZA ≤ sð Þ≃exp �exp � sγ � b


a

� �� �� �
(1)

This is the commonGumbel distribution function (where
sγ is considered as the randomvariable) and canbe considered
as a generalization of the standard practice because γ =1/
2→ s1/2 (which coincides with the

ffiffiffiffiffiffiffiffi
area

p
formulation). The

parameter estimation process is rather straight forward; a,
b*, and γmay be estimated by means of any suitable method,
for example, maximum likelihood. Common software
intended for the Gumbel distribution may be utilized to es-
timate a and b*, where sγ is treated as the variable; different
values of γ may be attempted to maximize the likelihood
function.16 Typically, γ is an element of (0.5, 2.0).

Next will be an attempt to estimate the ‘actual’ sample
set {ZV,i, i = 1,…, k} and the corresponding inspection
volume, V0, based on the observed sample set {ZA,i,
i = 1,…, k} and the known inspection area, A0. The pro-
posed solution to this problem differs from the standard
practice, which bluntly assumes that

ZV ;i; i ¼ 1;…; k
� � ¼ ZA;i; i ¼ 1;…; k

� �
(2)

and

V 0 ≈
A0

k

Xk
i¼1

Z
1
2
A;i (3)

Essentially, ZV is assigned the same distribution func-
tion as ZA, that is, Eq. (1), and the inspection volume is
estimated with an empirical formula. However, this is
not consistent with Wicksell transform.

A consistent approximation of the distribution function
describing the random variable ZV may be expressed as17

FZV sð Þ ¼ Prob ZV ≤ sð Þ≃ exp � V 0ffiffiffi
π

p
A0

g sð Þexp � sγ � b


a

� �� �� �
(4)

where

g sð Þ ¼
∫
∞

s

uγ�1exp �uγ
að Þffiffiffiffiffiffi

u�s
p du

∫
∞

s
uγ�1exp �uγ

a

	 

du

(5)

It is clear that Wicksell transform significantly compli-
cates the model. Fortunately, Eq. (4) is not evaluated

directly. Instead, the relationship between Eqs. (1) and
(4) is exploited to obtain {ZV,i, i = 1,…, k} by setting

FZV sð Þ ¼ FZA tð Þ (6)

That is, for a given ZA, there is a corresponding ZV

with equal probability; rearranging Eq. (6) will give

Zγ
A;i ¼ Zγ

V ;i � a ln g ZV ;i
	 
	 
þ ln

V 0ffiffiffi
π

p
A0

� �� �
(7)

A suitable inspection volume may be estimated by
matching the medians eZV ¼ eZA:

V 0 ¼
ffiffiffi
π

p
A0

g eZA

 � (8)

Inserting Eq. (8) into Eq. (7):

Zγ
A;i ¼ Zγ

V ;i � aln
g ZV ;i
	 

g eZA

 �
0@ 1A (9)

Note that Eqs. (8) and (9) must be evaluated numeri-
cally because Eq. (5) has no closed form solution. This
may be considered as the cost of consistently incorporat-
ing Wicksell transform into the present model. On the
other hand, the practical cost is marginal because it only
involves numerically integrating well behaving smooth
functions.

The effort so far has been to properly describe and in-
terpret the observed sample data. The main result is the
ability to estimate the ‘actual’ sample set and the corre-
sponding inspection volume, summarized in Eqs. (8)
and (9). In the following, a comprehensive predictive
modelling approach that builds on top of the results
obtained so far will be presented.

Predictive statistical modelling

The primary objective is to derive a statistical model for
predicting the size of the largest defects expected to occur
in an arbitrary component with volume V. This may be
achieved by extrapolating a suitable statistical distribution
with parameters based on sample data obtained from an
inspection volume, V0. Often, this extrapolation can be
quite significant as the target volume tends to be much
larger than the inspection volume, V0≪V. To that
end, the standard practice suggests to utilize the regular
Gumbel distribution with the

ffiffiffiffiffiffiffiffiffi
area

p
as the random vari-

able (cf. Eq. (1) where γ = 12). However, the classical
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extreme value distributions such as Gumbel, Fréchet, and
Weibull may not be optimal choices when the application
involves significant extrapolation.15

The selection of a statistical model intended for pre-
dictions should be based on two considerations: consis-
tency and accuracy. It is difficult to achieve the latter
without the former. Given a consistent model, the accu-
racy is often related to the amount of data available for
parameter estimation. Considering the typical sample
sizes available for defect analysis, it would be unrealistic
to expect high degree of accuracy and certainty in the
predictions. Therefore, the focus should be on deriving
consistent models that sufficiently capture the underlying
physical processes and properties of the problem. In that
manner, the predictions will at least be consistent and
capture significant trends and qualities observed in exper-
iments and ‘real world’ applications.

The exact statistical distribution of the largest repre-
sentative defect sizes is well defined (under reasonably
general assumptions):

FZV sð Þ ¼ exp �ρV 1� FSV sð Þ½ 	ð Þ (10)

where ρ is the number of defects per unit volume (i.e. de-
fect density) and FSV sð Þ is the cumulative distribution
function of the entire defect population (of a certain
type). The challenge is that the distribution function of
the defect population is in general unknown. In that
regard, the classical extreme value distribution functions
have been a last resort as Eq. (10) will asymptotically
(ρV→∞) approach either Gumbel, or Fréchet, or
Weibull distributions. (The underlying distribution
function must satisfy certain mathematical conditions.
The most common distribution functions will in fact ap-
proach the Gumbel distribution). The problem is that the
asymptote condition is seldom satisfied for inspection
volumes. Thus, indiscriminate utilization of these distri-
bution functions for extrapolation purposes may lead to
inconsistencies and inaccuracies.15

An alternative approach is to assume a parametrization
of FSV sð Þ. The underlying physical processes and experi-
mental observations should be considered when deter-
mining the appropriate parametrization; it would be
unreasonable to assume that the problem has a single
unique solution valid for all defect types. However, the
log-normal distribution appears to be a strong candi-
date18,19,4 and will be adopted here as well. Accordingly,
Eq. (10) could be expressed as20

FZV sð Þ ¼ exp � ρV
2

erfc
lns � μffiffiffi

2
p

η

� �� �
(11)

where μ and η are suitable parameters, and erfc is the
complementary error function.

The parameters in Eq. (10) could be estimated by
means of nonlinear regression:

min
Xk
i¼1

yi � C þ ln erfc
xi � μffiffiffi

2
p

η

� �� �� �2
(12)

where

yi ¼ ln ln
1

F̂ZV ;i

 ! !
xi ¼ ln ZV ;i

	 

C ¼ ln

ρV 0

2

� � (13)

and F̂ ZV is the empirical distribution function. Note that

ρ ¼ 2exp Cð Þ
V 0

(14)

and may vary noticeably with C. Also, it should be
mentioned that different estimation methods may yield
slightly different results for small sample sizes. Therefore,
the physical feasibility of the parameter values should not
be overemphasized, unless the sample size is considerable.
Nonetheless, the parameters μ, η and ρ may be estimated
by evaluating Eq. (12) for the sample set {ZV,i, i=1,…, k}
originating from an inspection volume V0.

The largest defect size expected to occur in compo-
nent with volume V with probability α may be predicted
by inverting Eq. (11):

ZV ; α ¼ F�1
ZV

α V Þjð (15)

Summary

A rather comprehensive approach is presented, and the
step-by-step procedure may be summarized as follows:

• Prepare k equally sized inspection areas with size A0.
• Sample the largest observable defect in each inspection

area. If several defect types are present, sample the
largest observable defect of each type.
1 There will be k samples of each defect type.
2 Treat the samples fromdifferent defect types separately.

• Repeat the following for each defect type…
• Fit the observed sample set {ZA,i, i = 1,…, k} to Eq. (1)

and estimate γ, a (and b*).
• Estimate the corresponding inspection volume, V0,

utilizing Eq. (8).
• Estimate the ‘actual’ sample set {ZV,i, i = 1,…, k} by

adjusting the observed sample set {ZA,i, i = 1,…, k} with
Eq. (9).

• Estimate the parameters μ, η and ρ in Eq. (11) utilizing
the ‘actual’sample set {ZV,i, i = 1,…, k} and the inspec-
tion volume V0.
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• Once the parameters are ready, predict the largest de-
fect size expected to occur in component with volume
V with probability α by evaluating Eq. (15).

The presented approach is obviously more compli-
cated and involves more steps than the standard practice.
However, it incorporates Wicksell transform and utilizes
extreme value statistics properly while remaining trans-
parent and practically applicable.

APPL ICAT ION EXAMPLE

The method presented earlier is applied to actual experi-
mental data obtained from ultra strong 100Cr6 bearing
steel. An automated sampling from inspection areas was
performed as well as fatigue tests to compare the inclu-
sions found from the inspection areas and the fracture
surfaces of the fatigue specimen.

Experimental data

A batch of 100Cr6 steel was studied. The steel is
quenched and 180 °C tempered to hardness HRC 61
(1630MPa tensile strength). Fatigue specimen were
taken from 14 depth of a 70mm wrought bar; see Fig. 1.
The inspection areas were obtained from similar loca-
tions in the wrought bar.

Sampling from inspection areas

Thirty-one inspection areas (i.e. k=31) were polished using
increasingly finer grit of emery paper. Cooling water was
used to eliminate the undue heating of the steel while
polishing. After this preparation was complete, the speci-
mens were then analysed in a scanning electron microscope
(SEM) using an automatic INCA Feature analysis pro-
gramme. The automatic programme distinguishes inclu-
sions on the polished surface by using the electron back
scatter detector to differentiate between the matrix and
the inclusions. Once an inclusion is detected, the INCA
Feature programme analyses the elements in the inclusions
with anEnergy-dispersiveX-ray spectroscopy sensor in the
SEM. It then classifies the inclusion according to its
chemical composition and records its size and shape. The

parameters for the automated inspection were set at a
magnification of 300×, and the inspection area that was
automatically scanned and analysed by the programme
was A0 = 25 mm2.

With the aforementioned inspection setup, all observ-
able defects with sizes larger than 1 μm2 were registered.
The reliability of the measurements will naturally increase
with the defect size. In that regard, block maximum sam-
pling is beneficial. In each inspection area, various defect
types such as sulfides, oxides and nitrates were registered.
The largest observable defect of each type in each inspec-
tion area was sampled. Often, a sulfide was the largest
observable defect in the entire inspection area.

Sampling from fracture surfaces

Forty-five axial fatigue tests for the fatigue specimen were
performed using a RUMUL Testronic (Russenberger
PrüfmaschinenAGGewerbestrasse10CH-8212Neuhausen
amRheinfall Schweiz) fatigue test machine. The fatigue tests
were performed at resonant frequencies below 200Hz. The
tests were performed at a loading ratio of R=� 1. Run-out
specimens were broken at increased stress amplitudes, and
every fracture surface was studied. The gauge volume of the
specimen was about Vg=540 mm3.

The inspection of the fracture surfaces of the fatigue
specimen was performed with a SEM microscope. The
fracture surfaces were cut off of the test bars and labelled
and cleaned with an ultrasound cleaning device. SEM
pictures were taken of the fracture surface of the fatigue
specimen, and measurements were performed as well as a
chemical composition analysis of the inclusions found at
the nucleation sites. The chemical composition analysis of
the fracture surface inclusions was performed with an
Electronic Data Systems. An example of an inclusion that
caused fatigue failure in the specimen is given in Fig. 2.

Fig. 1 Dimensions of the fatigue test bar.
Fig. 2 A scanning electron microscope picture of an inclusion found
on the surface of the fatigue test bar fracture surfaces.
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The type of defect found at the fracture surface in 38
of 45 specimens was oxides, while nitrates were found the
remaining specimen. However, the nitrates were signifi-
cantly smaller than the typical oxides found in the major-
ity specimen and occurred on specimen exposed to
particularly high stresses. It appears that other factors
than the defect size become significant at high stresses
for this material. The defects are presented in a histo-
gram in Fig. 3 (where the nitrates are grouped together
to the left).

Predicting the largest defects

Recall that several defect types were observed on the in-
spection areas. However, only two defect types are con-
sidered here: (i) manganese sulfides (MnS) and (ii)
aluminium oxides (Al 3O2). These two are chosen primar-
ily because both occurred regularly on the inspection
areas. Also, the MnS defects were often the largest ones
on the inspection areas, while the Al 3O2 defects were
found on the fracture surfaces of the laboratory speci-
mens. (The seven specimens where nitrates were found
on the fracture surfaces are excluded from the analysis).
The defects that are used in the analysis are summarized
in a probability plot in Fig. 4.

The defect samples obtained from inspection areas are
analysed according to the step-by-step procedure pre-
sented at the end of Theory and Method section and
the standard practice for comparison. (The modified
sampling strategy of considering each defect type sepa-
rately is adopted for the standard practice as well. In this
manner, the model performances may be evaluated more
clearly.) Accordingly, the samples are fitted to Eq. (1); the

maximum likelihood estimates of the parameters are
summarized in Table 1.

It will be seen from the discussion in the succeeding
text that the most relevant parameter is γ as it affects
many aspects of the present model. In fact, certain aspects
of the present model and the standard practice coincide
for particular values of γ.

The next step is to estimate the corresponding inspec-
tion volumes according to Eq. (8). Here again, the pres-
ent method and the standard practice yield slightly
different estimates as summarized in Table 2.

Note that the inspection volume estimates based on
the standard practice, that is, Eq. (3), are consistently
larger and the difference seems to grow with γ.

Once the value of the inspection volumes, V0, is avail-
able, the ‘actual’ sample sets may be estimated by
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Fig. 3Histogram of defects sampled from fracture surfaces of the fa-
tigue specimen.
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Fig. 4 Probability plot of defects sampled from inspection areas and
fracture surfaces of fatigue specimen.

Table 1 The maximum likelihood estimates of the parameters in
Eq. (1)

Present method Standard practice

γ a b* γ a b*

MnS 1.06 98.4 233 0.500a 12.9 2.64
Al 3O2 0.616 10.8 3.81 0.500a 6.81 1.98

aBy definition according to the
ffiffiffiffiffiffiffiffiffi
area

p
formulation.

Table 2 The estimated inspection volumes for each defect type
according to the present method and the standard practice

Present method Standard practice Difference
V0[mm3] V0[mm3] %

MnS 0.207 0.358 �42.2
Al 3O2 0.135 0.198 �31.8

6 A. CETIN et al.
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correcting the observed sample sets (cf. Eq. (9)). The
results for the two defect types are presented in Figs 5
and 6. First, the amount of correction is determined by
the value of γ. In fact, note that there is no correction
when γ = 1 as the last term on the left-hand side in Eq.
(9) cancels out. In fact, Eqs. (2) and (6), which are key
assumptions for the standard practice and the present
model, respectively, are equivalent formulations for γ = 1.

Accordingly, the correction for MnS defects is negli-
gible. However, there is a slight correction for Al 3O2

defects, which may prove significant when considering
that the ‘actual’ sample set may be utilized as basis for
considerable extrapolation in order to perform
predictions.

The largest defects expected to occur in an arbitrary
volume are predicted by the extreme value distribution
in Eq. (11). The ‘actual’ sample set, {ZV,i, i = 1,…, k}, is
utilized to estimate the model parameters, which are
summarized in Table 3.

The final step is to utilize Eq. (15) with the model pa-
rameters to estimate the largest defect size expected to
occur in an arbitrary volume, V, with probability α. The
results are presented in the next section.

Results

The present model and the standard practice are
utilized to predict the defect sizes observed on the
fracture surfaces of the laboratory specimen. Recall
that the gauge volume of the specimen was about
Vg = 540 mm3. Essentially, Eq. (11), in the case of
the present model, and Eq. (1), in the case of the stan-
dard practice, are extrapolated from the inspection
volumes to the gauge volumes, V0→Vg; models are
extrapolated to volumes many thousand times larger
than the inspection volumes. (Recall that the standard
practice corresponds to the common Gumbel distribu-
tion with the

ffiffiffiffiffiffiffiffiffi
area

p
formulation.)

50 100 150 200 250 300 350 400
−2

−1

0

1

2

3

4
MnS

Z  − Observed sample set

Z  − "Actual" sample set

Fig. 5 Probability plot of the observed and the ‘actual’ sample set of
MnS defects obtained from inspection areas.
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Fig. 6 Probability plot of the observed and the ‘actual’ sample set of
Al 3O2 defects obtained from inspection areas.

Table 3 The estimated inspection volumes for each defect type
according to the present method and the standard practice

μ η ρ

MnS 4.84 0.508 18.5
Al 3O2 1.79 1.15 195
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Fig. 7 Probability plots of the sample set from inspection areas
(MnS) and observations from the fracture surfaces (Al 3O2). Models
are fitted to the sample set obtained from the inspection areas and
then extrapolated towards larger volumes.
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Consider theMnS defects first; the results are presented
inFig. 7.Note that bothmodelsfit the sample data obtained
from inspection areas well and are initially remarkably sim-
ilar. In practice, none of the models could have been
rejected by means of formal hypotheses test. However,
the difference becomes apparent when they are extrapo-
lated to the gauge volume. And as expected, none of the
models describe the defects from fracture surfaces particu-
larly well because after all, they are not MnS defects.

The results for the Al 3O2 defects are presented in
Fig. 8. Similar to previous case, the models are initially
similar but deviate significantly when extrapolated. In
contrast to the standard practice in this case, the present
model adequately describes the defects observed on the
fracture surfaces of fatigue specimen. It should be em-
phasized that this is achieved by merely extrapolating
the model from the sample set obtained from the inspec-
tion areas. That is, the present model successfully pre-
dicts the largest defects expected to occur in a relatively
large volume, based on samples obtained from inspection
areas.

Regardless, the most important achievement of the
model is not the accuracy but rather its capability to
capture significant trends. For instance, the experimen-
tal data suggest that MnS defects dominate the inspec-
tion areas but are overtaken by the Al 3O2 defects at
larger volumes. According to the standard practice
model, this is not possible. In fact, it predicts the con-
trary that the difference will increase at larger volumes.
This is demonstrated in Fig. 9 where the median size
of the largest defect at a given volume according to the
standard practice is presented.

However, a different trend emerges if the same plot is
prepared for the present model; see Fig. 10. The present
model predicts that Al 3O2 will catch up and then outpace
the MnS defects at some point. Curiously, the point of
intersection is just below the gauge volume of the fatigue
specimen. This suggests that if the fatigue specimen was
made noticeably smaller, say half their sizes, the MnS de-
fects would still be the dominant defect type observed on
the fracture surfaces.

DISCUSS ION AND CONCLUD ING REMARKS

First, it should be mentioned that there are in fact sam-
pling techniques such as 3D X-ray tomography that allow
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Fig. 8 Probability plots of the sample set from inspection areas
(Al 3O2) and observations from the fracture surfaces (Al 3O2).
Models are fitted to the sample set obtained from the inspection
areas and then extrapolated towards larger volumes.
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Fig. 9 The median size of the largest defect at a given volume as
predicted by the standard practice model.
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Fig. 10 The median size of the largest defect at a given volume
according to the present model.
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direct sampling, that is, sampling the representative de-
fect size rather than the observed size. Unfortunately,
these techniques often have a set of challenges on their
own: cost, availability, resolutions and allowable speci-
men size to mention a few. Thus, indirect sampling from
polished surfaces is often the viable approach.

Nonetheless, a comprehensive statistical approach for
analysing defects samples is presented. The primary in-
tention is to highlight some of the obvious shortcoming
of the standard practice1 and then suggests a set of im-
provements that address some of them. The main chal-
lenge has been to preserve the main advantage of the
standard practice: the simplicity and practical applicabil-
ity. This goal is arguably partially achieved.

A significant contribution of this paper may be the
analysis of defects sampled from inspection areas. A
descriptive statistical model that may be considered as a
generalization of the standard practice is presented: a
relatively simple analytical method for converting the ob-
served defect sample set into the ‘actual’ sample set, and
the inspection area into the corresponding inspection
volume is derived. Curiously, it was seen that the stan-
dard practice, which is essentially a heuristic ‘black box’
approach, is sometimes a special case of the present
model. Furthermore, the outcome of these models in
most common cases will not deviate much, and the ben-
efit of applying the correction to the observed sample
set is not always obvious.

The major contribution is the predictive statistical
modelling approach described in this paper. An alterna-
tive approach that deviates, not only from the standard
practice but also from most of the mainstream literature,
is suggested. Abandoning the use of the classical extreme
value distributions for defect analysis is an issue
extensively studied by one of the authors, for example,
Ref.[21] The proposed alternative extreme value distri-
bution that is based on an underlying log-normal distri-
bution assumption is not the only solution but still a
reasonable one. It is clear that some work is still needed
on this issue.

Note that the proposed method does not introduce
any arbitrary restrictions on the size of the inspection
areas, A0 or the sample size k. However, some fundamen-
tal principles apply. First, larger A0 will yield more
reliable extreme value predictions (due to reduced extrap-
olation). Second, larger k will result in better parameter
estimates.

The most promising feature of the presented model
was its ability to predict an experimental observation that
the standard practice missed, as presented in Application
Example section. Namely, the fact that sulfides dominate
observable defects during sampling, oxides will overtake
the sulfides in size at sufficiently large volumes. The fact
that the standard practice, even with the modified

sampling strategy, missed this trend is concerning. In
worst case, the standard practice will lead to erroneous
predictions and conclusion regarding overall trends.

Finally, the paper may be summarized as follows:

• A comprehensive statistical modelling approach is
presented.

• Relatively simple analytical expressions for converting
the observed defect sample set to the ‘actual’ defect
sample set, and the inspection area into the corre-
sponding inspection volume is derived.

• An alternative extreme value distribution is presented
in order to make consistent predictions.

• The present method appears to make reasonable pre-
dictions and also outperforms the standard practice
while remaining practically applicable.
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